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Alagié¢ [1975] gave a category-theoretic treatment of natural state transforma-
tions which generalized the work of Thatcher [1970], and so, in particular, gave
an elegantly general perspective on tree transformations. Arbib and Manes [1977]
modified Alagi¢’s approach to provide a somewhat more concrete category-
theoretic approach to.what they called process transformations, which they showed
to embrace recursion theory, bottom-up tree transformations and linear systems.
Section | of the present note specializes the theory of process transformations to
show how pure bottom-up tree transformations may be expressed in category-
theoretic form. Section 2 then shows how this formulation may provide insight
into the semantics of loop-free programs. Later papers will consider the effect
of loops. Necessary category-theoretic background may be found in Arbib and
Manes [1975], especially Chapter 7 and Section 10.1.

1. Bottom-up tree transformations: A category-theoretic characterization

We first recall the ‘machines in a category’ approach to tree automata (i.e.
Q-algebras).

1. Definition. An operator domain Q is a sequence (Q,{n€N) of (possibly
empty) disjoint sets. An Q-algebra is a pair (Q, 5) where Q is a set and 6=(d,)
is a sequence of maps  9,: Q"X Q,—~Q. We write §, for 6(—,w): 9"—Q for
wER,. O is the carrier of the algebra.

Given Q, we define a functor X,,: Set ~Set by

0X,=U Q0"xQ, ' )

n=0
while, for h: 0 -0’ K
h‘XQ(qIS"'7qn’w)=(hq1’ ""hqn’w)’ . (3)

We now observe that an X,-dynamics in the sense of Arbib and Manes [1974]
— ie. a map QX,—~Q — is just an Q-algebra, and that an X,-dynamorphism
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is just an Q-homomorphism, since the equation 6’ -hX,=h-6 which characterizes
a map/i: Q—~Q° as a dynamorphism A: (Q, 6)—~(Q’, 8") unpacks to

h(sm(qla ey qn) = 5:0(hq13 RRAS ] hqn) fOI‘ wEQ,,, (ql’ vty ‘I,.)EQ"
Moreover, X, is a recursion process (which is the same as an input process:

in the sense of Arbib—Manes), which means that there exists an Q-algebra

(AXQ@, App) equipped with an inclusion of generators An: A—»AXQ@ such that for
any Q-algebra (Q, ) we may extend each map t: A—Q uniquely to a homo-

morphism r: (AXQ@, Apg)—(0, 9). AXQ@ is the carrier of the well-known free Q-
algebra generated by A4, and may be defined by the usual inductive definition
(Birkhoff [1935]): '

Ac Ax2
@ - @
If weQ,, t,...,t,€AX,, then wt,...1,€4X, . 4)

Thus the elements of AXQ@ may be regarded as finite rooted trees, with nodes of
outdegree n labelled by elements of ©2,, save that some leaves (nodes of outdegree 0)

may be labelled by elements of 4. We abbreviate X, 9@ to To. We may define

An: A - ATy, a—a

. &)
Aﬂo: AT_QXQ—’ATQ: (tl, ...,I,,,(.O)r—»wll..).t,,. :
If (Q, 6) is any Q-algebra and «z: A—;Q is any map
A"l A 0
A _arx,
lr s ern . (©6)
T : ,
Q 0X,
then the unique dynamorphic extension r: ATo—~Q of © is given by .
r(a) = t(a) v
)
r(wty...1,) = 0,(rty, ..., rt,). .

Note that this reduces to the dynamics §: QX X,—~Q of a sequential machine if
we take Q,=X, while Q,=0 for n>1. _
Suppose that 2 and Z are two operator domains. We consider ‘bottom up’
(i.e. working from the leaves to the root) transformations of trees in ATy, into trees
in BT;: (The following transformations are ‘pure’ in that no internal state is used
in processing the trees. The more general definition is given in Arbib and
Manes [1979].) ' S
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8. Definition. Given operator domains Q and X, and sets 4 and B, a bottom-up
iree transformation (4, @Q)—~(B, X) is given by a map a: A—B, together with a
sequence f=(f,) of maps

B.: @, —{l,...,n}Tx. 9)
‘The response of (a, B) is y: ATo—~BTy defined inductively by:
Basis step:
, y(a) = o(a) (10)
Induction step: To define ‘ -
pot...t), let y(1) =s;, an
and let
B(w) = A
Then I n

The following result in the style of the Yoneda Lemma (Mac Lane [1971])
:allows us to view B as a natural transformation. (For an exposition of the concept
of a natural transformation of functors, see Arbib and Manes [1975, Secuon 7.31)
“This theorem is generalized in (Arbib and Manes [1977]).

12. Theorem. Let Q be an operator domain, and let Y be any functor Set —Set.
"Then there exists a canonical bijection :

X,, —”-Y

(13)

‘between natural transformations f and sequences (/3,,) of functions. Mutually in-
‘verse passages are given by

B, = Q,,_i~nX9"—B* nY where k(w)=(1,...,n,0) (14)
AB: AXy —~ AY, (a,,...,a,, w)—(ay,...,a,)Y- B, (w). (15

"Toexplain the notation in (15), (e, ..., a,) is a function g: n—A4. Thus (a;, ..., a,) Y
is a function gY:nY—-AY. :

Proof. To see that (15) describes a natural transformation, we must verify

AB

AX, AY
hXq | | ny
BYX, BY

for arbitrary h: A—B. But starting from (g, @)€A4"XQ,, the upper path yields
4Y -gY (B,(w)) and the lower path yields (fg)Y -B,(w) and these are equal since
Y 1s a functor.
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We now verify that (14) and (15) are inverse. -
Now if (B,)—p—(B,), we have

B.(w) = npQl, ...,n, ®)
=np(d,, w) for id,en"
= ldnY 'ﬁn(w) = ﬁn(w)

Conversely, if p—p,—PB, then for g€ A" we have the naturality square

nXg np *nr
gXo gY
ax, 2B 4y
so that
(4B) (g, ®) = (gY)(B.(w))
= (gY)(np(id,, »))
= (4B)g Xo(id,, ®)
= (4B)(g, w). DO

We thus conclude

16. Observation. A bottom-up tree transformation from Q-trees to Z-trees
s equivalently given by a natural transformation -

B: Xog—Ts

together with a map a: A—~B. The response y: AT,—~BT; is uniquely defined
by the diagram

2 A Q
A2 4T, o AT X
oz! ly lyXQ : ‘ - (17)
B BT; 5 BT BT X, :

Byt s g7 BT.B

Proof. The left-hand square provides the basis step of the inductive definition
of t glven in Definition (8), while the right-hand square expresses the way in which
y(wty...1,) depends on y(¢;) for 1=j=n. O

-

» 2. Transforming loop-free flow diagrams

In this section, we capture the essential ideas of Reynolds’ [1977] “Semantics.
of the domain of flow diagrams™ by giving a succinct account of the relation
between general flow diagrams and linear flow diagrams which provides the para-
digm for the other relations discussed in that paper. We fix a set P of predicate:
symbols and a set F of function symbols A general flow diagram may be represe nted

by a Z-tree where. . . -
XO=F, X =0, Z,=PU{;} F (18)
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and we interpret the following element of 8T
/N
; p (19)
NN
h fg f
as “If the p-test yields true, execute /1 then f; whereas if the test yields false, carry
out the p’-test, executing g if the outcome is true, f if the outcome is false.”
A linear flow diagram is one in which we cannot compose arbitrary opera-

tions using *‘;”, but instead apply one f at a time. They correspond to Q-trees

where .
Qy= FX{0}, @, =Fx{l}, Q=P (20)

and (19) corresponds to the following element of 07,
P
N
h p° . @n
N
f g f

" We now show that that transformation from linear flow diagrams (as represent-
ed by Q-trees) to general flow dlagrams (as represented by X-trees) is given by the
tree transformation” B,:Q,—{l, ..., n} Ty where

By(f,0)=f
ﬁl(g’ 1) =
N
g 1 . (22)
B.(p)=p
1 2

The response §To—~075 does indeed transform @1 into (19), and the reader may
see that it-also ylelds the following typical transformation: ,

OO
T AA

| ,
p h k pg h ) - (23)
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Now Reynolds provides for each direct (resp., continuation)-semantics for general
flow diagrams a corresponding semantics for linear flow diagrams. But each se-
.. —mantics for a general (respectively linear) flow diagram is nothing more nor less
than a 2- (respectively Q-) algebra. Any particular choice of a transformation of
semantics which “preserves meaning” with respect to a particular transformation
of flow diagrams is subsumed in the following result (which works just as well.
when T; and T, are replaced by arbitrary algebraic theories 7, and T,, see Manes
[1976 Section 3.2]):

24, Proposition. Let 2 and X be operator domains, and let ¢: RX;——R be
a given Z-algebra. Further let the family of maps

ﬁ,,: Q, — {1, s} T

define a tree transformation. Theh there exists an Q-élgebra 0: RXq—R such that
the result of running § on any Q-tree equals the result of running £ on the trans-
formed Z-tree. ' '

Proof. By (13), B, is equivalent to a natural transformation
o B: Xq~T;
yielding, in particular, the map ‘ ) :

Now we define the run map ¢@: RT;~R df, (R, &) by the diagram (compare (6))

Ru}
R e B ek
N

§
R RX:
and we may then define an Q-algebra (5, R) by
@
3=RX, 2L RT, =R . @7

To show that & has the claimed property, we must look at the response y: RT,, - RTy
of the tree transformation with A=B=R and a=idg. Then (17) becomes:

° Ry |
Rt R RT.X,
Ry |7 | #Xa (28)
“RTpr RT: T RT:Xo
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’ @
We have to show that 6@ =RT, Q—’;RT ZE——R to complete the proof of the pro-

position. But this is immediate from the following diagram:

R Q R Q_
R—L RT,« L RT.X.

—~RT; el
P II Xa
R\ l RT; g

Ru*
N O RT~—L—RT,T; RT: X, |

idx 1 g@l Y -§@ T, V §@Xg (29
§e R |
R RT:L RXQ
VI

)

where I and II are just (28), III and IV extend (26), V is a naturality square for 8,

and VI is the definition of . Thus £@ .y satisfies the diagram which defines 6@
uniquely. O
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