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Rectangular Algebras as Tree Recognizers

Magnus Steinby*

To the memory of Ferenc Gécseg

Abstract

We consider finite rectangular algebras of finite type as tree recognizers.
The type is represented by a ranked alphabet 3. We determine the varieties
of finite rectangular ¥-algebras and show that they form a Boolean lattice
in which the atoms are minimal varieties of finite ¥-algebras consisting of
projection algebras. We also describe the corresponding varieties of X-tree
languages and compare them with some other varieties studied in the litera-
ture. Moreover, we establish the solidity properties of these varieties of finite
algebras and tree languages. Rectangular algebras have been previously stud-
ied by R. Poschel and M. Reichel (1993), and we make use of some of their
results.

1 Introduction

In a projection algebra every fundamental operation is a projection operation.
Péschel and Reichel [11] defined rectangular 7-algebras as the members of the
variety generated by all projection algebras of type 7. Rectangular algebras are
also natural generalizations of rectangular bands; the rectangular algebras of type
(2) are precisely the rectangular bands.

In this paper we study projection algebras and rectangular algebras as tree rec-
ognizers. Hence the algebras considered are finite and of a finite type, represented
here by a ranked alphabet 3. Our general framework is the variety theory of tree
languages [12, 13|, which establishes bijective correspondences between the vari-
eties 3-tree languages (X-VTLs), the varieties of finite Y-algebras (3-VFAs), and
the X-varieties of finite congruences (X-VFCs).

The class of all finite projection Y-algebras is not a .-VFA, but it contains cer-
tain simple 3-VFAs from which all the ¥-VFAs to be considered here are obtained.
Each such atomic X-VFA corresponds to some so-called projection alphabet. For
any projection alphabet A, the class FProj, of all finite A-projection algebras is a
minimal ¥-VFA, and these ¥-VFAs FProj, are the atoms of the Boolean lattice
of all sub-VFAs of the ¥-VFA FRAjy of all finite rectangular X-algebras. Every
sub-VFA FRA  of FRAgy corresponds to a set £ of projection alphabets, and it
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is the finite join of the X-VFAs FProj, such that A € £. We also describe the
3-VFCs that correspond to the 3-VFAs FProj, and FRA .

It is easy to describe a tree language recognized by a projection algebra; whether
a tree is in it depends just on the label of the leaf at the end of a certain path
determined by the projection alphabet of the algebra. This observation leads to
a simple characterization of the members of the X-VTLs F Proj, that correspond
to the 3-VFAs FProj,. Moreover, we show that any tree language in F'Projy is
also recognized by a two-element A-projection algebra Py, which therefore is (up
to isomorphism) the only nontrivial syntactic algebra in FProj,. We also note
that the syntactic monoid of any member of F'Proj, is either trivial or isomorphic
to a certain 3-element monoid. The ¥-VTLs FRA/, that correspond to the more
general X-VFAs FRA ; are shown to be the ring closures of the unions of the atomic
>-VTLs FProja they contain. It is also noted that the membership problem is
decidable for these >-VTLs.

Although the tree languages recognized by rectangular algebras have rather sim-
ple descriptions, their trees are not characterized by any local properties. Therefore
the ¥-VTLs FRA, have little in common with many of the 3-VTLs previously con-
sidered in the literature. Thus we show that the intersection of any FFRA, with
any one of the 3¥-VTLs of nilpotent, definite, reverse definite, generalized definite
or locally testable ¥-tree languages is just the trivial 3-VTL. Of course, the cor-
responding facts hold for ¥-VFAs. On the other hand, we show that FRAy is
contained in the X-VFA of all aperiodic ¥-tree languages. As another exception,
we show that for any projection alphabet A, the X-VTL FProj, is contained in
the family DRecys; of X-tree languages recognized by deterministic top-down tree
recognizers. This implies that FRAy is contained in the 3-VTL generated by
DRecs.

We also study the solidity properties of our ¥-VFAs and »-VTLs. Graczynska
and Schweigert [7] noted that the solidity of a class of algebras can be defined in
terms of derived algebras. A derived algebra »(A) of a X-algebra A is obtained by
replacing each fundamental operation of A with a term operation determined by
the given hypersubstitution s, and a class K of 3-algebras is solid if it contains all
derived algebras of its members. A family of X-tree languages is said to be solid, if it
is closed under inverse tree homomorphisms. In fact, we consider the more refined
notions of solidity with respect to a given class of hypersubstitutions. In [11] it
was shown that the rectangular -algebras form the least nontrivial solid variety of
Y-algebras, and hence it is to be expected that FR Ay, is the least nontrivial solid -
VFA. Also the ¥-VFA of trivial ¥-algebras is naturally solid, but the remaining sub-
VFAs of FRAy are shown to have very weak solidity properties. The corresponding
facts hold for the X-VTLs FRA,.

2 Preliminaries

We may write A := B to emphasize that A is defined to be B. For any integer
n >0, let [n] := {1,...,n}. The set of all subsets of a set A is denoted by p(A).
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For any relation p C A x B, the fact that (a,b) € p for some a € A and b € B, will
usually be expressed by writing a pb. For a mapping ¢ : A — B, we may write the
image (a) of an element a € A as ap. Especially homomorphisms are written this
way as right operators that are composed from left to right, i.e., the composition
of p: A— Band ¢ : B — C is written as .

Next we recall some basic matters concerning algebras, tree recognizers and tree
languages. For details and further references, cf. [1, 5, 6, 13], for example.

A ranked alphabet X is a finite set of symbols each of which has a unique positive
integer arity. For any m > 1, the set of m-ary symbols in ¥ is denoted by X,,.
Note that we assume that there are no nullary symbols. If ¥ = ¥, then ¥ is said
to be unary. The rank type of ¥ is the set r(X) := {m | X,, # 0}. The ranked
alphabet ¥ will have two roles. Firstly, the inner nodes of trees are labeled with
symbols from . Secondly, ¥ is a finite set of operation symbols that determines
the type of the algebras to be considered. To avoid exceptions for the unary case,
we make the following general assumption.

Convention. From now on, ¥ is a ranked alphabet without nullary symbols that
contains at least one symbol of arity > 2.

We also use ordinary finite nonempty alphabets X,Y,... that we call leaf al-
phabets. These are assumed to be disjoint from ¥. For any leaf alphabet X,
the set Tx(X) of X-terms over X is the smallest set T such that X C T, and
f(t1,...,tm) € T whenever m € r(%), f € ¥,, and t1,...,t,, € T. Such terms
are regarded in the usual way as labeled trees, and we call them X X-trees. Sub-
sets of Tx(X) are called X X-tree languages. We may also speak about X-trees
and Y-tree languages without specifying the leaf alphabet, or just about trees and
tree languages. A family of Y-tree languages is a mapping ) that assigns to ev-
ery leaf alphabet X a set V(X) of ¥ X-tree languages. We write such a family as
V = {V(X)}x. For any two such families & and V, we set U C V iff U(X) C V(X)
for every X. Unions and intersections of families of ¥-tree languages are defined
by similar componentwise conditions.

Let ¢ be a special symbol that does not appear in ¥ or X. A ¥(X U{¢{})-tree in
which £ appears exactly once, is called a XX -context. The set of all ¥X-contexts is
denoted by Cx(X). If p,qg € Cx(X) and t € Tx(X), then p-q = ¢q(p) and t-q = q(¥)
are the ¥ X-context and the X X-tree obtained from ¢ by replacing the £ in it with
p or t, respectively. Clearly, Cx(X) forms a monoid for the product p - ¢ and the
identity element &.

A Y-algebra A consists of a nonempty set A and a Y-indexed family (f4 | f € %)
such that if f € %,,, then f4 : A™ — A is an m-ary operation on A. We write
simply A = (A, X). Subalgebras, homomorphisms, (epimorphic) images and direct
products are defined as usual. An algebra B is said to cover an algebra A if A
is an image of a subalgebra of B. This we express by writing A < B. The Y X-
trees form the XX -term algebra Ts(X) = (Tx(X), %), where f7=X)(ty, ... t,,) =
f(t1,... ty) for all m € r(X), f € £, and t1,. .., ¢, € Txn(X).

A (deterministic bottom-up) L X-recognizer A = (A, «a, F) consists of a finite
Y-algebra A = (A, Y), the elements of which are called states, an initial assignment
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a : X — A that specifies the starting states at the leaves, and a set F' C A of final
states. The root of a X X-tree t is reached in state ta 4, where ay : To(X) — A is
the homomorphic extension of «, and hence the ¥ X-tree language recognized by A
is defined as T(A) = {t €e Ix(X) | tas € F}.

A Y X-tree language is called recognizable, or regular, if it is recognized by a
¥ X-recognizer. Let Recs(X) be the set of all recognizable ¥ X-tree languages, and
let Recs = {Recs(X)}x be the family of recognizable X-tree languages. We may
also say that a Y-algebra A = (A, X)) recognizes a ¥ X-tree language T if T = Fp~!
for some homomorphism ¢ : 7x(X) — A and some F C A. Obviously, a X X-tree
language is recognized by a finite algebra iff it is regular.

The following review of the variety theory of tree languages follows [12] and
[13], where also further references can be found. The syntactic algebra of a X X-tree
language T is the quotient algebra SA(T) := Tx(X)/0r, where 01 is the syntactic
congruence of T defined by

sOrt & (pe Co(X)(p(s) €T & p(t) € T) (st € Tu(X)).

It is easy to see that SA(T) is the minimal »-algebra recognizing T' in the sense
that a Y-algebra A recognizes T iff SA(T) < A.

A wvariety of Y-tree languages (X-VTL) is a family of X-tree languages V =
{V(X)}x such that for all leaf alphabets X and Y,

(V1) V(X) is a Boolean subalgebra of Recs(X),

(V2) if T € V(X) and p € Oxg(X), then p~X(T) := {t € Tx(X) | p(t) € T} € V(X),
and

(V3) if T € V(Y), then To~! := {t € Tw(X) | tp € T} is in V(X) for every
homomorphism ¢ : Ts(X) = T=(Y).

The least X-VTL is Trivy = {Trivs(X)}x, where Trivs(X) = {0,T%(X)}, and
the greatest X-VTL is Recy; = {Recx(X)}x.

A class of finite Y-algebras K is called a variety of finite X-algebras (3-VFA)
(or a pseudovariety) if it is closed under subalgebras, epimorphic images and finite
direct products, i.e., if S(K), H(K), Pf(K) C K. The X-VFA generated by a class
K of finite X-algebras is denoted by V(K). Since V¢ (K) = HSP¢(K), a X-algebra
Aisin Vi(K) iff A < Ay x ... x A, for some n > 0 and algebras A;,..., A, € K.
Let Trivy, be the X-VFA of all trivial Y-algebras.

For any ¥ and X, let FCx(X) := {0 € Con(7s(X)) | T2 (X)/0 finite} be the set
of finite congruences of T (X). If T assigns to each leaf alphabet a subset I'(X) of
FCx(X), we write I' = {T'(X)} x, and we call I a X-variety of finite congruences
(X-VFQC) if for all X and Y,

(C1) T'(X) is a filter of the lattice (FCx(X), C), and

(C2) pofopt = {(st) | s,t € Ts(X),spbtp} belongs to I'(X) for every
0 € T(Y) and every homomorphism ¢ : Ts(X) — Ts(Y).
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The three classes of varieties defined above form complete lattices with respect
to the natural inclusion relations. They are connected by three pairs of mutually
inverse isomorphisms.

For any Y-VFA K, let K be the family of Y-tree languages and let K¢ be
the Y-family of finite congruences such that for each X, K/(X) = {T C Tx(X) |
SA(T) € K} and K¢(X) = {0 € FCx(X) | Te(X)/6 € K}. For any XL-VTL
V ={V(X)}x, let V* be the 3-VFA generated by the syntactic algebras of the tree
languages belonging to V, and let V¢ be the X-family of finite congruences such
that for any X, V(X)) := {07 | T € V(2,X)}) is the filter of FCx(X) generated
by the syntactic congruences of the members of V(X). Finally, for any X-VFC
I ={T(X)}x, let I'* := V;({T=(X)/0 | 6 € T'(X) for some X }) and let I'* be the
family of X-tree languages such that for any X, I'(X) = {T C Ts(X) | 07 € T'(X)}.
The Variety Theorem for ¥-tree languages can now be stated as follows.

Theorem 2.1. The mappings K — K, Vi V¢ K K¢, I'—T% V— V¢ and
I+ Tt form three pairs of mutually inverse isomorphisms between the lattices of
all X-VFAs, ¥-VTLs and X-VFCs.

A ¥-VFCT = {I'(X)}x is principal if for every X, I'(X) is a principal filter
in FCx(X). It is easy to see that a family T' = {[yx)}x, where yx € FCx(X) for
each X, is a principal X-VFC iff for all X and Y, yx C @ o~y o ¢! for every
homomorphism ¢ : Ts(X) — Ts(Y).

Remark 2.1. If T' = {[yx)} x is a principal 3-VFC, then I'"(X) is the finite set of
Y X-tree languages saturated by yx. Conversely, if V = {V(X)}x is a ¥-VTL such
that V(X) is a finite set for every X, then V¢ is a principal ¥-VFC because the
filter V¢(X) is generated by the syntactic congruences of the members of V(X).

The join of any finite set of X-VFAs can be described as follows.

Lemma 2.1. For any X-VFAs Ky,...,K,, (n > 1), the join Ky V... VK, =
Vi(Kq U...UK,) consists of all X-algebras A such that A < Ay x ... x A, for
some A1 € Kq,..., A, € K,.

The X-VTL generated by a family of recognizable ¥-tree languages V is the
least %-VTL containing V. The Boolean closure 8Y and the ring closure RV of
V are the families of Y-tree languages such that for any X, BV(X) is the Boolean
closure of V(X) in Recy(X) and RV(X) is the least subset of Recs(X) containing
V(X) and closed under finite intersections and unions.

Lemma 2.2. If a family of recognizable X-tree languages V = {V(X)}x satisfies
conditions (V2) and (V3), then BV is the B-VTL generated by V. If, moreover,
T € V(X) implies T® € V(X)) for every X, then RV is the ©-VTL generated by V.

Proof. The lemma follows from the identities p~Y(T U T") = p~1(T) U p~1(T"),
—1pCy _ ,,—1/7\C Ne,—1 -1 / ,—1 C -1 — —1)\C
pH(T%) =p (D), (TUT" )™ =T ' UT"p~" and T~ = (T~ ")", where p
and ¢ are as in (V2) and (V3) and T and 7" are tree languages of the appropriate
kind. u
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The join V4 V...V V, of any X-VTLs V; = {V1(X)}x,...,Vn = {Vo(X)}x
(n > 1) is naturally the 3-VTL generated by the union V; U... UV, = {V1(X)U
... UV,(X)}x. Since the V;s are X-VTLs, this union satisfies the conditions of
Lemma 2.2, and we get

Corollary 2.1. IfVy,...,V, (n > 1) are X-VTLs, then V1 V...V YV, = RV, U
LUV,

3 Projection algebras and rectangular algebras

For any m > 0 and i € [m], the i*" m-ary projection operation on a set A is the
mapping e : A™ — A, (a1,...,am) — a;. (We omit A from the notation as it is
always known from the context.) An algebra A = (A4, Y) is called [11] a projection
algebra if for all m € r(X) and f € %,,, there is an i € [m] for which fA = . Let
FProjs, denote the class of all finite projection 3-algebras. The direct product of
projection algebras is in general not a projection algebra, but we shall show that
FProjs, contains subclasses that are 3-VFAs.

The path alphabet of ¥ is the set & := (J{Z,, x [m] | m € ()} regarded as
an ordinary alphabet. We shall write f; for (f,7). Words over S} describe paths in
trees; if f; appears in such a word, then f labels a node on the path and ¢ indicates
the direction taken at that node. We call a subalphabet A of ¥ a projection alphabet
if for all m € r(X) and f € %,,, there is exactly one ¢ € [m] such that f; € A. Let
pa(X) denote the set of all projection alphabets over X. If A € pa(X), the A-path
A(t) in a ¥ X-tree t is defined as follows:

(1) A(z) =z for every z € X;

Obviously, A(¢) is always of the form wz, where w € A* and € X. The word w
describes a path from the root to a leaf and x is the label of that leaf. Let A®(t)
denote this label x. Each projection algebra A defines a projection alphabet

Ag={fi|felnmer(X),ic [m],fA:ef”},

and conversely, given the set A, this projection alphabet determines the projection
algebra A.

Definition 3.1. For any A € pa(X), we call a projection algebra A = (A,X) a
A-projection algebra if A4 = A. The class of all finite A-projection algebras is
denoted by FProj,. O

Let A and B be projection algebras. It is clear that if A is a subalgebra or
an image of B, then A4 = Ag. Moreover, it is easy to see that for any projection
alphabet A € pa(X) the direct product of any family of A-projection algebras is a
A-projection algebra. Hence, any FProj, is a X-VFA. However, we can say a bit
more about these classes.
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For each A € pa(X), let Py = ({0,1},X) be the two-element A-projection
algebra. In [11] it was shown that the two-element projection algebras are the
only nontrivial subdirectly irreducible projection algebras. Hence the following
proposition is obvious.

Proposition 3.1. For any projection alphabet A € pa(X), Pa is the only nontrivial
subdirectly irreducible algebra in FProj,, and hence every algebra in FProj, is a
finite subdirect power of Py. Moreover, FProj, is a minimal X-VFA.

For any A € pa(X) and any leaf alphabet X, let
pa(X) :=={(s,t) | s,t € T(X),A%(s) = A®(t)}.

It is easy to see that pa(X) is a congruence on Tx(X) and that the py (X)-classes
are precisely the sets [z] := {t € Tx(X) | A*(¢t) = x}, where 2 € X. Hence the
quotient algebra Fu(X) := Ts(X)/pa(X) has |X| elements. Moreover, for any
merX), feX, and z1,...,z, € X,

A (@], o)) = (],

for the i € [m] such that f; € A. Furthermore, it is clear that if A = (A,¥)
is a A-projection algebra, then any mapping ¢ : {[z] | # € X} — A is a homo-
morphism from Fj(X) to A. Hence, Fa(X) is freely generated over the class of
all A-projection algebras by the set {[z] | # € X}. Since Fa(X) is finite, it be-
longs to FProj,, and therefore pa (X) is the least congruence 6 on Tx(X) such that
Tx(X)/8 € FProj,. This means that FProjj is the principal 3-VEFC {[ps (X))} x.
These observations are summarized by the following proposition.

Proposition 3.2. For any A € pa(X) and any X, the set {[z] | x € X} generates
Fa(X) freely over FProj,. Moreover, FProji = {[pa(X))}x.

The variety generated by all projection algebras of a given, not necessarily finite,
type was studied by Poschel and Reichel [11] who called its members rectangular
algebras. Let us note that the rectangular algebras appear also in Esik [3] in the
form of “diagonal theories”. We denote by RAjy the variety of rectangular -
algebras and by FRAy the X-VFA formed by the finite rectangular Y-algebras.
Let us now exhibit all thg\ sub-VFAs of FRAy.

For any set £L C p(X) of projection alphabets, let FRA, denote the join
Vi(Uper FProj,) of the ¥-VFAs FProj, with A € £. Of course, FRA ;) =
FRAsx and FRA,, = FProj, for each A € pa(¥). The nontrivial subdirectly
irreducible members of FRA ; are the algebras Py = ({0,1},%) with A € £, and
hence {Py | A € L} is a minimal generating set of FRA . It is also clear that for

any £, M C pa(%),
(1) FRA; C FRA , iff £ C M, and

(2) FRA;:NFRA = Trivs if LN M = 0.
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Let n(X) denote the product of the arities of the symbols in X. It is clear
that n(X) is the number of projection alphabets A € pa(X), and therefore also the
number the algebras Pa. As noted in [11], this means that RAy has precisely 2n(%)
subvarieties. Using the above observations, we can formulate the corresponding
statement for FRAy in the following more detailed form.

Proposition 3.3. The X-VFAs FRA; (£ C pa(X)) form a 2" -element Boolean
sublattice of the lattice of all X2-VFAs. In this sublattice

(1) the least element is Trivy, the greatest element is FRAy,

(2) FRA;VFRA =FRA, 0, FRAAFRA \ = FRA A0, and FRAC =
FRA s\, for all L, M C pa(X), and

(3) the atoms are the minimal X-VFAs FProj, with A € pa(X).

The join FRA$ of the ¥-VFCs FProjj with A € L, is the principal £-VFC
{lpc(X))}x, where ps(X) := (pcp pa(X) for each X. Hence, the counterpart of
Proposition 3.3 for ¥-VFCs can be written as follows.

Corollary 3.1. The ©-VFCs FRAY{. form a 27(%) _element Boolean sublattice in
the lattice of all ¥-VFCs. In this sublattice the least element is {{Vr,(x)}}x, the
greatest element is {[ppq(s) (X))} x, and for all L, M C pa(X), FRAZ VFRAS, =
{lpcom(X))}x. FRAZ A FRASY, = {lpcom(X))}x, and (FRAZ)C =
{lPpacs\c(X))}x. The atoms of the sublattice are the X-VFCs FProjy =
{loa(X))}x with A € pa(X).

In [11] it was shown that any rectangular algebra of finite type is isomorphic
to the direct product of a finite family of projection algebras. In particular, any
member of FRAy, is isomorphic to the direct product of a finite family of finite
projection algebras. By collecting together factors belonging to the same X-VFA
FProj,, this decomposition result can be expressed more precisely as follows.

Proposition 3.4. For any set of projection alphabets L = {Ay,..., Az} C pa(X),
every algebra in FRA is isomorphic to a direct product A; X --- X A where
A; € FProj,, fori=1,... k.

4 Projection and rectangular algebras as tree rec-
ognizers

We shall now consider the tree languages recognizable by projection algebras and
rectangular algebras. For any A € pa(X) and any £ C pa(X), let FProjy, =
{FProja(X)}x and FRA; = {FRA-(X)}x be the 3-VTLs that correspond to
FProj, and FRA, respectively. The ¥-VTL FRA,, ) may be denoted also by
FRAy.

It is easy to see that any Y X-tree t can be evaluated in a A-projection algebra
A = (A, %) for an assignment « : X — A simply by transporting the value a(A®(¢))
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along the path described by A(t) from the leaf to the root. This is expressed formally
by the following lemma.

Lemma 4.1. Let A= (A,X) be a A-projection algebra and let o : X — A be any
assignment. Then tayq = a(A®(t)) for every X -tree t.

Corollary 4.1. T(A) = {t € Tx(X) | a(A®*(t)) € F} for any XX -recognizer
A = (A o, F) such that A € FProj, .

For any Y C X, let T)(X,Y) := {t € Tx(X) | A*(t) € Y'}. By Proposition 3.2,
the principal £-VFC {[pa(X))}x corresponds to the ¥-VFA FProj,, and hence
also to the X-VTL FProjs. Clearly, the ¥ X-tree languages saturated by pa(X)
are exactly the sets Th (X,Y). By Remark 2.1 this fact yields the first part of the
following proposition but we shall give a direct proof.

Proposition 4.1. For any projection alphabet A € pa(X) and any leaf alphabet X,
FProja(X) ={Ta(X,Y) | Y C X}.

Moreover, a XX -tree language T is in FProja(X) if and only if SA(T) is either
trivial or isomorphic to Py.

Proof. Firstly, T(A) in Corollary 4.1 equals Th (X,Y) for Y = {z € X | a(z) € F}.
Conversely, for any given Tx (X,Y"), let A = (Py, o, F) be the ¥ X-recognizer where
afz) =1forz €Y, alx) =0forz € X\Y, and F = {1}. Then T(A) = {t €
Ts(X) | a(A*(@®) =1} = {t € Tx(X) | A*(t) € Y} = TA(X,Y) by Corollary 4.1
and Lemma 4.1.

Let us now consider any tree language T' C Tx(X). If SA(T) is trivial or
isomorphic to Py, then T € FProja(X) as both the trivial ¥-algebras and Py are
in FProj,. On the other hand, if T € FProja(X), then T is recognized by a
A-projection algebra. By what we have shown above, this means that T is of the
form Tx(X,Y) and therefore recognized by P. If Pp is the minimal X-algebra
recognizing T', then SA(T') = Pa, but otherwise SA(T) is trivial. O

Every subdirectly irreducible algebra is syntactic, but the converse does not
hold in general. However, Proposition 4.1 shows that here the two classes coincide.

Corollary 4.2. A projection algebra is syntactic if and only if it is subdirectly
irreducible, i.e., iff it is trivial or isomorphic to one of the algebras Py (A € pa(X)).

Although we know by the Variety Theorem 2.1 that F Proja is a X-VTL, it
may be instructive to show also directly that, for any given projection alphabet
A € pa(X), the sets Th(X,Y) form a X-VTL. Firstly, for any X and Y)Y’ C X, we
have Ty (X, Y)C =TaA(X, X\Y)and TH (X, Y)UTA(X,Y') = T) (X, Y UY’). Let
us extend the function A® to Y X-contexts in the obvious way. Then we have for
any p € Cx(X),

Ty(X) = Th(X,X) if A*(p) € V;
p HTA(X,Y)) = ¢ 0 =Ta(X,0) if A*(p) € X \Y;
Th(X,Y) if A*(p) = €.
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Finally, if ¢ : T5(X) — Tx(Y) is a homomorphism and Y" C Y, then TA(Y,Y")p ™t =
Ta(X,X"), where X' ={z € X | A*(z¢p) € Y'}.

Following [15], we define the syntactic monoid congruence of a ¥ X-tree language
T as the relation pyr on Cx(X) such that

purqg < VteTs(X)(VreCe(X)(t-p-reT + t-q-reT) (pqc Cx(X)),

and the syntactic monoid SM(T') of T as the quotient monoid Cx(X)/pur.
It is easy to see that if T'= Tx (X,Y) with Y # X, 0, then 7 has the congruence
classes

(1) [l ={p e Cs(X)|A*(p) = £},
(2) [p+] ={p e Cs(X)|[A*(p) €Y}, and
(3) p-1={peCs(X)[A*(p) € X\ Y}

Furthermore, [¢] is the identity element in SM(T') while [p4] and [p_] both are right

zeros as (p-py,py), (p-p—,p-) € pr for any py € [py], p— € [p_] and p € Cx(X).
Hence the following corollary of Proposition 4.1.

Corollary 4.3. For any A € pa(X), any leaf alphabet X, and any T € FProjx(X),
the syntactic monoid SM(T) is either trivial or isomorphic to the 3-element monoid
M ={1,a,b} in which 1 is the identity element and the elements a and b are right
zeros.

However, Corollary 4.3 does not mean that the X-VTL F Proja can be char-
acterized by syntactic monoids. Indeed, the same syntactic monoids are obtained
for every A € pa(X) and there are also completely different tree languages with
syntactic monoids isomorphic to M.

For each X, FProjx(X) contains just one tree language for each ¥ C X,
and hence FProja(X) has 2/%! elements. Let us consider the more general Y-
VTLs FRA. (£ C pa(X)), i.e., the joins of the ¥-VTLs FProjs. By the Variety
Theorem, Propositions 3.3 and 3.1 translate into the following proposition about
3-VTLs.

Proposition 4.2. The ©-VTLs FRA; (£ C pa(X)) form a 2™*)-element Boolean
sublattice of the lattice of all - VTLs. In this sublattice the least element is Trivy =
{{0, T%(X)}}x, the greatest element is FRAy,, and for all L, M C pa(X), FRALV
FRAM = FRALU/V[, FRAL N FRAM = FRAgmM, and FRA% = FRApa(E)\[,'
The atoms of the sublattice, the ¥-VTLs FProjx (A € pa(X)), are minimal 3-
VTLs.

From Propositions 3.3 it also follows that for any £ C pa(X) and any X, the
members of FRA.(X) are precisely the X X-tree languages saturated by p.(X).
Now, it is easy to see that, quite generally, if 6,...,6,(n > 1) are equivalences on
a set U, then the subsets of U saturated by 6, N...N#, are precisely the sets that
can be represented as finite unions of intersections Cy N ... N C,,, where for each
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1 € [n], C; is a subset of U saturated by ;. Hence the following description of the
3-VTLs FRA, is obtained by using Proposition 4.1. It could also be expressed by
saying that FRA_ is the ring closure of | J, ., F'Proja.

Proposition 4.3. For any set L = {A1,..., A} C pa(X) of projection alphabets
and any X, the members of FRA-(X) are precisely the unions of finitely many
intersections

TAI(X,Yl) ﬂ...ﬂTAn(X,Yn),
where Y1,...,Y, C X.

The following decidability result is obvious by the finiteness of FRA £(X), but
it also follows from the fact that a finite ¥-algebra belongs to FRA iff it is
isomorphic to a subdirect product of algebras P with A € pa(X).

Proposition 4.4. For any L C pa(X), it can be decided whether a given regular
Y X -tree language belongs to FRA .

5 Comparisons with other varieties

It is to be expected that our varieties have little in common with most of the
varieties of finite algebras or varieties of tree languages considered in the literature.
Firstly, they are too small to contain other nontrivial varieties. In particular, the
>-VTLs FRA, contain no nonempty finite sets. On the other hand, the sets
TA(X,Y)(® CY C X) are not defined by any local properties of their trees — as
usually is the case. Let us make this incomparability explicit for a few »-VTLs.
The precise definitions of these can be found in [12] or [13], for example, but the
following informal descriptions should suffice here.

In the X-VTL Nily, = {Nils(X)}x, each set Nils;(X) consists of the finite and
the co-finite ¥ X-tree languages, and Nil® is the 3-VFA Nily, of nilpotent (finite)
Y-algebras (defined in [4]).

A Y X-tree language T is definite if there is a k > 0 such that the membership
of a ¥ X-tree in T" depends only on the ‘root segment’ of ¢ of height £ —1. Similarly,
T is reverse definite if there is a k > 0 such that whether or not ¢ € T depends
just on the subtrees of ¢ of height < k. (In both cases, kK = 0 means that no testing
is needed and, accordingly, T = 0 or T = Tx(X).) By allowing combinations of
these two types of tests, we get the generalized definite tree languages. The three
3-VTLs obtained this way are denoted by Defs, RDefys and GDefs, and the
corresponding ¥-VFAs by Defy,, RDefy, and GDefy;, respectively.

A fork of ¥ X-tree is a configuration of the form f(dy,...,d,,), where f € ¥,,,
m>0anddy,...,d, € ZUX. A X X-tree language T is local if whether a ¥ X -tree
t belongs to T is determined by the set of forks appearing in ¢ and its root label.
The ¥-VTL Locs, of locally testable ¥-tree languages is obtained as the Boolean
closure of the X-family of local tree languages. Let Locy be the corresponding
>-VFA.

Proposition 5.1. For any set of path alphabets L C pa(X),
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(a) FRA-, NV =Trivs if V is Nils, Defs, RDefs, GDefs, or Locs, and
(b) FRA,NK = Trivy if K is Nily, Defy, RDefy, GDefy, or Locy.

Proof. By the Variety Theorem, assertions (a) and (b) are equivalent. The case
L = ) being trivial, we assume that £ # 0.

Let us first assume that £ consists of a single path alphabet A. Since F'Proj
is a minimal 3-VTL and the intersection of any »-VTLs is a 3-VTL, statement
(a) holds for £ = {A} if FProja is not contained in any of the 3-VTLs V. To
show this, we consider any TA(X,Y) € FProja(X) such that ® C Y C X. Since
Tx(X,Y) is neither finite nor co-finite, it is not in Nilx(X). To show that T (X,Y)
is not definite, we select any f € X, y € Y and z € X \ Y, and define two sequences
of ¥ X-trees by setting (1) so = vy, to = z, and (2) sp+1 = f(Sn,...,Sn) and
tnt1 = f(tn,...,tn) for all n > 0. Then, for every k > 0, the trees s; and t; have
the same root segment of height k — 1, but s € TA(X,Y) while t;, ¢ Tx(X,Y), and
therefore Th (X,Y) is not definite. Similar arguments can be used in the remaining
cases. Since all the sets Th (X,Y) are recognized by Py, it follows that Pa cannot
belong to any of the X-VFAs Nily, Defy, RDefy;, GDefy, or Locsy.

Consider now the general case § # £ C pa(X). Let K be any one of the X-
VFAs Nily, Defy, RDefy, GDefys or Locy. Assume that FRA N K contains
a nontrivial X-algebra A. Then A would have a decomposition into a subdirect
product of some subdirectly irreducible algebras A, ..., A, (n > 1) all of which
belong to both FRA  and K. However, the only nontrivial subdirectly irreducible
algebras in FRA  are the algebras Py with A € £, and by the first part of the
proof, these do not belong to K. Therefore we must have FRA , N K = Trivy. [

We conclude this section with two examples of 3-VTLs that contain the X-VTLs
FRA;. Thomas [15] calls a ¥ X-tree language T aperiodic if there is an n > 0 such
that

(Vt € Ts(X))(Vp, g € Cs(X))(t-p" - q€T < t-p"T.qeT).

The aperiodic 3-tree languages form a X-VTL Apy that can be characterized by
syntactic monoids [15].

Proposition 5.2. FRAy C Aps.

Proof. We begin by showing that FProjy C Aps for every A € pa(X). Let
T = Tx(X,Y) be any set in F'Projs(X). The remaining two cases being trivial,
we may assume that ) C Y C X. To show that for any ¢ € T%(X) and p, ¢ € Cs(X),
t-p-qeTifft-p?>-q€T (our “n” is 1), we distinguish two cases:

1. If A*(q) € X, then A*(t-p-q) = A*(q) = A®(t-p?-q), and hence t - p-q €T
iff t-p?-qeT.

2. If A*(q) =&, there are two subcases to consider. If A®(p) € X, then A*(¢t-p-
q) =A*(p) =A*(t-p*-q),and hence t-p-q € Tiff t-p?-q € T. If A*(p) =&,
then A*(t-p-q) = A®(t) = A®*(t-p?-q), and again t -p-q€ T iff t - p2-q € T.
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The inclusion FRAy C Apyx, follows now because FRAyx is the join of ¥-VTLs
contained in the 3-VTL Apy. The inclusion is proper as all finite tree languages
are aperiodic. O

Finally, let us consider the tree languages recognized by deterministic tree rec-
ognizers that read their input trees starting at the root and accepting at the leaves.
General treatments of this topic and further references can be found in [5], [6], and
[9].

A deterministic top-down (DT) Y-algebra B = (B, X) consists of a non-empty
set B and a Y-indexed family of top-down operations fP: B — B™ (m €
r(X),f € ¥,). Such a DT X-algebra B is finite if B is a finite set. A DT XX
recognizer is a system B = (B, by, 3), where B = (B, X) is a finite DT X-algebra, the
elements of which are called states, by € B is the initial state, and 8 : X — p(B)
is the final state assignment. If we extend 8 to a mapping 5 : T5(X) — p(B) by
setting

(1) Bg(x) = B(x) for each € X, and

(2) Ba(t) ={be B| fB(b) € Ba(t1) x ... x Bg(tm)} for t = f(t1,...,tm),

then for any ¢t € Tx(X), Bg(t) is the set of the states b € B such that B reaches every
leaf of ¢ in an appropriate final state if started at the root of ¢ in state b. Accordingly,
the tree language recognized by B is defined as T'(B) := {t € T»(X) | by € 85(t)}.
A Y X-tree language T is said to be DT-recognizable, if T = T'(B) for a DT ¥X-
recognizer B. Let DRecs = {DRecs(X)}x, where for each X, DRecs(X) is the
set of all DT-recognizable ¥ X-tree languages.! It is well known that DRecsy is a
proper subfamily of Recs.

Lemma 5.1. FProjy C DRecs, for every A € pa(X).

Proof. If T € FProja(X), then T = T(A) for a ¥ X-recognizer A = (Py,a, F),
where F' = {1}. We define a DT X X-recognizer B = (B,1,5) as follows. Let
B = ({0,1}, %) be the DT Y-algebra such that for any m € r(X), f € %,,, f5(0) =
(0,...,0,...,0) and fB(1) = (0,...,1,...,0), where the “1” is in position i € [m]
if f; € A. For each x € X, we set 5(z) = {0, a(x)}. By induction on ¢t € Tx(X), it
is easy to see that B reaches the leaf at the end of the path A(¢) in state 1 and all
other leaves in state 0. Hence, B accepts ¢ iff a(A*(t)) =1, i.e., iff t € T(A).

The inclusion is proper since every singleton tree language is DR-recognizable.
O

Since DRecs is not a X-VTL, Lemma 5.1 does not imply that F’'RAs, C DRecs..
In fact, FRA; ¢ DRecs; if £ contains two distinct projection alphabets A; and
As. Indeed, if z and y are two different symbols in X, then

T:={t € Tu(X) [ A(t) = z,A3(t) =y or AJ(t) =y, A5(t) = =}

INote that in the literature DT-recognizable tree languages are often called DR-recognizable
tree languages (derived from “root-to-frontier” instead of the currently dominating “top-down”).
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is recognized by Pa, x Pa, although it is not DT-recognizable. On the other
hand, as shown by Jurvanen [8, 9], the Boolean closure BDRecsy, is the X-VTL
generated by D Recy, and hence Lemma 5.1 yields the following conclusion. That
the inclusion is proper, is easily seen by considering, for example, any set of the

form {f(z,...,x)}.
Proposition 5.3. FFRAy C BDRecs.

6 Solidity properties

Poschel and Reichel [11] have shown that the rectangular Y-algebras form the least
nontrivial solid variety of ¥-algebras. For the general theory of solid varieties the
reader may consult [10], for example. We shall consider the solidity properties of
our X-VFAs and X-VTLs.

Let 2 := {&1,£2,&3, ...} be a set of variables which do not appear in any of the
other alphabets. For any n > 1, let Z,, := {&1,...,&:} and Tx(E,) be the set of
n-ary X-terms, and T5(Z2) := J,,»; Tx(E,) be the set of all X-terms with variables.
If t € Tx(E,) and t1,...,t, are terms of any kind, then t[t,...,t,] denotes the
term obtained from t by substituting for every occurrence of a variable &;,...,&,
the respective term t¢1,...,t,. The term function A™ — A defined by an n-ary term
t € Ts(E,) in a X-algebra A = (A,Y) is denoted by 4.

A hypersubstitution of type ¥ is a mapping » : ¥ — Tx(Z) such that if f € X,,,,
then »(f) € Ts(E,,). Let S denote the set of all hypersubstitutions of type ¥. Any
» € S is extended to a mapping 7 : T%(Z) — Tx(E) by setting 2(§;) = & for every
i > 1, and 32(t) = »(f)[%(t1), ..., %(tm)] for t = f(t1,...,tm). We let 3 denote 7,
too.

For any » € S and any X-algebra A = (A, ), the X-algebra »(A) = (A4, X) such
that f*(A) = x(f)A for each f € ¥, is a derived algebra of A. In [7] it was noted
that the solidity of varieties can be defined in terms of derived algebras, and the
idea of solidity with respect to submonoids of the monoid of all hypersubstitutions
of a given type was introduced in [2]. For a class H C S of hypersubstitutions,
a class K of Y-algebras is said to be H-solid if »(A) € K whenever A € K and
» € H, and it is solid if it is S-solid.

The first part of the following lemma can easily be verified by term induction.
The second statement follows from the well-known fact that homomorphisms pre-
serve also term functions.

Lemma 6.1. Let » be a hypersubstitution of type X, and let A and B be any
Y.-algebras.

(a) t*(A) = ()2 for any n > 1 and any n-ary term t € Ts(Z,).
(b) Any homomorphism ¢ : A — B is also a homomorphism from s(A) to »(B).

Let us call > € S permutative if for all m € r(X) and f € X,,, » ) =
9(&yy- .., &,, ) for some g € ¥, and some permutation (iy,...,4,) of (1, m).
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Let pS denote the set of all these hypersubstitutions. In the terminology of [14],
they are precisely the linear, nondeleting, symbol-to-symbol ¥3-substitutions.

Proposition 6.1. The 3X-VFAs Trivy, and FRAy, are solid, and FRAy, is the
least nontrivial solid -VFA. On the other hand, if 0 C L C pa(X), then FRA is
not even pS-solid.

Proof. Since the variety of rectangular 3-algebras is solid by Theorem 5.1 of [11],
also the X-VFA FRAy is solid. Moreover, FRAyx C K for every nontrivial solid
¥-VFA K. Indeed, if A = (A4,Y) is any nontrivial member of K, we obtain for any
given A € pa(X) the A-projection algebra B = (A4,Y) as the derived algebra s(.A),
if for any m € 7(X) and f € %,,,, we set s(f) = & for the i € [m] such that f; € A.
From this it follows that K contains all the algebras Py with A € pa(X), and hence
all of FRAy.

Assume now that § € £ C pa(X). To prove that FRA is not pS-solid, it
obviously suffices to show that for any two projection alphabets A, A’ € pa(X), there
exists a permutative hypersubstitution s for which Py, = (P, ). To define such a
2, consider any m € r(X) and f € 3,,,. If f; € Aand f; € A’ (i,5 € [m]), then we
set »(f) = f(&,,---,&,, ), where (i1,...,4y) is the permutation of (1,...,m) that
just transposes i and j. It is then clear that f*(Pr) = fPar. O

To define the solidity of X-VTLs, we adapt some notions from [14] to the present
setting of a fixed ranked alphabet. Firstly, if H C S is a class of hypersubstitu-
tions of type X, an H-morphism ¢ : Ts(X) — Tx(Y) is defined by its underlying
hypersubstitution v, € H and a mapping ¢x : X — Tx(Y) as follows:

(1) zp = px(x) for z € X;

(2) to=@u(f)ltrps- .- tmep] for t = f(ty, ... tm).
The following fact is easily verified.

Lemma 6.2. If ¢ : T5x(X) — Tx(Y) is an S-morphism, then ¢ : Tg(X) —
0« (Tu(Y)) is a homomorphism of ¥-algebras.

For any H C S, a 5-VIL V = {V(X)}x is H-solid if T € V(Y) implies that
To~t € V(X) for every H-morphism ¢ : Ts(X) — Tx(Y). In particular, V is solid
if it is S-solid.

In [14] it was shown that any general variety of finite algebras and the corre-
sponding general variety of tree languages (the “general” signifies that the ranked
alphabet is not fixed) have matching solidity properties. Although restricting such
general varieties to one given ranked alphabet does not yield exactly our X-VFAs
and >-VTLs, this holds also here.

Lemma 6.3. Let H be any class of hypersubstitutions of type . If a ¥-VFA K s
H-solid, then so is the ©-VTL K?.

Proof. Consider any H-morphism ¢ : T5(X) — T5(Y). If T € K*(Y), then there
exist an algebra A4 = (A,Y) in K and a homomorphism 1 : Ts(Y) — A such that
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T = Fiy~! for some FF C A. By Lemmas 6.2 and 6.1, ¢ : T=(X) — ¢.(T=(Y))
and ¥ : 0. (Te(Y)) — @s«(A) are homomorphisms. Hence ¢¢ : To(X) — ¢.(A)
is a homomorphism and Tp~! = F(py)~!. Since ¢.(A) € K, this means that
To~' e KH(X). 0

Proving the converse of Lemma 6.3 would require some further preparations, so
we avoid its use and just refer the reader to [14] for the corresponding fact about
general varieties.

Proposition 6.2. The X-VTLs Trivs and FRAs, are solid, and FRAsx is the least
nontrivial $-VTL. However, if § C L C pa(X), then FRA is not even pS-solid.

Proof. That Trivy and FRAy are solid follows from Proposition 6.1 by Lemma
6.3.

To show that FRA, is not pS-solid for ) C £ C pa(X), consider any A, A’ €
pa(X) such that A € £, but A’ ¢ L. Let X = {x,y} and ¢ : T (X) — Tx(X) be the
pS-morphism such that ¢, is the hypersubstitution s« defined in the second part of
the proof of Proposition 6.1, and ¢x(z) = = and ¢x(y) = y. Then Th(X,{y}) €
FRA(X), but Tx(X, {y})g ! = T (X, {y}) & FRAL(X). O
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