Use of Petri nets for performance evaluation

By J. Sirakis

Introduction

Petrinets [1], {2} have been found a simple and elegant formalism for the descrip-
tion of asynchronous systems with concurrent evolutions. According to the adopted
interpretation, they can be used to model flow phenomena of information, of energy
and of materials [3], [4] and [5]. However, this model is not complete enough for
the study of system performances since no assumption is made about the firing of
a transition as far as its duration and the moment at which it takes place after the
transition has been enabled. B

Timed Petri nets have been introduced by C. Ramchandani [6] by associating
firing times to the transitions of Petri nets. He studied the steady'state behavior
and gave methods for calculating the throughput rate for certain classes of Petri
nets. The results given in this paper are applicable to the class of pure [7] Petri nets
and generalize, in some sense, those presented in [6]. The litterature on timed Petri
nets is very poor: to the author’s knowledge, the only works on this subjet are the
Ramchandani’s thesis and a paper. by S. Ghosh [8] comparing the properties of
boundedness and liveness for timed Petri nets and unrestricted Petri nets.

I. Definitions

. Definition 1. A Petri net (PN) is a quadruple #/=(P, T, «, §) where
P is a set of places, P#0
T is a set of transitions, T=0, PNT=0
a: PXT—N forward incidence function
p: PXT-N backward incidence function
(N represents the set of natural numbers: 0, 1,2, 3, ...).

REPRESENTATION. To a PN one can associate a digraph the nodes of which are
the places and the transitions, represented respectively by circles and dashes. There
is a directed edge from the place p, to the transition z; iff a(p;, t;)=n,, 0. This edge
is labeled by the value n;;, called weight of the edge. There also is a directed edge
from the transition ¢, to the place p,, iff B(p,,, t,)=n,, 0. This edge is labeled by the
weight n,, . ,
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Definition 2. Let #/=(P, T, a, f) be a PN. We adopt the following notations:
For t€T, t={pcPla(p, 1)#0} and ¢'={p€P|B(p,1)=0}.
For peP, p={tcT|B(p, t)=0} and p"={tcT|a(p, t)=0}.
We call “t(t") set of input (output) places of t and by analogy, 'p (p’) set of input
(output) transitions of p. These notations are extended to subsets of 7 and P; for
example, if P,c P then, "P;= |J “p,.

PEP)
Definition 3. A marking M of a PN #=(P, T, «, §) is a mapping of P into

N: P2 N. When |P{=n, one can represent a marking M by a vector MEN" such
that its i-th entry m;=M(p)).

Definition 4. A transition ¢z of a PN is enabled for a marking M iff:

Vpe't=a(p,t) = M(p).

Definition 5. Let .#, be the set of markmgs for which a transition ¢z of a PN
is enabled. The firing of the transition t(F(t)) is a mapping of .#, into the set of the
markings .# defined as follows: if F(¢)[M;]=M then

M;(p),vp¢ UL,
M;(p) = M;(p)—a(p, 1), Vpe't—(tN1t),
! iMi(p)H?(p, n,Vpet'—(tNr’),
M;(p)+B(p, t)—a(p, 1), VpetNt’.

Definition 6. Let #=(P, T, a, ) be a PN and M, one of its markings. Consider
a sequence of transitions g=¢; ¢t;, ... ¢;,. We say that ¢ is a simulation sequence
or a firing sequence from M, iff there exists a sequence of markings M,, M,, M,, ...,
., My such that F(t;) [M;_,]=M, for i=1,2, 3, ..., s. We.note that My~ M. M,
is the marking attained by applying o from M,. We denote by M, the set of markings
thdt can be attained from M,. The firing vector of ¢ is a vector R{(REN™ m=|T|)
such that its k-th entry is equal to the number of occurrences of the transition
t, in 0.

Definition 7. An ordinary PN is a PN #/=(P, T, a, f), such thata: PXT—{0, 1}
and B: PXT~{0,1}. A marked graph is an ordinary PN such that Vp€eP, |p|=1
and |p°’|=1. A state graph is an ordinary PN such that V€T, |¢'|=1 and [|1|=1.

Definition 8. Take a PN and one of its markings M,. -

We say that a place p is bounded for M, iff 3kcN such that Y MecM,, M(p)<k.
A PN is bounded for M, iff all its places are bounded. We say that a transition t
is live for M, iff for every marking M, M €M,, there exists a sequence o, c€T*
such that o is a firing sequence from M. A net having all its transitions live for
a marking M, is called live for M,.

Definition 9. A pure PN is a PN such that V€T, {1} {¢ } 0.
For a pure PN #=(P, T, a, B) (|P|=n, |T|=m) one can define the matrices:
B(p:, 1) if  B(p;, t) =0,
C= ['cij]nxm Wlth Cij = _a(pis tj) lf “(Pi, tj) #= Oa
0 otherwise.



Use of Petri nets for performance evaluation 187

C is called incidence matrix of the net [7].

B(pistp) if B(pi,ty) # 0,

C* = [efiluixm With ¢ = {0 otherwise

J

_ - . _ a(pi’ tj) if “(pi: tj) # 0’
€7 = lejflim  With ¢ = {0 otherwise.

REMARK. C=C*—C".

II. Timed Petri nets
II1. 1. Definitions

Definition 10. A timed Petri net (TPN) consists in giving:

a Petri net A/=(P, T, a, ),

T=(t4, T2, -..» T;, ...) an increasing sequence of real numbers called time base,
a mapping v: PXT—T such that V (p, 1)€PXT: v(p, 1,)=1,21;=7;.

SIMULATION RULES

a) A marker in a TPN may be in one of the two following states: available
or unavailable. Initially each place p contains M,(p) available markers.

b) A transition ¢ is enabled iff every place p,(p,€°t) contains a(p,, t) available
markers at least.

¢) The firing of a transition ¢ has to take place instantaneously as soon as ¢
is enabled. It consits in removing a(p,, t) available markers from each place p,
(ps€°t) and in placing f(p,, t) markers in each place p €t

d) A marker remains unavailable in a place p, during the time interval between
the instant of its arrival 7; and the instant v(p;, 7;); then it becomes available.

ReMARK. According to the above definition, firings in a TPN take place only
at moments of T. "

In what follows we study the behaviour of pure TPN’s such that V (p;, 7)€
€PXT: V(p;, 1) —1=z;=constant. That is, each marker is delayed by z; in the
place independently of the instant of its arrival.

Definition 11. Take a TPN and let M, M, ... M, be the markings attained
successively from an initial marking M, by applying a firing sequence o=¢,, f;, ...,
s t,_, and 7, 7, ..., T;,_, the moments of firing of the transitions %, #;,, ..., f;,_,
respectively. The marking of the net at a moment 7, will be by definition the marking
of the net in the interval 7, ,=t'<rt, . Generally, the marking of a TPN with
T=(1y, T1, Tg> --+» Ti» -..) at a moment 7;€ T will be the marking of the net at the
interval t,_;=t<1;, i=1,2,3,... The marking at t, corresponds to the initial
marking. For a TPN with z places we define a general temporal variable Q'(7)=
=[g, (%), ¢2(7), ..., ¢,(v)] such that V1,€T, Q(r)=M where M is the marking at
the moment ; (QF denotes the transpose of a matrix Q). The variable Q(t) will be
called charge variable.
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. Let M, be a marking attained from a marking M, by applying a sequence o,
(M,=- M) in a PN defined by its incidence matrix C. Then

where REN™ m=|T]|, is the firing vector of 5. Equation (I) can be written for a TPN
(1) = Q(r0) + CR(1). (1)
Let us suppose now, that 717, and put dt=1—1,. We have from (II)
400 _ Q2(0)—-Q0() _ ~R@ _ 40(1) _
S = i =C yrake CI(x) = y e CI(7) (411))]
‘where ‘
%?— is a vector representing the mean variation of the charge of the net

in the interval A4z,
, (1)
a4t

the k-th entry of the vector I, i,= represents the mean frequence of

firing of the transition ¢, during Az.
The vector 1(7) will be called current vector, and evidently Vt;€7, I(zr;)=0.

1. 2. Description of the behavior for constant currents

II. 2.1 — General case. We are interested in the cases of functioning with
constant currents for which the total charge of the net remains bounded. This amounts
to searching for-solutions of the equation

CI=0 (I=0). ‘ av)

Those solutions correspond to cyclic firing sequences in the net as it is shown in
[6]. We give additional relations that the current vector 7 must satisfy in terms of the
initial marking and of the delays associated to the places.

Definition 12. Let C be a matrix of order nXm on Q. We denote by ¥ (%)
the set of non negative solutions of CX=0 (C*X=0). A generator of €(%") is a set
of vectors {X;}5_, with X;€N™ (X;€N") such that any element X, of ¥(%") could
be expressed as the linear combination of elements of {X;}5_; with non-negative
rational coefficients, i.e., Xp= Z .;X;, where /; are non-negative rational numbers.

If we assign constant currents to the transitions of a bounded TPN, we “have
a periodic functioning, and let Q(t.,), Q(zy), ..., Q(z;,) be the successive markings
of the net during a period. Then, the mean value 0 of the charge variable Q(1)
1s given by
~_ 90 )+0()+2 @)+ +09(w,)
¢= s+1 )

If we multiply this last equation by J§(J{€%¥"), we obtain
Ji0 = Ji0(y). - ‘ (Va)
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But the mean value §,, of the charge of a place p,, satisfies the inequality

where C is the w-th line of the matrix C*, and the product C} I represents the mean
" frequence of the arrivals of markers at the place p,,.
Let Z be the following square matrix of order n:

fz, 0 0 0 0..0
0 z, 0 0 0...0

(0 0 0 0 0...z,
Then, the set of the inequalities {gG, =z, C} I} _, can be written in the form
Q=ZCtI=2ZCI (Vb)
Let J§ be a positive solution of J*C=0. From (Va) and (Vb) one can obtain
JEQ(rg) = JEZCTT = J§ZC 1. _ (Vo)

This last inequality establishies a relation between the initial marking, the current
vector and the delays associated to the places of a TPN. '

Let #={Ji, Ji,..., Ji} be a generator of €. If J§€ %" then any inequality J§ O (1) =
=J} ZC™* I can be expressed as a linear combination of the set of inequalities {J 0 (7,) =
=JIZCHI¥_,.

The relations

CI=0 (I=0)" o %)

J0() = NZCHIYL, )

describe the functioning of a timed Petri net for constant currents.

II. 2.2 — Functioning of TPN at its natural rate.

Definition 13. Given a TPN by its incideme matrix C and its delay matrix Z.
We say that it functions at its natural rate for a given current vector I, iff I, satisfies
the equations CI=0 (IV) and {J!Q (o) =J!ZC* I}%_, (VI), where {J#}%_, is a generator
of &*. .

Proposition 1. There exist at most # linearly independent equations describing
the functioning at natural rate of a TPN with n places.

Proof. Suppose that the rank of C is equal to ¢. Then (IV) contains at most
o linearly independent equations. Also, the dimension of the space of the solutions
_of J*C=0is n—g. Thus (VI) has at most n— g linearly independent equations, and
consequently there exist at most » linearly independent equations in the system
(V) and (V).
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Example 1. Consider the TPN of Figure 1. We want to calculate the current
vectors (if there exist any) corresponding to functionings at natural rate. Q(z,)

and Z are supposed given.

1 -1 1 1

1 0 —1
c=|1 0-1 0
-3 1 0 0

i 3-1 0 0

Solution of CI=0: we find i, =i,=3i,, i;=1i

Figure 1

A generator of € is {J{=[1 110 0], Ji=[0 0 0 1 1]}. Thus

JZCHI = J1Qo = Go, t oyt Go, = Z1ig+ 2yig+ Zo0s+ 2304
and
JEZCH I = J3Q0 = qo,+ qo, = i224+ 30, 7,

The condition for the existence of a solution is

9o, + 9o, + 9o, — Go, + Go, (@)

4z, 432,425  3(24+z5)
In this case

i= Go, + 4o, i= 9o, + qo,

Y73z tzs)" YT zatzy

Suppose now that we have 7, =z,=23=2,=2;=1 and Q;=[1 0 0 3 0]. Then
the equation (cx) is not verified and there is no functioning at natural rate. The ine-

qualities (V) give
9o, + 9o, 9o, = 21 (is+ig) + 2200+ 231 = 1 = 8iy,
Go,+ qo; = iy24+3i12; = 3 = 6i)
yielding

i mm{1 l}—l- and i 3
Imax — 8 2 8 12 max “.8 .
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III. Solution of C/=0 and J'C=0 decomposition

In this section we present some results relative to the properties of non-negative
solutions of CI=0 and J*C=0, where C is the incidence matrix of a PN. Many
"authors have used linear equations for the study of the properties of PN’s ([6], [7],
[9}, 110}, [11], [12] and [14]). In particular, a part of the results on the decomposition
of PN’s exposed in this section have been developped independently by Memmi [10]
Crespi—Reghizzi and Mandrioli [9] and the author [14]. Also, similar results, in
a less restrained context, are well known since several years (see, for example [13]).
- Qur contribution consists in making evident the ralations between the structure of
the net (decomposability into consistent and invariant components) and the solu-
tions of CI=0-and J*C=0. We borrowed the terms “consistent” and “invariant”
from [6] and [7], respectively, and the term “support” from FulKerson [13], although
it is used in a slightly different sense. This study is limited to pure and strongly con-
nected PN’s. Pureness is imposed by the fact that we use the incidence matrix for
representing PN’s and strong connexity by the fact that it is a necessary condition
for a net to be bounded [6]. In what follows, the term “PN”’ denotes a strongly con-
nected and pure PN.

Definition 14. For a PN #=(P, T, a, f) a subnet of A'is a PN A;=(P, Ty, a1, B1)
such that P, c P, T, c T, moreover «,: P,XT;~Nand §,: P,X T, —»N are restrlctxons
of a and S, respectively.

Definition 15. The union of two subnets A =(P,, Ty, o, B;) and A,=(P,, Ts,
ty, Bo) of a PN /V (P, T, a, B) is a subnet A;= (P3, Ts, 05, Bs) of A with P;=P,UP,
and T,=T,UT,.

Definition 16. Let #=(P, T,a, f) be a PN and &={N=(P;, T;, o, B)}=y
a set of subnets of A A is covered by S or S is a decomposition of Nif

k : k
P=|jP, and T= U T
i=1

i=1

I11. 1. Non-negative solutions of C/=0. Decomposition into consnstent
components

Definition 17. Let #=(P, T, «, f§) be a PN. Then a set Ty < T defines a t-complete
subnet N=(P,, Ty, 0y, B) of /if P,="T,=Tj.

Proposition 2. Let C be the incidence matrix of a PN and [,€%. Then the set
Fy= {t;]io,#0} defines a z-complete subnet of the net having C as incidence matrix.

Proof. Consider the subnet with T;={t;|iy >0} and P;="T,UT;. Then each
place p of P, has at least one input transition or one output transition (by construction
-of the set P,). Suppose that a place p,, (p,,€ Py) has the input transitions #, , t;,, ..., ¢;_
but no output transition in the subnet defined by P, and 7;. Then we have
2 G0, B(Py, 1;)=0 where iy, and B(p,,t;) are positive rational numbers which is

J
absurde. Thus p,, must have an output transition belonging to 7;. In the same
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manner one can prove that if a place p,, has an output transition belonging te 7,
then it has an input transition belonging to 7;.

Definition 18. Let C be the incidence matrix of a PN W] A consistent component
. of & is any t-complete subnet 4] defined by the set of transitions corresponding to-
the positive entries of a vector /; (I €%). A, is the support of I, (we note A= S(ll))
If there exists J, such that S(/;)=."then we say that 4" is consistent.

Definition 19. Let a PN be given with an initial marking M. A firing sequence

g is a cyclic firing sequence from M iff M 2. M.
Proposition 3 [6]. A PN having a live and bounded marking is concistent.

Proposition 4. [6]. Let A{=(P,, T, &, f,) be a consistent component of a net A7
Then 4 has a marking M from which there exists a cyclic firing sequence
1., such that U t,=T,. Inversely, each cyclic ﬁring sequence

ji=1
O=ty, by, oo Iy, in A, defines a consistent component of A having 7;= U 4, as set
of transitions. =1

o=l I, ...

Proposition 5. The union of two consistent components of a net is a consistent
component.

Proof. Let I and I, be two elements of ¥ defining two consistent components
S(fy) and S(Z,). Then I;+1,€% defines the consistent component S(1;) N S(Z,).

Definition 20. Let 7;€% where C is the incidence matrix of a PN 47 Then S(/))
is an elementary consistent component of A iff there exists no I, (I,#0, L,€¥) such
that S(Z,) € S(1)). A vector I, defining an elementary consistent component S(Il)
is called elementary vector of .

Proposition 6. If C is the incidence matrix of a PN and J, and 7, are two elemen-
tary vectors of € such that S(J;})=S(l,) then I, and I, are linearly dependent.

Proof Suppose that T, and 1, are linearly independent and S({/,)=S(l,). Let

A= mm{ } and J;=1,—4I,. Then I; #0 and there exists a scalar psuch that I;=
ip 520 12

- =upl;€%. We have S(1,) € S(I,). Thus S(/,) is not elementary.

Proposition 7. Every consistent PN .4#"can be decomposed into a set of elementary
consistent components.

Proof. Let I,€¥, S(Ij)="and suppose that .#"is not elementary. Then, there
exists a consistent component A{(A;d-A) and I, such that S()=A4. Let

A= mm{ } and J;=1,—/I,. Then it is easy to verify that there exists a scalar p
i, =0 Uiy,

such that I,= ul; €% and if A= S(I,) then /= A4UA5.
Corollary 1. The set of elementary vectors of # is a generator.
Definition 21. Let a PN 4 with incidence matrix C be given and S a set of

elementary vectors of 4. Then S is a t-base of A7 iff S is a generator (of ) of minimal
cardinality.
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Proposition 8. Let B=[I,, I,, ..., I;] be a matrix of order mXs such that {[ a1
is a t-base of a PN. Then the rank of B is less than or equal to m—g where g is the
rank of the incidence matrix of the net. Furthermore, if the net is consistent then the
rank of B is equal to m—g.

Proof. The fact that rank [B]=m — g is obvious because the space of the solutions
of CI=0 is of dimension m—g. In order to prove that rank [B]=m—p, in the case
of a consistent net, it is sufficient to prove that any solution /, of C/=0 can be expressed
as the linear combination of I, /I, ..., I, (columns of B). If I,>0 then this is always
possible accordmg to corollary 1. If not one can obtain from I, a vector I (/>0)

such that 1=Z’ B;1;+ 1, where the ;s are non-negative rational numbers. But C/=0
j=1

- Jj=
and 7 defines a consistent component. Thus, according to the Corollary 1, we can
write /=" y,I;. This gives I,= 3 (y;— B, 1. '

i=1 i=1

Remark. CB=0. For any current vector /€%, I=BI,, the k-th entry of /, being
the “loop current” associated to the elementary component corresponding to the
k-th column of B. '

1IL. 2. Non-negative solutions of J'C =0. Decomposition into invariant components -

The following definitions and propositions are dual of those in III. 1.*

Definition 22. Let #/=(P,T,a, f) be a PN. Then a set P, (P,CP) deﬁnes a
p-complete subnet #;=(P;, Ty, 0y, By of /' if T,="P,=P;.

Proposition 9. Let C. be the incidence matrix of a PN and J§€#%'. Then the set
P,={piljo, 0} defines a p-complete subnet of the net having C as incidence matrix.

Definition 23. Let C be the incidence matrix of a PN A An invariant component
© pf #is any p-complete subnet A4, defined by the set of places corresponding to the
oositive entries of -a vector Ji (J{€%"). A is the support of J{, (we note A= S(J})).
If there exists J§ such that S(J§)=."then we say that #"is invariant.

Proposition 10. The union of two invariant components is an invariant compo-
nent.

Definition 24, Let J{€%* where C is the incidence matrix of a PN A, Then
S(Ji) is an elementary invariant component of A"iff there exists no J (Ji=0, JE€E")
such that S(JH T SU)). A vector Ji defining an elementary invariant component
S(JY) is called elementary vector of €.

Proposition 11. If C is the incidence matrix of a PN and J{ and Jj are two ele-
mentary vectors of ¢’ with S(J})= S(JY) then J! and J§ are linearly dependent.

Proposition 12. Every invariant PN 4 can be decomposed into a set of elemen-
tary invariant components.

Corollary 2. The set of elementary vectors of ¢ is a generator (of ).
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Definition 25. Let .#"be a PN with incidence matrix C and S a set of elementary
vectors of €*. Then S is a p-base of A" iff S is a generator (of ") of minimal cardi-
nality. :

Proposition 13. Let D'=[J,, J,, ..., J] be a matrix of order nXs such that
{/1}i=, is a p-base of a PN. Then the rank of D is less than or equal to n—g where
o is the rank of the incidence matrix of the net. Furthermore, if the net is invariant
then rank [D]=n—og.

IT1. 3. Particular cases: state graphs and marked graphs

Proposition 14. Let C be the incidence matrix of a pure and strongly connected
state graph with »n places and m transitions. Then the following statements are well
known:

a) rank [C]l=n-1,

b) the space of solutions of CI=0 is of dimension m—n+1,

c¢) thespace of solutions of J*C=0is of dimension I and the vector J{=[1 1 1...1]
is a base of this space.

REMARKS. A t-base for a state graph is a circuit base,
C in Proposition 14 expresses the fact that any strongly connected state
graph is an elementary invariant component.

Proposition 15. Let C be the incidence matrix of a pure strongly connected
marked graph with n-places and m transitions. Then we have the dual of Proposition
14: B

a) rank [Cl=m—1,

b) the space of the solutions of CI=0 is of dimension 1 and the vector [} =

=[1 1 1 ... 1]is a base of this space, :
c¢) the space of solutions of J*C=0 is of dimension n—m+1.

REMARKS. A ¢-base for a marked graph is a circuit base,
b) in Proposition 15 expresses the fact that any strongly connected mar-’
-ked graph is an elementary consistent component.

IV. Resolution of the equations (IV) and (VI) with given Q(t,) and Z

In this section we show that the problem of determining the currents of a TPN
for functioning at natural rate, when we know Q(z,) and Z may have either several
solutions or no solution at all. The extreme cases correspond to state graphs and
marked graphs. :

Example 2. For the TPN of Figure 2 the system of the equations (IV) and (VI)
generally has a unique solution for /. We have:

211011

1110'0]'
211120} )

1
and D‘[oooon

2
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If i, and i, are the currents associated respectively to the two elementary

1
consistent components of the net, we have, /=B l," .
y
On the other hand, we have two equations expressing the charge conservation in
the state graphs defined by the lines of D:

(ix+iy)2zo =1 (We put zy = z; = ZG)
and
2(ix+i}’)zl+2(ix+iy)zz+(ix+iy)23+(2iy+l'x)Z4 =1.

By resolving this system, we obtain

2(zy+ 2ot z4) + 25— 22, . 2z4—2(zy+ 25) — 23—
= 1, =

22424 > 2zy2,

where i, and i, must satisfy the mequa]mes i,>0 and i.+1i, =0. The second ine-
quality is always verified, and the first gives the COHdlthIl

2(zy+2))+ 23+ 24
Zy > > .

TIMED MARKED GRAPHS. In this case we have n=m(n=|P|, m=|T|, the equality
is verified only if the marked graph is a circuit). Thus, the currents determined by
solving m equations among the n equations (IV) and (VI) must satisfy the remaining
n—m equations in order to have a functioning at natural rate. If not, it is sufficient
to search for the solutions of

{Jth = J'ZC'*']}" -m+1

where {Ji}727+! is a p-base (base of circuits in this case) and I'——[u .i] a solution
of CI=0. =
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The r-th inequality can be written in the form Z’qo >(22)1, where 2‘10, is the
sum of the markers in the circuit X, K,=S(J%) and Zz 1s the sum of the delays

,.

associated to the places of this circuit. Therefore,

n—m+1
inax =m0 {5 40)/(Z 20}
This result is given in [6]. ’ ’

TIMED STATE GRAPHS. In this case m=n, and for-/ it is always possible to solve
the system (IV) and (VI). One can construct a system having a unique solution for
I by giving additional equations imposing a
constant ratio between the currents of the
transitions having the same input place. There
exist exactly m—n linearly independent
equations of this kind for any state graph.

Example 3. Consider the timed state graph
of Figure 3. The solution of CI=0 gives

41'1 = ig+is+ g,

ip = i3+i4,

Figure 3

i5 = i6+i4.
The equation of conservation of the charge in the graph is
4
(lstisti)(zi+22) +(i5+i)zs+(ist+ig)zg = 2; qo;-
. . j=
If we impose ;_—2=/’.1 and {—3=22 we have

6 [ .
P Miy . IR . Ay
2T BT U (k) T U ()’
1 A

N S LU
ST+ T+

We can now uniquely determine the currents in terms of Q,, Z and parameters
/1 and Z,. For example, for i; we obtain
2y 14+7,4+75 ] 4
z zZ,| = p
YRR (B R TN R Rl

i [(z1 +2z)+

REMARK. One can construct a system having a unique solution for 7, from the -
system of the equations (IV) and (VI) by imposing the additional constraint that
the sum of the charge of each circuit of a base of circuits of the state graph is constant.
In this case we have (n—1) linearly independent equations from the system CI/=0
and m—n+1 linearly independent equations by application of this constraint. Thus
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we have m equations describing the behaviour of the net. (The equation [l 1 1 ... 1]
Oo=[1 11 ... 1] ZC*I can be obtained as the linear combination of n—m+1
equations). The analogy with the electrical circuits is obvious. The m—n 41 equations
express the application of the Kirchhoff’s voltage law: the sum of i; - z; (voltage drops)
for a circuit is equal to its total charge (electromotive force).

V. Applications

Example 4. Producer-consumer system. Consider the producer-consumer problem
with a buffer of bounded capacity N,. We suppose that the producer and the con-
sumer do not try to access the buffer at the same time. The producer deposits items in
the buffer as long as it is not full and the consumer does not try to take an item from the
buffer when it is empty. Items are produced, deposited, taken and consumed one by
one. : .

" The TPN of Figure 4 describes the system producer-consumer with a possible
initial marking. Interpretation of the delays associated to the places:

z, means time of producing an item,

z, means time of depositing an item,

z, means time of taking an item,

z, means time of consummg an item.

We suppose that the z; s associated to the other places are equal to zero. That is,
the producer and the consumer are functioning at maximum speed: the producer
is allowed to deposit an item right after having produced one and he always finds
the access to the buffer free. Also, the consumer is allowed to take an item right
after having consumed one and he always finds the access to the buffer free.

By solving the equation CI=0 we find that the same current { must be associated
to all the transitions. Also, a cover by elementary invariant components (state graphs
in this case) is given in-Figure 5.

PrROBLEM. Considering as initial marking the marking given in Flgure 4, ﬁnd
conditions for functioning at natural rate.
The inequality (V) applied for SGI, SG2, SG3 SG4 glves respectwely,

1 . 1 . |3 . - Ny
= , 1= - , - , S ——
Z,+ 2y z,,+»z,+.zs Z.+ z, L Zgtztaz,

1A

1 1 No‘}

which yield: imax=min{ , , ,
Zptzy Zptztzy z.tz Zptztz,

Conditions for functioning at natural rate are

Zg

z,+2z4 z. 4z

—Zy 0 Z,—Z

z,=12,—2,=2z,—2;,>0 and Ny—1=

ConcLusioN. The producer’s and consumer’s periods must be equal: z=z,+z,=
=z.+2z,. Also, z.. the mean time between two successive accesses, is given by z,=

z
=z,—z,=2,—2;,>0. From Ny—1=="

4 Acta Cybernetica IV/2
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a) for z,<z,, a functioning at natural rate is impossible,
b) if z,=z,, a minimum capacity Ny,=1 is necessary,
Zg—Zg

¢) if z,>z,, a minimum capacity of Ny=1+ 1S necessary.

Figure 4

Za
Zp Ze
SG1 SG3

Figure 5

Example 5. System of r producers and w consumers. Let a system of r producers
and w consumers be connected with a buffer of capacity N,. The simultaneous access
to the buffer is not allowed. We consider for the delays associated to the places the
same notations as in the preceding example by adding an index in order to distinquish
the producers and the consumers among them. Thus, z,, is the time for the deposit
of an item by the i-th producer and z, is the time of consuming an item by the
J-th consumer. We consider the case in which procuders and consumers are func-

" tioning at maximum speed, which implies| zero waiting times before the deposit’or
before taking an item (Figure 6).
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In Figure 7, we give a decomposition of the PN representme the system into
elementary invariant components.

Figure 7

If iy, and iy, are the currents associated to, the cycles of the j-th producer and
J-th consumer respectlvely, we have

' f 1 r 1 W
A S
_ 2y, + 2, Jj=1 (PP 70 F RS}

Furthermore, 2 i,= 2 i,=i,- where i, is the current throughout the buffer.
. j=1 j=1 .
Thus, i —min{zr' L Zw’ L }
e Siza,+2,, S 1Zc,+2:
The equation of conservatlon of the charge for SGS is:

, : w I __Zlir,-zd Z i3,2,;
lejz,, + lejz,j—i—loz =1= z 1= . (@)

i

But,

r. r oo Zd-. w w z

3 - J * J
_5_, 0,24, = Z T and Z,’ Iy,2,, = Z -
j=1 . Jj=1 4d; ri Jj=1 J=1 &¢; T 24y

From the two preceding inequalities and (a) we get

z4, : z,
zsz—_-[1—z Py Ty ] (b)
) 24k 2, - ztE)
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Finally, for SGO (Figure 7) we have

w

2 yza+ 2 iy 2 2ado = No = 1 —igze+iyz, = Ny = No— 1 = (2,— 2,) .
j=1 j=1
From this last equation and the inequality (b) we obtain

z.,z-,.l—[No—Z’ ) Z”] | | | ©

0 =1 24+ 2, 2 lz,j—i—z

The ine tua]mes (b) and (c) give least bounds for the mean time between two successive
accesses to the buffer (z;) and for the mean waiting time (z,) of an item in the buffer.

Exuample 6. Consider the TPN of Figure 8. One could imagine that it represents
the functioning of an enterprise of car lo-
cation having customers of two types. Cus-
tomers of type 1, whose number is &, , have
a mean location time z; and a mean time
between two succesive demands for location
z,, . Also, customers of type 2, whose num-
ber is N,, have a mean location time z, and
a mean time between two successive de-
mands for location z,,. We suppose that the
total number of cars of the enterprise is N,
and that after location, a service of mean
duration z, is done to each car. We finally
admit that a car ready for location waits Figure 8
during z, before a customer demands it.

By solvmg CI=0, we get i,=1y, l,=Iy, I5=0,+1,. Furthermore the resolutlon
of J'C=0 gives a decomposition into state graphs (Figure 9).

PrROBLEM. Knowing N, and N, as well as the delays associated to the places,
determine N, such that a functioning at natural rate will be possible.
The equations of .charge conservation for SG1 and SG2 are, respectively,

. N, . N,
ip=—=— and i,=——.
23+ z,, 23+ z,,

SG1 SGO  SG2

Figure 9
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For SGO, we have

Ni(zo+2z,+2) 4N, (2o+ 2, + 25) '

No = (h+i)(z0+ z) +i1z1+Hipze = Ny = z, +z S Z,+ 2
. ay 1 az 2

N, is the minimum number of cars to satisfy the demands of the (¥, +N,) customers.

Abstract

We study the behavior of pure timed Petri nets for constant current assignments. It is given
a set of relations describing the behavior of a timed Petri net and it is shown that its maximum
computation rate can be calculated by solving a set of n linear equations where n is the number
of its places. These relations are established between the currents, the initial marking and the delays
of the network. Also, in order to better understand and use these relations, we give some results
on the decompositions of a Petri net, obtained by studying the types of solutions of the equations
C/=0 and J*C=0 where C is the incidence matrix of the net. It is shown, that every consistent
(resp. invariant) Petri net can be decomposed into a set of consistent (invariant) “‘elementary’ sub-
nets. We finally give some examples in order to illustrate the use of timed Petri nets in the study
of the dynamic behavior of the systems.
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