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Some Remarks on Functional Dependencies in
Relational Datamodels*

Vu Duc Thit Le Thi Thanh !

Abstract

The concept of minimal family is introduced. We prove that this family
and family of functional dependencies (FDs) determine each other uniquely.
A characterization of this family is presented.

We show that there is no polynomial time algorithm finding a minimal
family from a given relation scheme. We prove that the time complexity of
finding a minimal family from a given relation is exponential in the number
of attributes.
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1 Introduction

The functional dependency introduced by E.F.Codd is one of important semantic
constraints in the relational datamodel.

The family of FDs has been widely studied in the literature. In this paper we
_give a family of sets and show that it is determined uniquelyby family of FDs. This
paper presents some results about computational problems related to this family.

Let us give some necessary definitions and results used in what follows.

Let R = {a1,...,8,} be a nonempty finite set of attributes. A functional
dependency is a statement of the form A — B, where AABC R. The FD A— B
holds in a relation r = {hy,...,h,} over R if Vh;, h; € r we have h;(a) = h;(a) for
all a SA implies h;(b) = h,(b) for all b € B. We also say that r satisfies the FD
A— B. : :

Let F, be a family of all FDs that hold in r. Then F = F, satisfies

(1) A A€F,
(2 (A—-BeF,B—+CeF)=(A—CeF),
(3) (A—-Be€F,ACC,DCB)= (C—DEe€F),
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(4 (A-BeF,C—»DeF)= (AUC—»BUDEF).

A family of FDs satisfying (1)-(4) is called an f-family (sometimes it is called
the full family) over R.

Clearly, F, is an f-family over R. It is known }"1] that if F is an arbitrary
f-family, then there is a relation r over R such that F, = F.

Given a family F of FDs, there exists a unique minimal f-family F* that con-
tains F. It can be seen that F* contains all FDs which can be derived from F by
the rules (1)-(4). N

A relation scheme s is a pair < R, F >, where R is a set of attributes, and F is
a set of FDs over R. Denote A* = {a: A — {a} € F*}. A" is called the closure of
Aovers. ltisclear that A- Be FYif BC A+,

Clearly, if s =< R, F. > is a relation scheme, then there is a relation r over R
such that F, = F'* (see, [1]). Such a relation is called an Armstrong relation of s.

Let R be a nonempty finite set of attributes and P(R) its power set. The
mapping H : P(R) — P(R) is called a closure operation over R if for all 4,B €
P(R), the following conditions are satisfied :

(1) AC H(4),
(2) A C B implies H(A) C H(B),
(3) H(H(4)) = H(A).

Let s =< R, F > be a relation scheme. Set H,(A) = {a: A — {a} € F*}, we
can see that H, is a closure operation over R.

Let r be a relation, s =< R, F > be a relation scheme. Then A is a key of r ( a
key of s)if A— R€ F,( A— R € F*). A is a minimal key of r(s) if 4 is a key
of r(s) and any proper subset of A is not a key of r(s).

enote K, (K,) the set of all minimal keys of r(s).

Clearly, K,, K, are Sperner systems over R, i.e. A, B € K,(K,) implies A Z B.

Let K be a Sperner system over R. We define the set of antikeys of K, denoted
by K}, as follows:

K'={AcR:(B€EK)=> (BZ A)and (A c C) = (3B € K)(B C C)}.

It is easy to see that K~! is also a Sperner system over R.

It is known [5] that if K is an arbitrary Sperner system over R, then there is a
relation scheme s such that K, = K.

In this paper we always assume that if a Sperner system plays the role of the
set of minimal keys (antikeys), then this Sperner system is not empty (doesn’t
contain R). We consider the comparison of two attributes as an elementary step
of algorithms. Thus, if we assume that subsets of R are represented as sorted lists
of attributes, then a Boolean operation on two subsets of R requires at most |R|
elementary steps.

Let L C P(R). L is called a meet-irreducible family over R ( sometimes it is
called a family of members which are not intersections of two other members ) if
VA,B,C€L,then A=BNC implies A=Bor A=C.

Let I C P(R), Re I,and A,B € I => ANB € I. I is called a meet-semilattice
over R. Let M C P(R). Denote M* = {NM' : M' C M}. We say that M is a
generator of I if Mt = I. Note that R € Mt but not in M, by convention it is
the intersection of the empty collection of sets.

Denote N={A€l:A#n{A' €eI:Ac A'}}.
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In [5] it is proved that N is the unique minimal generator of I.
It can be seen that N is a family of members which are not intersections of two
other members.

Let H be a closure operation over R. Denote Z(H) = {A : H(A) = A} and
N(HY={A€Z(H): A#n{A € Z(H): Ac A'}}). Z(H) is called the family of
closed sets of H. We say that N(H) is the minimal generator of H.

It is shown [5] that if L is a meet-irreducible family then L is the minimal
generator of some closure operation over R. It is known [1] that there is an one-to-
one correspondence between these families and f-families.

Let r be a relation over R. Denote E, = {E;; : 1 < i < j < |r]|}, where
E;; = {a € R: hi(a) = h;(a)}. Then E, is called the equality set of r.

Let T, = {A € P(R) : 3E;; = A, BEy : A C E,;}. We say that T, is the
maximal equality system of r.

Let r be a relation and K a Sperner system over R. We say that r represents
Kif K, = K. :
The following theorem is known ([7])

Theorem 1.1 Let K be a non-empty Sperner system and r a relation over R. Then
r represents K sff K~1 = T,, where T, is the mazimal equality system of r.

In [6] we proved the following theorem.

Theorem 1.2 Letr = {hy,...,h,} be a relation, and F an f-family over R. Then
F. = F sff for every ACR

n E.'j if BE.',' €E :AC E.','
HF(A) = AgE;;,

R otherwise,

where Hr(A) = {a € R: A — {a} € F} and E, 1s the equality set of r.

2 Results

In this section we introduce the concept of minimal family. We show that this
family and family of FDs determine each other uniquely. We give some desirable
properties of this family. We present some results about the relationship between
this family, meet-semiattice and family of FDs.

Definition 2.1 Let Y C P(R) x P(R). We say that Y is ¢ minsmal family over
R if the following condstions are satssfied :

(1) V(A,B),(A',B'YeY: ACBCR, AcC A' implies BC B', A C B’ implies
B C B

(2) Put R(Y) = {B :(A,B) € Y}. For each B € R(Y) and C such that C C B
and AB' € R(Yg :C C B' C B, there is an A € L(B) : A C C, where
L(B)={A: (A,B)e Y},
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Remark 2.2 (1.) R € R(Y).

(2.) From A C B' impliecs BC B' there 1s no a B' € R(Y) such that ACc B'C B
and A= A' implies B=B'.

(3.) Because A C A’ implies B C B' and A = A’ implies B = B', we can be see
that L(B) is a Sperner system over R and by (2) L(B) # 8.

Let I be a meet-semilattice over R. :

Put M*(I)={(A,B):3C€l:AcC A#n{C:Cel,AcC},B=n{C:
Cel, Ac C}}.

Set M(I) =é(A, B) e M*(I): A(A', B) € M*(I): A' c A}.

Note that if C € I, then C is an one-term intersection. It is possible that A = §.

It can be seen that for any meet-semilattice I there is exactly one family M(I).

Theorem 2.8 Let I be a meet-semalattice over R. Then M(I) is a minimal famnily
over R. '

Conversely, if Y 15 a minimal family over R, then there 1s ezactly one meet-
chmilét}tt'cc I sothat M(I) =Y, where = {CC R:V(A,B) €Y : A C C implies

C .

Proof: Assume that I is a meet-semilattice over R. We have to show that M (J)
is a2 minimal family over R. It is obvious that AC B C R.

From B =n{D:Del, A c D}},wehave B C D.If AC B',then AC D
andby B=n{C:Ce€I:AcC C}weobtain BC B'.By B(A'",B)e M*(I): A’ C
A and from A’ € A C B implies B’ C B we can see that if A’ C A then B’ C B.
Thuakwe obtain (1). Clearly, L;(B) = {A : (A, B) € M(I)} is a Sperner system
over R.

If there is a B € R(M(I)) and D satisfying D € B and VB’ € R(M(I)) : D C
B', B' C B imply B = B', then for all A€ L;(B): A Z D(s).

It can be seen that D #nN{C:CeIl,DcC}land B=n{C:Cel,D c C}.

If L;gB) U D is a Sperner system over R, then by definition of M(I) we have
D € L;(B). From (*) this is a contradiction.

If there exists an A € L;(B) : D C A, then this conflicts with the definition of
M(I )kThus, we have (2) in Definition 2.1. Consequently, M(I) is a minimal family
over R.

Conversely, Y is a minimal family over R. Clearly, I is a meet-semilattice over
R. It is obvious that (4, B) € Y implies A ¢ I.

Now we have to prove that M(I) = Y. Assume that (4,B) € Y. By (1) in
Definition 2.1 V(A’,B’) € Y : A’ C B implies B’ C B. From this and definition of
I we obtain B € I.

According to definition of I there is no C € I such that A ¢ C c B. On the
other hand, A C B and B i8 an intersection of Cs, where C € I, A C C. Thus,
l?Eﬁ{C: Cel,AcC}and A#n{C:C €I, A cC}. Hence, (4, B) € M*(I)

olds.

Clearly, if A = @ then (A, B) € M(I). Assume that A # ¢ and (4', B) € M*(I).
It is obvious that by the definition of M*(I) A' ¢ B and AB': A' c B’ C B. By
(2) in Definition 2.1 there is an A € L(B) : A” C A'. Because L(B) is a Sperner
system over R and A € L(B) we have A’ ¢ A. Thus, (A, B) € M(N) holds.

Suppose that A C R and A ¢ I. Based on the above proof, B € R(Y) implies
‘B € I. Clearly, R € R(Y). Consequently, for A there is a B € R(Y) such that
A C B(##). We choose a set B so that |B| is minimal for (**), i.e. AB' € R(Y):
A C B' C B. According to (2) in Definition 2.1 there exists an A' € L(B) : A' C A.
If thereis C € I: AC C C B, then A’ C C C B. This conflicts with the definition
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of I. Consequently, for all C € I and C # B, A C C implies B C C. From this and
according to the definition of M*(I) (A, B) € M*(I) implies B € R(Y).

Assume that (A, B) € M(I). By the above proof, B € R(Y) holds. We consider
the set L(B) = {A’' : (A’, B) € Y}. According to definition M(I) we have A C B
and AB' € R(Y) : A € B' € B. By (2) in Definition 2.1 there is an A’ € L(B)
such that A’ C A. If A’ C A, then according to the above proof (4’, B) € Y implies

A’',B) € M(N). A' C A contradicts the definition of M(N). Thus, A' = A holds.
onsequently, we obtain (A4, B) € Y.

Suppose that there is a meet-semilattice I’ such that M(I') = Y. We have to
show that I = I'. By definition of M(I') E € I' implies E € I. Thus, I' C I
holds. Suppose that there is a D € I and D ¢ I'. According to the definition
of meet-semilattice R€ I'. Put D®* =nN{E e I': D c E}. By D ¢ I' we have
D c D”. According to M*(I') (D, D”) € M*(I'). From definition of M(I') there
isaD:D' CDand (I',D") € M(I'). Thus, ' C D C D” holds. This conflicts
with the fact that D € I. Hence, I = I’ holds. ]

It is known [1] that there is an one-to-one correspondence between families of
FDs and meet-semilattices and by Theorem 2.3 we obtain the following.

Proposition 2.4 There 15 an one-to-one correspondence between minimal families
and familses of FDs.

Because there are one-to-one correspondences between meet-irredundant fami-
lies, closure operations and families of FDs, we also have the following.

Proposition 2.5 There are one-to-one correspondences between mintmal families,
meet-srredundant famslies and closure operations.

Remark 2.6 Let s =< R, F > be a relation scheme over R. A functional depen-
dency A — B € FY 45 called basic of s if

(1) Ac B,
(8) BA': A'C A and A' — Be F*,
() AB': BC B' and A— B' € F*,

Denote by B(s) the set of all basic FDs of s.

If a relation scheme is changed to a relation we have a basic functional depen-
dency of r. Denote the set of all basic FDs of r by B(r).

It can be seen that the set {A — R: A € K, } is a subset of B(s).

Remark 2.7 Let s =< R, F > be a relation scheme over R. Put Z(s) = {A: AT =
A}. Z;a) 15 & meet-semilatiice over R. M(Z(s)) ss called the minsmal family of s.
According to definstions of M(I) and B(s) we can see that M(Z(s)) = {(A, B) :
A — B € B(s)}. '

It is known [17] that there is no a polynomial time algorithm finding a set of
all minimal keys of a given relation scheme. From this and by Remark 2.6 we have
the following corollary.

Corollary 2.8 Let s =< R, F > be a relation scheme over R. There 1s no a
polynomaial time algorsthm to find the minsmal family of s.
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Definition 2.9 Let R be a relation over R and F, a family of ali FDs that hold in
r.Put At ={a: A— {a}€F)} SetZ, ={A: A= A}}. Then M(Z,) s called
the minimal family of r.

It is easy to see that the set {A — R: A € K.} is a subset of B(r).

We construct a following exponentlal time algonthm finding a minimal family
of a given relation.

In relation scheme s =< R, F >, a functional dependency A — B € F is called
redundant if either A = B or there i8 C — B € F such that C C A.

Algorithm 2.10 (Finding a mtmmal Jamily of r)
(Input:) a relation r = {hy,...,hm} over R.
(Output:) a minimal family of r.
(Step 1:) Find the equality set E, = {E;; : 1 <1 < 3 < m}.

(Step £:) Find the minimal generator N, where N = {A€ E, : A # ﬂ{B €E :AC
B}}. Denote elements of N by Ay, ..., A,

(Step 3: For every B C R if there is an A,él <1 <t) such that B C A;, then compute
C= N A; and set B — C. In the converse case set B — R. Denote
BCA;
by T the set of all such functsonal dependencies

(Step 4:) Set F=T —Q, where @ ={X Y €T : X =Y is a redundant functional
dependency }.

(Step 5:) Put M(Z,) = {(B,C) : B— C € F}.

According to Theorem 1.2 and definition of M(Z,), Algorithm 2.10 finds a
minimal family of r.

It can be seen that the time complexity of Algorithm 2.10 is exponential in the
number of attributes.

Let s =< R, F > be a relation scheme over R. We say that s is in Boyce-Codd
normal form ( BCNF)lt'A—0{¢1}¢F+ for At # R, a ¢ A.

If a relation scheme is changed to a relation we have the definition of BCNF for
relation.

Proposition 2.11 Given a BCNF relation r over R. The time complexsty of find-
ing a minimal famsly of r 1s ezponential sn the number of elements of R.

Proof: From a given BCNF relation r we uge Algorithm 2.10 to construct the
minimal family of r. By definition of BCNF, we obtain

M(Z,)= {{B,C) :B—+C€eF}= {(B,R) : B € K,}.

Let us take a partition R = X; U...U X,, UW, where |R| = n,m = [n/3], and
|X|—3(1<t<m) A
Set M = , i.e. K1 is a set of minimal keys of M, we have
M {C Cé—n '3,CNX; —9forsome|}1f|W]

—n—3CﬂX 0forsomet(1<:<m—l)or|0’|
n-— 4CnX UW) G}xfW|—1

M= { |C|—n 3,Cn —ﬂforso'mei(15i$m)or|C|=n—2,CnW=

ﬂ}xf|W|—2



Some Remarks on Functional Dependencies in Relational Datamodels 351

It is clear that 3l*/4l < |[K-1|,|M| < m+1.
Denote elements of M by C,,...,C,

1.
Construct a relation r = {hg, hy,..., h;} as follows:
For alla € R hoa) =0, fors =1,...,¢t

h,-(a)={ 0 ifaeC;

s otherwise.

Clearly, |r]| < |R| holds. According to Theorem 1.1 M is the set of antikeys of r
and K~ is the set of minimal keys of r. From definition of BCNF, we can see that
M(Z,)={(B,R): Be K~1}.

us, we can construct a relation r in which the number of rows of r is less
than |R|, but the number of elements of M(Z,) is exponential in the number of
attributes. O

Since the class of BCNF relations is a special subfamily of the family of relations
over R, the next corollary is obvious.

Corollary 2.12 The time complezity of finding a minsmal family of a given rela-
tion r ts ezponential in the number of atéributes.
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