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A Kleene Theorem for Weighted
w-Pushdown Automata*

Manfred Droste® and Werner Kuich?

Abstract

Weighted w-pushdown automata were introduced as generalization of the
classical pushdown automata accepting infinite words by Biichi acceptance.
The main result in the proof of the Kleene Theorem is the construction of a
weighted w-pushdown automaton for the w-algebraic closure of subsets of a
continuous star-omega semiring.

1 Introduction

Weighted w-pushdown automata were introduced by Droste, Kuich [4] as gener-
alization of the classical pushdown automata accepting infinite words by Biichi
acceptance (see Cohen, Gold [2]). To achieve the Kleene Theorem, the following
result is needed.

Let S be a continuous star-omega semiring and let (s,v), s,v € S, with v =
D 1<p<m Skty be a pair, where s, si,tr, 1 < k < m, are algebraic elements. Then
an w-pushdown automaton P can be constructed whose behavior ||P|| equals (s,v).
The construction is split into three lemmas for the construction of t{, sity and v.

This proves a Kleene Theorem that is in some aspects a generalization of The-
orem 4.1.8 of Cohen, Gold [2].

The paper consists of this and three more sections. In Section 2 we refer the
necessary preliminaries from the theories of semirings and semiring-semimodule
pairs. In Section 3, we present some definitions and results from Droste, Kuich
[4] that are needed in Section 4. In the last section, existing results in connection
with the Kleene Theorem are quoted and the already mentioned constructions on
w-pushdown automata are performed.
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2 Preliminaries

For the convenience of the reader, we quote definitions and results of Esik7 Kuich
[6, 7, 9] from Esik, Kuich [10]. The reader should be familiar with Sections 5.1-5.6
of Esik, Kuich [10].

A semiring S is called complete if it is possible to define sums for all families
(a; | i € I) of elements of S, where I is an arbitrary index set, such that the
following conditions are satisfied (see Conway [3], Eilenberg [5], Kuich [11]):

(i) Zaizo» Zai:a]‘, Z a; = a; +ay for j #k,

i€l ie{j} ie{j,k}

(11) Z(Zai>zzai,if UIJZI and IjﬁIj/:(Z) fOI‘j;ﬁj/’
jeJ i€l; iel jeJ

) Y =e (Ya)  Yleo=(Ya) e
i€l iel iel icl

This means that a semiring S is complete if it is possible to define “infinite
sums” (i) that are an extension of the finite sums, (ii) that are associative and
commutative and (iii) that satisfy the distribution laws.

A semiring S equipped with an additional unary star operation * : S — S is
called a starsemiring. In complete semirings for each element a, the star a* of a is

defined by
a* = Z a’ .
j=0

Hence, each complete semiring is a starsemiring, called a complete starsemiring. A
Conway semiring (see Conway [3], Bloom, Esik [1]) is a starsemiring S satisfying
the sum star identity

(a+b)" =a"(ba")*
and the product star identity
(ab)* =1+ a(ba)*d

for all a,b € S. Observe that by Esik, Kuich [10], Theorem 1.2.24, each complete
starsemiring is a Conway semiring.
Suppose that S is a semiring and V' is a commutative monoid written additively.
We call V' a (left) S-semimodule if V' is equipped with a (left) action
SxV =V

(s,v) — sv
subject to the following rules:

s(s'v) = (ssv, (s+s)hw=sv+sv, sv+v)=sv+s,

lv=v, Ov=0, s0=0,
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for all s,s' € S and v,v" € V. When V is an S-semimodule, we call (S,V) a
semiring-semimodule pair.

Suppose that (S, V) is a semiring-semimodule pair such that S is a starsemiring
and S and V are equipped with an omega operation “ : S — V. Then we call
(S, V) a starsemiring-omegasemimodule pair. Following Bloom, Esik [1], we call a
starsemiring-omegasemimodule pair (S, V) a Conway semiring-semimodule pair if
S is a Conway semiring and if the omega operation satisfies the sum omega identity
and the product omega identity:

(a+b)* = (a*b)” + (a*b)*a” and (ab)? = a(ba)*,

for all a,b € S. It then follows that the omega fixed-point equation holds, i.e.

w

aa® = a¥,

for all a € S.
Esik, Kuich [8] define a complete semiring-semimodule pair to be a semiring-
semimodule pair (S, V) such that S is a complete semiring and V is a complete

monoid with
S(Zvl) =sti and (Zsi)v:z:siv,

el icl icl icl

forall s € S, v € V, and for all families (s;);cs over S and (v;);es over V'; moreover,
it is required that an infinite product operation

(s1,82,...) — Hsj

Jj=1

is given mapping infinite sequences over S to V subject to the following three

conditions:
Hsl - H(Sm_1+1 ..... Sn,)
i>1 i>1
si-[Tsin = ]
i>1 i>1
H Z Sij = Z Hsijv
j>1i el (i1,in,... )€l x Iz x... j>1
where in the first equation 0 = ng < ny < ny < ... and Iy, I,... are arbitrary

index sets. Suppose that (S, V) is complete. Then we define

st = g s’ and sY = Hs,

i>0 i>1

for all s € S. This turns (S,V) into a starsemiring-omegasemimodule pair. By
Esik, Kuich [8], each complete semiring-semimodule pair is a Conway semiring-
semimodule pair. Observe that, if (S, V) is a complete semiring-semimodule pair,
then 0« = 0.
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A star-omega semiring is a semiring S equipped with unary operations * and
“ .S — S A star-omega semiring S is called complete if (S,S) is a complete
semiring semimodule pair, i.e., if S is complete and is equipped with an infinite
product operation that satisfies the three conditions stated above.

A commutative monoid (V,+,0) is continuous (cf. Section 2.2 of [10]) if it is
equipped with a a partial order < such that the supremum of any chain exists and
0 is the least element. Moreover, the sum operation + is continuous:

x+supY = sup(z+Y)

for all nonempty chains, where x +Y = {z +y : y € Y}. (Actually this also holds
when the set is empty.) It follows that the sum operation is monotonic: if z < y in
Vithenx +2<y+zforal zeV.

Suppose now that S = (5, +,,0,1) is a semiring. We say that S is a continuous
semiring (cf. Section 2.2 of [10]) if (S,+,0) is a continuous commutative monoid
equipped with a partial order < and the product operation is continuous (hence, also
monotonic), i.e., it preserves the supremum of nonempty chains in either argument:

(sup X)y = sup(Xy)
y(sup X) = sup(yX) ,

for all nonempty chains X C S, where Xy = {2y : = € X} and yX is defined in
the same way.
By Corollary 2.2.2 of Esik, Kuich [10] any continuous semiring is complete.

3 Weighted w-pushdown automata

Weighted w-pushdown automata were introduced by Droste, Kuich [4] as gener-
alization of the classical pushdown automata accepting infinite words by Biichi
acceptance (see Cohen, Gold [2]). In this section we refer to definitions and results
of Droste, Kuich [4] that are needed for this paper.

Following Kuich, Salomaa [12] and Kuich [11], we introduce pushdown transi-
tions matrices. Let I' be an alphabet, called pushdown alphabet and let n > 1. A
matrix M € (S"*™")F" X" is termed a pushdown transition matriz (with pushdown
alphabet T' and stateset {1,...,n}) if

(i) for each p € T there exist only finitely many blocks M, », m € I'*, that are
unequal to 0;

(ii) for all my,m € I,

M My if there exist p € T',m, 7’ € I'* with 7y = pr/, mp = 770,
o 0 otherwise.
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For the remaining of this paper, M € (S™*™)I"*I" will denote a pushdown
transition matrix with pushdown alphabet I'" and stateset {1,...,n}.

When we say “G is the graph with adjacency matrix M € (S™*™)I"*I"” then it
means that G is the graph with adjacency matrix M’ e ST >xm)x(I"xn) where M/
corresponds to M with respect to the canonical isomorphism between ((S™*™)F I
and ST xn) (" xn)_

Let now M be a pushdown transition matrix and 0 < k < n. Then M“F is
the column vector in (S”)F* defined as follows: For m € I and 1 < ¢ < n, let
((M“*).); be the sum of all weights of paths in the graph with adjacency matrix
M that have initial vertex (m,4) and visit vertices (n,4'), 7’ € T*, 1 < i’ < k,
infinitely often. Observe that M“? = 0 and M¥" = M~.

Let P, = {(j1,J2,---) € {1,...,n}* | je <k for infinitely many ¢ > 1}.

Then for # € I'", 1 < j < n, we obtain

((Mw’k)ﬂ')j = Z Z (MTFJU )le (Mﬂ'h‘ﬂ'z)jhjz (Mﬂ'z,ﬂ's)jmj?, Tt

1,72, €0F (§1,J2,... )EPk

For the definition of an S’-algebraic system over a quemiring S x V we refer
the reader to [10], page 136, and for the definition of quemirings to [10], page 110.
Here we note that a quemiring 7" is isomorphic to a quemiring S x V determined
by the semiring-semimodule pair (S, V), cf. [10], page 110.

Let S’ C S, with 0,1 € S, and let M € (S""™")'" %I be a pushdown matrix.
Consider the S’"*"-algebraic system over the complete semiring-semimodule pair
(Sﬂ)(n, Sn)

Yp = Z Mp,ﬂyﬂap€F~ (1)

Tel™

(See Section 5.6 of Esik, Kuich [10].) The variables of this system (1) are Yp, 0 €T,
and yr,m € I'*, is defined by ypr = ypyr for p € I', 7 € I'* and y. = 1. Hence, for
T=1D1...Dk, Y = Yp, - - - Yp,- Lhe variables y, are variables for (S™*™, S™).

Let x = (xp)per, where z,, p € ', are variables for S"*". Then, for p € T,
T =p1p2...Pk, (Mpryr)s is defined to be

(Mp,ﬂ'yw)z
= (Mp,xYpy -+ Ypi )

= Mprzp, + My rxp 2p, + -+ My rZp, ... Tp  Zpy-

Here zp, p € I, are variables for S™.
We obtain, forpe ', # = p; ... px,

(Mp,nYn)e = Z Z My 7%y - Ty, 2y

P'E€l r=p, ..prert
pj=p’

E My~ E Tpy - Tp;_y Zp; -

m=p1..pp €ETT 1<j<k
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The system (1) induces the following mixed w-algebraic system:

fﬂp = Z Mp‘n'xﬂ' ,» P € ]-—‘7 (2)
mel™*
Zp = Z (Mp,ﬂ'yﬂ)(acp)per = Z Z Mp),rxpl ‘e xpj_lzp/ . (3)
mel™ p' €l r=p,..ppert
p;=p’

Here (2) is an S""*"-algebraic system over the semiring S™*™ (see Section 2.3
of Esik, Kuich [10]) and (3) is an S™*"-linear system over the semimodule S™ (see
Section 5.5 of Esik, Kuich [10]).

By Theorem 5.6.1 of Esik, Kuich [10], (4,U) € ((S™*™)F, (S™)) is a solution
of (1) iff A is a solution of (2) and (A, U) is a solution of (3).
Theorem 3.1. Let S be a complete star-omega semiring and M € (S§'"")T*I"
be a pushdown transition matriz. Then, for all0 < k <mn,

(((M*)p,s)pED ((MW,k)p)peF)

is a solution of (1).

We now introduce pushdown automata and w-pushdown automata (see Kuich,
Salomaa [12], Kuich [11], Cohen, Gold [2]).
Let S be a complete semiring and S’ C S with 0,1 € S’. An S’-pushdown
automaton over S
P = (H,F,I,M,P,po)

is given by
(i) a finite set of states {1,...,n}, n > 1,

(4) an alphabet T' of pushdown symbols,

(iii) a pushdown transition matriz M € (S'™*™)I"*I"

3

)
)
(iv) an initial state vector I € S'" ™,
(v) a final state vector P € 8™,

)

(vi) an initial pushdown symbol py € T,

The behavior ||P|| of P is an element of S and is defined by ||P|| = I(M*),,  P.
For a complete semiring-semimodule pair (S, V'), an S’-w-pushdown automaton

(over (S,V))
7) = (n)F7I7M7Pap03k)

is given by an S’-pushdown automaton (n,T',I, M, P,py) and an k € {0,...,n}
indicating that the states 1,...,k are repeated states.
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The behavior ||P|| of the S’-w-pushdown automaton P is defined by
1Pl = I(M*)py e P+ L(M*),,

Here I(M*)p,cP is the behavior of the S’-w-pushdown automaton
Py = (n,I,1, M, P,py,0) and I(M“*), is the behavior of the S’-w-pushdown
automaton Py = (n,I', I, M,0,po, k). Observe that Py is an automaton with the
Biichi acceptance condition: if G is the graph with adjacency matrix M, then only
paths that visit the repeated states 1,.. ., k infinitely often contribute to ||Pz||. Fur-
thermore, P; contains no repeated states and behaves like an ordinary S’-pushdown
automaton.

Theorem 3.2. Let S be a complete star-omega semiring and let
P = (n,T,I,M, P py, k) be an S'-w-pushdown automaton over (S,S). Then
(Pl ((M*)p.e)pers (M=F)y)per)), 0 < k < n, is a solution of the S""-
algebraic system

Yo = Iypopvyp = Z Mp,ﬂ'yﬂ', pel
el

over the complete semiring-semimodule pair (S™*™, S™).

Let now S be a continuous star-omega semiring and consider an S’-algebraic
system y = p(y) over (S,S5). Then the least solution of the S’-algebraic system
x = p(x) over S, say o, exists, and the components of o are elements of 2lg (S’).
Moreover, write the Alg (S’)-linear system z = po(z) over S in the form z = Mz,
where M is an n x n-matrix. Then, by Theorem 5.6.1 of Esik, Kuich [10], (o, M“F),
0 < k <, is asolution of y = p(y). Given a k € {0,1,...,n}, we call this solution
the solution of order k of y = p(y). By w-2lg (S’) we denote the collection of all
components of solutions of all orders k of S’-algebraic systems over (S,S). (For
details see Section 5.6 of Esik, Kuich [10].)

4 The Kleene Theorem

The main result of this section is the following Kleene Theorem.

Theorem 4.1. Let S be a continuous star-omega semiring. Then the following
statements are equivalent for (s,v) € S x S:

(i) (s,v) = |||, where A is a finite Alg (S")-automaton over the quemiring (S, S),
(ii) (s,v) € w-Alg (S,
(iii) s € Alg(S') and v =737, 4, sty where syt € Alg(S'),1 <k <m,
(iv) (s,v) = ||P||, where P is an S’-w-pushdown automaton.

The proof of this Kleene Theorem is performed as follows:
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1. The equivalence of (i), (ii) and (iii) is proved in [10], Theorem 5.4.9.
2. The implication (iv) = (i¢) is a simple corollary of Theorem 13 of [4].

3. The proof of the implication (iii) = (iv) is performed by Lemmas 4.1, 4.2
and 4.3 proved in the following pages.

Lemma 4.1. Let S be a complete star-omega semiring and P be an S’-pushdown
automaton. Then there exists an S’'-w-pushdown automaton P’ such that ||P’|| =

1Pl

Proof. Let P = (n,I', M, I, P,py). Then we construct P’ = (2n, IV, M’, I', 0, py, n),
I" =T U {p,} as follows.

The pushdown transition matrix M’ € (S'anzn)F T has, for 7 € I'*,
1 < 5 < n, the entries

(Myy i In+ig = (P1)ij,
(Myy wnVisntg = (Mpo,n)ig
(M}, nvimsg = (Mpx)i j;

all other entries of the matrices M, ,,p € T', 7 € I'*, are 0.

The initial state vector I’ € §27*! has, for 1 < i < n, the entries
=11, =0
We have to prove that
1P =1 (M), = [P = (1), . P)".

The proof of this claim is as follows.
By definition, for 1 < i < 2n,

((le’n)%) — Z Z ( ZIJ{;,m)Ml (M7lr1,7r2)i1,i2

T1,72,...€/* i1.i2,...€Pn
1<iq,ig,...<2n

Inspection shows that a repeated state in the sequence i1,1s3,... appears only
if in the run pj, w1, 7o, ... a transition from p{ to p{ appears.
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Hence, we obtain, with i{ =i, 7§ = for t > 1,

M)

(( )po i

=11> > > (M) g ey (Mtns)
PG,TA’%]){, i67n+ii w}p(),ﬂ;p() n-ﬂ—i’i,n-{-ié

t>1 ky>1 19‘3,...,1‘}%91 Tri7---,7TZt71€F*

/ /
(M2 ot (My)
ky—170°F0 n+if€t71,n+i§€f 000 /it bt

10

- ]-_-[ Z Z Z (Mpo’”i)ig,ig (Mﬂ”@)ig,if

t>1 ke>1 lgi(‘),...,iﬁ'ﬂtgn ﬂi,...,ﬂztiler‘*

(M,rkt . ) (PI),

it i
k270
lk, 1’%, t

= Z Z ( Mkt po,s PI)ié,iB‘*'l

t>1 k21 1<i{<n

-1 > (X @), P1),

3
>1 1<if<n  ke>1 070

TS (00077),
= (r

1<if<n

P08 )

1Pl=3 1(aren,)

I
~
~~
B

g€
K]
—
]
o
N—

Il
~
S

£
-

O

Lemma 4.2. Let S be a complete star-omega semiring, P be an S’-w-pushdown
automaton and Pz be an S'-pushdown automaton. Then there exists an S'-w-
pushdown automaton P such that |P|| = || Pz||||P1]]-

PTOOf. Let P, = (nl,I‘l,Il,Ml,Pl,pl,k) and Py = (’ng,FQ,IQ,MQ,PQ,pQ) with
'y NTy = (. Then we construct P = (ny +ng, 'y UTe, I, M, P, ps, k) as follows.
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Let @1 = {1,...,n} and Q2 = {n1 + 1,...,n2}. The pushdown transition

matrix M € (§/(ritn2)x(natn2))(TiUl2)"x(IUT2)" hag entries

1. transitions from Qs to Q2

(MPQ,ﬂ'Pl)iJ‘ = ((MQ)pg,‘n-)i j ) Z7j € Q277T € 1—‘;7

(Mp,‘n')i’j - <(M2)p77‘-)‘ B 7’7] S Q27P € F2a7r € ]_";r’

Y]

(Mp.,z-:)i’j = <(M2)p75)‘ s 6, J €Q2,p €y
2. transitions from @5 to Q1

(Mpy.p1); 5 = ((Mz)pz,g P2[1> s 1EQ2, ] EQ,

,J

(Mpe); ; = ((M2)p,€ Pz]l) o 1€Q2 ) €Qupely;

]

3. transitions from Q)1 to Q1
(Mpaﬂ’)i,j = ((Ml)zmr) G, hjeQupel,mell.
i,

All other entries of the matrices M, -, p € I'y UTy, m € (Th1 UT'2)*, are 0.
The initial state vector I € S§2*(mtn2) and the final state
P e §/(m+n2)x1 have the entries

I; =0, i€ Qr, I; = (I2)i, 1 € Q2;
Py =(P1);, i € Qu, P;=0, i€ Q.
We have to prove that
Pl = 1(M%),, P+ 1(M*F),

=I>(M3),, . oIy (MY),,, . P+ I> (M3)

p1 Pp2,€

Pyl (Mf”k)

p1

= [IP2[I1P [l

The proof of this claim is as follows.
By definition,

(ar),), = % >

%0

(T uUls)* i1,i0,...EP
R O 1§'i11,i22,...§nlk+n2
(Mpmﬂ’l)ioyil (MW117T2)1'1’Z‘2 ceey WO E QQ,

((M“’k)m) —0, g€ Q.

10

vector
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As long as P remains in a state of ()2, the contents of the pushdown tape is
mp1, m € I's. The transition from a state of Q2 to a state of Q1 is possible only in
the following three situations:

(a) In the first step, the contents ps of the pushdown tape is replaced by p;.

(b) The contents of the pushdown tape is pp1, p € T's, and p is replaced by the
empty word; so that after this replacement the contents is p;.

¢) The contents of the pushdown tape is pmp1, p € T's,m € I'S, and p is replaced
2
by the empty word. In this situation, no continuation of the computation of P
is possible.

Since all the repeated states are states in @1, there must be a transition from a
state of Q2 to a state of Q1.

As long as P remains in a state of Q2 with wp;1, 7 € I'5, on the pushdown tape,
it simulates Ps up to situations (a) or (b). Then p; is the contents of the pushdown
tape of P, P is in a state of ()1 and simulates Py, since there is no transition from
a state of Q1 to a state of Qo.

Hence, we obtain, for ig € @2,

(@re5),,)
= Z Z (Mp27p1)i0’j0 (Mpuﬂ'l )jO»jl (Mﬂ'l,ﬂz)jh]é st

+  Jo.j1,---€Q1
T1,mTa,...€L 707
1,72, 1 (jo,j1,---)EPY

20X X X X 2 M,

t>1 + er t 41,0 € J0sd1,-€Q1
e e e R T . (30+d1+-- VEP

(Mplplvaz)il,iz T (MptphZJl )imjo (Mplﬂfl )j07j1 (Mﬂlﬂfz)jl,jrz T

= ((MQ);DQ,E P2Il)i0,jo ((Miu,k)pl ) RO DEEDY

JoEQ1

Z Z Z Z ((MQ)m’pl)io,z‘l (<M2)p1”02)i1,i2 o

PtEL2 1y ;oo €TF i1,..,0€EQa  J0,31,€Q1
LERLEIRE (02312 )EPy

(@0, ) Por) (1), 0) () ) o
> (g, pn) (7))

Jo€Q1 t>0

(05, Pty (07) 1)

In the first equality, the first summand on the right side represents situation (a),
while the second summand represents situation (b).
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By definition,
= E E E , (Mpzﬂrl)io,il
t>1 mq,..., m€(T1UT2)* 1<iy,...,iy<ni+no

(Mﬂl,ﬂg)ihig s (Mﬂ'g,e)it’j , to € Q27.j € Ql U Q27

(0r),,.), =0 io€@uic@uQn

Observe that m = 7p;, m € I'5. To obtain the empty tape, P has to replace
eventually p; by some " € I'f. But this is possible only in situations (a) or (b).

Hence, we obtain, for ig € Q2,5 € Q1,

(Ar),,0) = 30 M)y, ((M9),,,0)  +

10,J ) Jo,J
Jo€Q1 ’

Z Z Z Z Z (Mpzxmpl)imil s

t21 pypp_1€l] Pr€T2 d1,0.,i:€Q2 Jjo€Q

(M), 5o ((M),,)
= Z ((MQ)p278P211>

JoEQ1

Z Z Z Z Z ((MQ)pz,m)

t21 py i1 €DF PIEE2 i1, €Q2 Jo€Qn

((M2)p"’1’pt)it,1,it ((MQ)“’E P2Il)' 1 ((Mik)m@)

2¢,J0
= (). P21, (Ml*)phs)jo o

> (051, Rn)

Jo,J

(r),,.)  +

%0,J0 Jo,J

10,11

Jo,J

(),

joeQq t>1 20,7 JosJ
_ t+1 %
B Z <(M2 )pz,E Pyl (M )Ple)i .
+>0 0]

= ((M;)szfpzll(Mf)PhE) 0.7

10,

and, for ip € Q2,7 € Qa,

(@r),,.). =0

()

In the first equality, the first summand on the right side represents situation (a),
while the second summand represents situation (b).
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We obtain
LMY, P=3" 3 (), ((M3),,. L (M), L) (1),
i€Q2 JEQ1 e
=I5 (My),, . I (My),, . P
and
w,k _ * w,k
10r4),, = 3 ), (06, 2o (117), )
1€Q2 %
* w,k
=L (M3),, . BL (M)
Hence,

IPIl =1 (M"),, . P+1(MF)

P2

=1, (M3), . P (11 (M), . P+ 1 (vak) )
p1
= [[P2/[|P1]l-
O

Lemma 4.3. Let S be a complete star-omega semiring and Py, Pa S’-w-pushdown
automata. Then there exists an S’-w-pushdown automaton P such that ||P| =
[Pl + [[P2]l-
Proof. Let P; = (’I’Li,Fi,Ii,Mi,Pi,pi,k’i), i = 1,2, with Ty Ny = 0. Then we
construct P = (n1 + TLQ,F,I, ]\47 P,po, kl + kg), I'= Fl U F2 U {po}

The matrix M € (S'(”1+7L2)X(”1+”2))F *T" is defined as follows. Let, for my, 7 €
FT) (771’772) # (575)7

a b
(]\41)71’-1,7‘-2 — ( 1,72 71—17772) ,

C71'177"2 T, T2

where the blocks are indexed by {1,...,k1},{k1 +1,...,n1}, and, for 71, m € '},
(7T177T2) # (576)7

(M) _ <a7r1,7rz bmﬂrz)

Cry,ma T,

where the blocks are indexed by {1,...,ka}, {k2a +1,...,n2}.
Then, we define, for = € I'],

amm 0 bpl-,ﬂ' 0

0 0 0 0
Mo = cpre 0 dpr O

0 0 0 0
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for m € I's,
0 0 0 0
— 0 aPlJT 0 bplﬂf
Mo, = 0 0 0 0 k
0 cpyr 0 dpx
forpel'y,m eIy,
apr 0 bpr O
0 0 0 O
My = pr 0 dpr 0]
0O 0 0 O
and for p € I'y, m € I',
0 0 0 O
10 apx 0 bpx
My, = 0 0 0 O
0 cpr 0 dpr

Here the blocks are indexed by {1,...,ki1}, {k1 +1,...,k1 + ko},{k1 + k2 +
1,...,k2+n1},{k2+n1 +1,...7n1 +7’LQ}

The initial state vector I € S§/'*(Mm+m2) and the final state vector
P e §/(m+n2)x1 gre defined by

I= («Il)i)lgigkl 7((I2)i)1§1§k2 7((I1)i)k1+1§i§n1 ’((IQ)i)k2+1§i§n2) )

and

T
P = <((P1)i)1§i§k1 ’((P2)i)1gigk2 ) ((Pl)i)k1+1§i§n1 7((P2)i)k2+1§i§n2> )

with the same block indexing as before.
We have to prove that

1Pl = Pl + [|P2ll = (IL M Py + I, M3 Py) + (IiM2F I MS*2),

The proof of this claim is as follows.
We obtain, for 1 <i < nj + no,

((Mw,lirkz)pO) — Z Z (Mpoﬂfl )i7i1 (]\4”17772)1.177;2 .

%
m1,m2,... €0F (i1i2, )EPR; 4y
1<iy,ig,...<nj+n2

For 1 <i <k and k1 + ko +1 < i < ny + ko, and by deleting the 0-block rows
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and the corresponding 0-block columns, we obtain

((Mw,kth?z) )
Po/;
= Z Z (a,’l)hm bp1,7r1> (a’”lv’r? bﬂ'l’”) e
d 4,01 d 11,02

+ (i YeP Cplaﬂ'l P1,71 C7T17772 T, T2
m1,m2,... €17 1.2, k1

1<iq ,ig,...<nq

- Z Z <(M1)p17”1)i,i1 <(M1)”1’7r2)

wl,frg,...EF;r ("1{’2""' VEPy
1<iy,ig,...<n]

— ((M;”kl)m) ,

il

11,12

where i/ =i if 1 <i<kjyandi =i —ky if k1 + ko +1<4<ng+ko.
A similar proof yields, for k1 +1 < i < ky + ko and ny + ko + 1 <7 < ny + nog,
and by deleting the 0-block rows and the corresponding 0-block columns,

(0r-42,), = ((7),) -

il

where i,:i—kl 1f]€1—|—1 SZS k1—|—k2 and ¢’ :i—nl 1fn1+k2+1 §Z§n1—|—n2
By similar arguments, we obtain, for 1 <i4,j < ky and k1 +ko+1 < 4,5 < ni+ko,

(1)), = (0n;,.),

,]
where i/ = i if 1 < i < ki, i =i—hkoif ki +ko+1<i<ng+key, j =jif
1<j<ki,andj =j—kyif ki + ko +1<j<ny+ ko,
and for k1 +1<i, 5 <k +koand ny + ko +1<14,j5 <ny+nog,

(1)), = (0m);,.),

wherez":i—kl 1fk1+1§z§k1+k2,z’zz—n1 1fn1—|—k2+1§z§n1+n2,
J=j =k itk +1<j <k +kg,and j' =7 —nyifny + ko +1 <5 <ng+no.
Hence, we obtain

IM*P = > > LM P+

1<i<ky 1<j<ky
ki+ko+1<i<ko+ng kj+kg+l<j<ko+ng

Z Z LM, P

k1+1<i<k;+kg k1+1<j<kj+kg
kotny+1<i<nyng  kotny+1<j<ng+ny

= Z Z (Il)i (Ml*)” (Pl)j+

1<i<ng 1<5<ny
S (), (M5),; (P,
1<i<ny 1<j<no
= [LM{ Py + I,M; P,
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IMUJ,lirkz
_ w,k1+k w,ki+k
= X (@R ) e Y (Rt )
1<i<ky k1+1<i<kq-+ko
ki+ko+1<i<ko+ng ko+ni+1<i<ni+ng
= () ) ¢ X () )
1<i<m, PG 1<i<ng b2/
=n (M) n (M)
p1 P2

and
|P|| = IM*P + IM«F*i -tk

- <11M1*P1 I (Mf”kl) ) + <12M§P2 +1 (M;”“) )
P1 P2
= [|P1ll + [[P2]]-
O

Proof of Theorem 4.1. We have only to prove implication (iii) = (iv). Since
S, 8k, iy 1 < k < m, are in Alg (S’), there exist, by Theorem 6.8 of Kuich [11], S’-
pushdown automata Ps, Ps, , Py, with behaviors || Ps|| = s, ||Ps,. | = sk, | Pr. || = ti-

By Lemma 4.1, we can construct S’-w-pushdown automata P;, with behaviors
[Pl =t¢, 1 <k < m; by Lemma 4.2 S"-w-pushdown automata Pj, with behaviors

|Prll = skty, and by Lemma 4.3 an S’-w-pushdown automaton P’ with behavior
1Pl = Y1 chem Skty. Again by Lemma 4.3, we can construct an S’-w-pushdown
automaton P with behavior ||P|| = (5, D i<k<m skt‘,‘;). O

Algebraic expressions denoting formal power series in S*9((¥*)), S a continuous
commutative semiring and ¥ an alphabet, are defined in Section 3.5 of Esik, Kuich
[10]. By help of Theorem 4.1 (iii) w-algebraic expressions denoting pairs (s,v) €
w-Alg (57), 8" = S(XU{e}), S a continuous star-omega semiring and 3 an alphabet,
can easily be defined.
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