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1. Introduction

In recent years there has been a great deal of interest in infinite automata; see
for example Bavel [2] and Gacs [9] (automata theory), Biermann (3] and Scott [15]
(semantics), Reeker [11] (formal languages), and Reeker and Tucci [12] (algorithms).
One approach to the study of infinite automata is to see how much of the theory of
finite machines extends to infinite machines. The purpose of this paper is to gener-
alize results on the decomposition of finite automata to infinite automata. Previous
results on the decomposition of infinite automata include the results of Bavel [2],
in which he decomposes an infinite automaton into the union of certain sub-auto-
mata. Rhodes [13], [14] and Warne [18], [19] have developed decompositions for
infinite semigroups similar to the classical Krohn—Rhodes decomposition (Arbib
[1]). Esik [6], [7] and Esik and Gécseg [8] have studied decomposition from the point
of view of varieties. Tucci [16] has developed a wreath product decomposition’ of
infinite automata in terms of reset machines, group machines, and a third type. of
machine known ‘as unique predecessor machines (see Bavel [2]). This decomposition
is in the spirit of the Krohn—Rhodes decomposition, although the decomposition
itself is much weaker. It seems necessary to make certain assumptions on an infinite
automaton to obtain a stronger decomposition, and that is what we do in this article.

In this paper we work w th transformation semigroups rather than with auto-
mata because the notation is simpler. We develop a decomposition theorem for a
certain class of unique predecessor transformation semigroups (Bavel [2]). The basic
idea is to generalize the holonomy decomposition theorem of Eilenberg [5, theorem
7.1] to infinite transformation semigroups. We choose the holonomy decomposition
theorem because it generalizes to the infinite case in a fairly natural manner. We
follow closely the exposition presented in Holcombe [10], especially in the last sec-
tion of this paper. ’ ) ‘

The second section of this paper develops some technical results on the skeleton
of a transformation semigroup, as defined in Holcombe [10), and the third section
describes what we call the depth function, which is the dual of the height function
given in Holcombe [10]. The fourth section describes the structure of the semigroups
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into which a certain class of transformation semigroups can be decomposed. The
final section contains the main decomposition theorem.

A transformation semigroup is an ordered pair 7=(Q, S) where Q is a set
and S is a semigroup, together with a partial product QX.S—~Q denoted by con-
catenation, such that

(1) (gs1)s: = g(s15;) forall g€Q and s,, €S
(@) if s, 5€S and gs;=gs, forall g€Q, then s=s,.

Throughout this paper the symbol T always stands for the transformation semi-
group (@, ). We assume that @ contains more than one element, and that Q and
S are countable. If 4 is any subset of @, then |A4| denotes the size of 4. The semi-
group S is called the abstract (or action) semigroup of S. We will assume that S
contains an identity 1 which satisfies the property that g-1=gq for all gcQ. If S is
generated by elements s, Sy, ..., S, ..., then we denote this by writing S={s,, 83, ...,
T 3

For each s¢S we let F, be the partial function induced by s, where F; is given
by the rule F,(q)=F(g, ) for all ge@. Note that F, is single- valued where it is
defined, but that F, may not be defined on all of Q; the set {g¢ QlgF; is defined}
is the domain of s, denoted dom s. Sometimes for convenience we write gF,, or simply
gs, for F,(q). If a, b€ S and gF,F, is undefined for all geQ (i.e., the domain of F
1s djsjoint from the range of F,), then we adjoin a zero 0 to S and define ab=0.
We can think of 0 as inducing a partial function on Q whose domain is §. A trans-
formation semigroup T=(Q, S) is a unique predecessor transformation semigroup
if F, is a 1—1 map for each s€S (Bavel, [2, p. 576]). When 7 is a unique predecessor
transformation semigroup, we can define the set S—1={s"|s€¢S} where F,—1=
=(F,)"!, the partial function which is defined by the rule F,—1(q)=¢q" if and only
if F,(g)=q for all ¢, g€ Q. Note that dom s=Qs~? for all s¢ S. We define the
quotient of 7".as the transformation semigroup 7°=(Q, SUS™Y). The transforma-
tion semigroups we consider in this paper are all quotients of unique predecessor
transformation semigroups. Note that if s=g,5,...5,€S, then S contains the element
s7l=s;Y..s71s7Y, where ss~ls=s. Hence the action semigroup of the quotient
of ‘2 unique predecessor transformation semigroup is regular.
7 Throughout this paper the symbol N stands for the set of pos1t1ve integers.
We assume that the reader is familiar with the definitions of the restricted direct
product and the wreath product of transformation semigroups as given in Holcombe
[10]. We also assume that the reader is familiar with the basic theory of semigroups
as presented in Clifford and Preston [4].

2. The skeleton

To begin we need some preliminary definitions.

2.1. Definition. The skeleton (Holcombe [10, p. 119]) of a transformation semi-
group T, denoted I(T), is the collection of subsets of Q of the form @, {q} (where
g€ ), or Qs for any s¢ S. Since S contains an identity element by definition, we have
that. Q€ I(T)..Also, as we have observed earlier, if s€S, then dom s=Qs™?, so that



A Decomposition Theorem for a Class of Infinite Transformation Semigroups 41

dom scI(T) for every s€S. If A, B are two skeleton elements, then A=B if there
is some s€S such that ACBs. Since S contains an identity element, and since
this identity induces the identity map on Q, the condition 4 S B implies that 4=B.
Two skeleton elements 4, B are equivalent (Holcombe [10, p. 119]), denoted A=B,
if A=B and B=A; ie., A=B if there are clements s, €S such that ASBs
and BS At. If A=B and A#B, then we indicate this by writing 4<B. The ele-
ments A, B are strongly equivalent, denoted A=, B, if there are s, t€S such that
A=Bs, B=At.

In a finite transformation semigroup, if A, BEI(T), ASB, and A=B, then
A=B. However, in an infinite transformation semigroup we can have A, B€I(T),
ASB, and A=B but A#B.

2.2. Example. Let T=(Q, S) where Q={q,ln€N}, S=(s,s7'), and F,(g,)=
=¢,4+1 for all g€ Q. The partial function F,—1 is defined in the obvious manner.
If we take A={q,|n=1}=0s and B=Q then A4,BcI(T) and A=B but 4%B. §

In a finite transformation semigroup, equlvalent is the same as strongly equ-
ivalent (Holcombe [10, proposmon 4.2.2]). This is not necessarily the case in an
infinite transformation semigroup.

2.3. Example. Let 7=(Q,S) where Q={pneN}U{g,néN} and S=
={a, b, s, t,a”, b~1, 571 t~1). Define

() E(p)=p; foral j=2;
(2) F(q;)=gq; forall j=2;

() FEl(g) =p;j-, forall j=2;
) E(pj)ij-l forall j=2.

The partial functions induced by a=%, b7, ¢™%, ¢~ are defined in the obvious way.
For any other x€S and ¢€Q0, we have that F, () is undefined.

Let Qa=A={p;|j=2}, and let Qb=B={q,|j=2}. Then AESBs and BS At
but there are no elements s’, ¢’€.S such that A=Bs" and B=A¢t". §

We now develop a simple but important criterion which we need in section 5
to make our decomposition work. ~

2.4. Definition. The skeleton I(T') of the transformation semigroup 7 satisfies
the weak ascending chain condition, or WACC, if every ascending chain of non-
equivalent skeleton elements under the relation = halts after finitely many steps.
Similarly, the semigroup S satisfies the ascending chain condition on some class C of
left (right, two-sided) ideals if every increasing chain under inclusion of left (right,
two-sided) ideals from class C halts after finitely many steps.

2.5, Example. The transformation semigroup in figure 2.1 does not satisfy
WACC on its skeleton. The state set of this transformation semigroup consists of
infinitely many components, where each component contains one more vertical edge
labeled b than does the previous component. This transformation semigroup has

the chain QabaZ Qab’a& ... ZQab"a% ... since Qaba={g,}, Qab®a={g,, g2}, etc.
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(For simplicity we omit edges labeled by a=* and 57) [
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2.6. Proposition. Let T be a transformation semigroup, and let Qa, Qb€ I(T).
Then QaNQbelI(T).

Proof. 1t is easy to see that QaNQb=Qab 'b=0ba™a. }

2.7. Proposition. The skeleton of the transformation semigroup 7T=(Q, )
satisfies WACC if and only if S satisfies ACC on cyclic left ideals.

Proof. Let A=Qa, B=Qb for some a, b€ S. Suppose first that 4=B. Then
there is some s€S such that QaSQbs. By proposition 2.6 Qa=QaNQbs=
=Qa(bs)"'bs. It can be shown that dom a(bs)~bs=dom a, so that a=a(bs) 'bs.
Hence SaS< SbS. Conversely, if SaS&SbS, then a=xby for some x, y€S,
so that Qa=Qxby S Qby and therefore A=B. In a similar fashion, we can prove
that ASB if and only if SaSSbh. Therefore, A=B if and only if SaS=5bS
or Sa=S8b. Hence, I(T) satisfies WACC if and only if .S satisfies ACC on cyclic
left ideals and on cyclic two-sided ideals. The resuit now follows from the fact that
every two-sided ideal is a left ideal. §

From now on, we assume that the skeletons of all transformation semigroups
under consideration satisfy WACC. We conclude this section with a technical result.

2.8. Proposition. Let T=(Q,S) be a transformation semigroup, and let
A, BcI(T), where A=Qu, B=Qb for some a, bcS. For any s€S, (QaﬂQb)s~
=QasN Qbs.

Proof. Let g€(QaQb)s. Then g€Qas and g€Qbs so ¢g€QasNQbs. Con-
versely, suppose g€Qas(Qbs. Then there exist ¢,,q,€Q such that g=(g,a)s=
=(gyb)s. Since all elements of S induce 1—1 maps on Q, we have qa=¢,b, so
that ¢,a€(QaNQ@b). Thus, ¢gc(QaNQb)s.

3. The depth function

3.1. Definition. Let T=(Q, S) be a transformation semigroup. A depth function
1s a function d from I(T) to the class of ordinals such that

(1) d(Q)=

2 d({q})>d(A) for all g¢Q and A€I(T) with |A|=1, and d(ﬁ) >d({q})
for all g€Q.
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(3) If A=B then d(A)=d(B).

(4) If A<B then d(A)>d(B).

(5) If there are A4, B€I(T) such that d(4)=n and d(B)=m then for every
ordinal k with n<k<m there is some C€I(T) such that d(C)=k.

The depth function as defined in definition 3.1 is the dual of the height function
as given in Holcombe [10, p. 121]. To construct a depth function we need the following
proposition.

3.2, Proposition. Let 7=(Q,S) be a transformation semigroup and let
A, B€I(T). Define a function d from /(T) to the class of ordinals as follows:

(1) d(@)=0.

(2) Let |4]=>1. If A=Q then d(4)=0; otherwise, d(4)=sup {1+d(B)|A<B}.

(3) If |4|=1, then d(4)=sup {1+d(B)||B|=>1}.

(4) If A=0 then d(4)=1+d(B), where B is any one-element set in the skeleton.
Then d is a depth function. (The depth of the transformation semigroup is d({g})
for any g€ Q, which we denote by d(T).)

Proof. We need to show that the conditions of definition 3.1 are satisfied.

3.1 (1) This follows from the definition of d.

3.1 (2) This follows from the definition of 4.

3.1 (3) Let A=B. If |4|=|B|=1 or A=B=@ then d(4)=d(B) by defini-
tion. It is not possible that A4 is empty or a singleton while B is not, because of the.
definition of equivalence.

Suppose now that [A4|=>1, |B|>1. Then for any CcI(T) we have A<C if
and only if B<C.

3.1 (4) If A<B, then by definition d(A4)=d(B).

3.1 (5) This follows from the definition of d. }J

3.3. Proposition. Let T=(Q, S) be a transformation semigroup, let A€I(T),
and let d be a depth function.

(1) If d(4)=0 then A=Q0.

Q) If A, BcI(T) with A#B, A§B, and |B|=>1 then d(4)>d(B).

Proof. These facts follows immediately from the definition of d. I

4. The holonomy transformation semigroup

In this section we describe the structure of the transformation semigroups
which we use in our decomposition.

4.1, Definition. Let T=(Q,S) be a transformation semigroup and let G(S)
be the group of units of S. For each A€I(T), let Sy(A)={scS|{ds=ASdoms,
s4G(S)}, and let S(A)=S(A)UG(S). Take J(S;(4)) to be the ideal generated
by S1(4) (if Sy(4)=0 then define J(S,(4))=0), and let J(4)= U {J(S:(4))|4’ S 4,
A’=A}. The holonomy transformation semigroup of 4 denoted T(4), has as its state
set the set {Bx|BcI(T), BEA, B#A4, and x€J(A)UG(S)}; the action semigroup
of T(A) is defined by taking J(AUG(S) and identifying those elements which
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act the same on the state set of T'(4). We will denote the state set of T(A4) by ST(A)
and the action semigroup of T(4) by X(A4).

We define T(A4) as we do for several reasons. First of all, if the transformation
semigroup is finite then definition 4.1 reduces to S,(4)={sl4s=A4}, and this is
the definition of S(A4) in the finite case in Holcombe [10, p, 123]. (Note that T(4)
contains the set of all permutations of A onto itself.) Second, in the finite case S(A)
is a set of permutations on the maximal skeleton elements contained in 4 (Holcombe
[0, proposition 4.3.1]); in the infinite case, the elements of S;(A4) map the skeleton
elements in A to skeleton elements of A of the same depth in a 1 —1 fashion (propo-
sition 4.5). Third, we define ST(A4) as we do because there are some elements in
X (A) which induce maps on A that do not necessarily preserve the depth of skeleton
elements in A4, and in fact may not map into 4 at all (proposition 4.5, example 4.6).
Finally, we define T(A) by using J(4)UG(S) to assure us that X(A4) has at least as
much structure as S (proposition 4.2 (1) and (2)) and to assure us that one important
technical detail works out (proposition 4.2 (3)).

4.2. Proposition. Let T(4)=(ST(A4), X(4)) be the holonomy semigroup of A.
(1) X(4) is regular.

(2) X(A) satisfies ACC on cyclic left ideals.

(3) If As=A for some s€S then s embeds in X(4).

Proof. (1) The ideal J(A4) is a regular semigroup, for if s€J(4), then s1=
=s7lss7€J(A4). Further, J(AUG(S) is a regular semigroup, and X(4) is a
homomorphic image of J(A)UG(S).

(2) Any cyclic left ideal of J(4) is of the form J(A)aU {a} where a€J(4). But
J(A)a is also a left ideal of S. Hence J(A) satisfies ACC on cyclic left ideals. Since
every left ideal in J(A)UG(S) is contained in J(A4), we have that J(AYUG(S)
satisfies ACC on cyclic left ideals. The result now follows because X(4) is a homo-
morphic image of J(A)UG(S).

(3) Suppose As=A. If s€G(S), then s€T(4) by definition. If s¢G(S),
let K=AMNdoms. By proposition 2.6 KEI(T). Also, A=As=Ks=K=A4 and
hence K=A. Further, Kss7'=K and KESdomss~, so that ss71€S5,(K)E
SJ(K)SJ(A). But J(A) is an ideal, so that s=ss~1scJ(4). Hence s embeds in
X). B

Although ST(A) consists of more than just the skeleton elements of T in A,
we concentrate our attention mostly on these latter elements. To study these skele-
ton elements we need the following notation.

4.3. Definition. Let T be a transformation semigroup and let 4", A€ I(T), A’ EA.
If A=A’ then we define d,(47)=0. If 424" then d,(4)=sup {1+d,(B)|BEIT),
A"SBE A, A’ #B}. Note that for the function d, we take chains under inclusion,
not chains under the relation =. Note also that d,(4’) may be an infinite ordinal.
When there is no ambiguity we abbreviate d,(4") by d(4’). Further, we define

I(4) = {AIT)A S 4}
L(4) = {A'€IM4’ S 4, dy(4) = n}
I (A) = {ACUT)A S 4, dy(4) = 7}
L(A) = {(A€NT)A S 4, d,(4) > n}.
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4.4. Lemma. Let T=(Q, S) be a transformation semigroup. If A4’€I(4) and
AxESB for some x€S where 4Sdomx and BeI(T), then d,(4)=dz(4'x).

Proof. Since ASdom x we know that the map C—~Cx for every C¢cI(4) is
an isomorphism between I(4) and I(4x) as posets ordered by inclusion. Moreover,
C=D if and only if Cx=Dx, for all C, DEI(4). But then d,(4)=d (4'x)=
=dy(A4’x) follows. This completes the proof. J

4.5. Proposition. Let 7=(Q, S) be a transformation semigroup and let A€ I(T).

(1) Let s€S,(A), and let Bel,(A4). Then the map B—~Bs is a 1—1 onto map
from I,(A4) to I,(A).

(2) If s€S8 and sinduces a 1 —1 map from I,(A4) to I,(A) for all n, then s em-
beds in X (A).

Proof. (1) It is obvious that each s€S;(4) maps I(4) into I(4). We first show
that if B€I,(4) then Bscl,(A). If Bs=B then we are done. Otherwise, since
As=AZdoms, we may directly infer from lemma 4.4 that d,(B)=d (Bs). Now
A=AsSdom s implies that As™'=Ass '=A, and A= As implies that 4 Sdom s,
so that again by lemma 4.4 we have that d,(Bs)=d,(Bss™). Since Bss~1=B5;
we have that d,(B)=d,(Bs), so Bscl,(4). (Note we have proven that if s¢.S; (4)
then s72€5,(4).)

To show that the map B—Bs is onto, note that B=(Bs~')s where the argu-
ment of the previous paragraph shows that Bs—€1,(A). To show that the map is
1—1, suppose that Bs=B’s for some B’cl,(4). Then B=B’ because every element
of §'is 1—1 on its domain.

(2) Let s be any element of S which maps I,(4) to 1,(4) in a 1 —1 onto fashion.
If s€G(S), then automatically s embeds in X(4). If s¢ G(S), then by hypothesis the
element s maps I;(4) to I,(4). In particular 4s=A. By proposition 4.2, s embeds
in X(A).

In the finite case the condition As&ASdoms implies that As=4A4, and
hence that s permutes the elements of 7(A). This is not necessarily true in the infinite
case; in particular, we may have that As~'d¢ A.

4.6. Example. Let T=(0,S) be a transformation semigroup where Q=
={gq,In€N} and S={a,s, a™, s7). Define:

1) K@) =4, n=z=2;
2 E@n) =qn+1, n= L

The partial functions induced by @' and s are defined in the obvious manner.
For any other x€S and g€ Q, we have that F,(q) is undefined.

The set A=Qa={g,|n=2} is a skeleton element of this transformation semi-
group, and AsSASdoms. However, ¢q,;€A4s™! and ¢,¢4. |}

If we assume that As&4Sdoms and if we also assume that As~'S A4, then
s~! may still not map I,(4) to I,(4) for all n.

4.7. Example. Let T=(Q,S) be a transformation semigroup where Q=
={quIn€N} and S={s, ¢,s7%,¢t71). Define:
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(1) E;(qn) = qn+13 n= 17
(2) E(q)=q and E(g,) = g,.

The partial functions induced by s~! and ¢! are defined in the obvious manner.
For any other x€S§ and g€ Q, we have that F,(g) is undefined.

Let A=Q, and note that AsSASdom-s (in fact, A=doms) and As~'CA4.
Then B=Qt={q,, q.}€1(4) and Bs~'={q,}. Since Bs~'SB but Bs~'#B, we
have d,(Bs™Y)>d,(B). In particular, s~ does not map 1,(Q) to I,(Q) forall n. J

We conclude this section by describing how the relation A=B induces a rela-
tion between I(A) and I1(B).

4.8. Proposition. Let T=(Q, 5) be a transformation semigroup, and let 4, B¢ I(T)
where A=B with ASBs and BES At for some s, t€S.

M) L(AHEL(B)s and I,(B)SI,.(4) for all n.

(2) If A=Bs and B=At, then I,(AEI,(B)s and I,(B)&I,(4)t for all n

Proof. (1) Let A’¢l,(A4), and let B’={bcB|bs=a for some ac A’}. Note that
B'=A’s"1, so that B’€I(B)SI(T). Since ASBs, we have A'=B’s. Suppose
that B’€l,(B). We must show that m=n.

Choose any chain of non-equivalent skeleton elements from A4 to A’, say

AD A4, >D..0A.
Since ASBs we have that 4;Sdom s~ for all A;. Therefore
B=As124,5712..2 451 =P.

By the argument of lemma 4.4, the elements of this chain are all non-equivalent.
Therefore m=n.

(2) Suppose now that 4=Bs and B=At. We prove that m=n. Choose
any chain of non-equivalent skeleton elements from B to B’, say

B> B, >..OF.

Since BS At, for each B;SB there exists some 4;S A such that B;=A4;t, and
there is also some 4”& A such that B’=A4"t; that is, 4;=B;t~' and 4"=B’t"".
Thus, we can rewrite this chain as

BoAjt>.0At="F
This gives rise to a chain in 4, namely
A=Brl24,2.24"
But then A’=B’s=A"ts and A=Bs= Ats which yields the chain
A=Ats 2 Aits 2..2 A"ts = 4.

Again, by the argument of lemma 4.4, the elements of this chain are all non-equiv-
alent. Therefore m=n. It follows that m=n.

The containments I,(4)E1,+(B)s and I,(B)E1,+(4)t in proposition 4.8 (1)
cannot be replaced by I,(A)EI,(B)s and I,(B)EI,(A)t.
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4.9, Example, Let T=(Q, S) be a transformation semigroup where
Q = {p,Ine N}U{g,Ine N}

S={(a,a,bb,s, t,aa b b1 s 1)

and

Define:
(1) E(p)=p, forall nz=2;
2) E.(py=p, forall n=3;
3 E(g,)=gq, forall n=2;
4) F.(g9,)=gq, forall n=3;
() E(q) = po—y forall nz=2;
6) E(p) =g,-y forall n=z=2

The partial functions induced by ™, a’~%, b1, b'7}, 57, ¢t~! are defined in the
obvious manner. For all other x€S and g€Q, we have that F.(g) is undefined.

Let A=Qa and let B=Qb. Then ASBs and BS At. By definition, A€1,(4).
If we let B,=Qb ={q,ln=3} then 4A=B,s but B,§I,(B) because B,ZB. Note
also that A=B’s for any other B’€l(B). |}

The containments I,(4)S1,(B)s and I(B)Z1,(A)t in proposition 4.8 (2)
cannot be replaced with equalities.

4.10. Example. Let 7=(Q, S) be a transformation semigroup where
Q = {p.In€ N}U{g,Inc N}

S=(abcxst,at,b e x Y s .

and

Define:
(1) F(pp)=p; for j=1;
(2) E(gp)=4g; for j=1;
(3) E.(pp) = pgjmy if jis even;
(4) FE(pj) = pj+ ifjis odd;
(5) F(g)=p; forall j=1,
6) E(p) = a1, E(pzje1) =¢;41 for j=1.

The partial functions induced by a™, b7%, ¢}, s7%, 17, and x~! are defined in the
obvious manner. For all other y€S and g€Q, the expression F,(g) is undefined.

The sets A=Qa={p;lj=1} and B=Qb={q;/j=1} are strongly equivalent
skeleton elements, with 4=Bs and B=At. Let X=Ax={p,;[j=1}. Then XZ4,
AES Xc, so that X€ly(A) but Xt={q,}£B, so that Xt¢[,(B). §
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5. The decomposition theorem

We now develop the decomposition theorem. The basic idea for this decomposi-
tion is the same as in the finite case; we start off with a “coarse” decomposition and
refine it until we get the result we desire. Throughout this section we follow closely
the presentation in Holcombe [10, chapter 4].

5.1. Definition. (1) (Holcombe [10, p. 102]). Let T=(Q, S) be a transforma-
tion semigroup. Let n={H};c; be a collection of subsets of Q such that Q=U;,H;,
where I is some indexing set for this collection. Then = is an admissible subset system
if for any i€ 1 and s€ S there exists j€/ such that H,F, S H;.

(2) Let =, #” be two admissible subset systems. Then we say that n’==n if for
every H'€n’ there is some H€En such that H'SH.

5.2. Definition. Let T=(Q, S) and T"=(Q’, ) be two transformation semi-
groups.
(1) (Holcombe [10, p. 43]). A partial function «: Q’—~Q is a covering of T
by T’ if
(a) « is surjective;
(b) for every scS there is some 1, S’ such that either «(g’)s is undefined
or a(q)s=a(q’t) for every q’€Q".
We denote the fact that 77 covers T by writing T=7".
(2) (Holcombe {10, p. 116]). A relation « on Q’X Q is called a relational cover-
ing of T by T if
(a) a is surjective;
(b) forevery s€ .S thereissome ¢,€ S’ suchthat a(¢)s Sa(q’t,) forevery g’ € Q’.
We denote the fact that « is a relational covering of T by T’ by writing T'=,7".

5.3. Definition. (Holcombe {10, p. 122]). Let T=(Q, S) and T'=(Q’, S") be
two transformation semigroups, where 7 has depth function 4. Let a be a relational
covering of T by T”. Then « has rank i (with respect to d) if

V) a(g)EI(T) for all gcQ’;

(2) d(a(g))=i for all ¢€Q’ and d((a(g))=i for at least one q’€Q’ where
0=i=d(T).

5.4. Definition. (Holcombe [10; p. 35]). Let T'=(Q,S) be a transformation
semigroup. The closure of S is the set S=SU {quE Q} where, for each g€Q, qis
the constant map defined by xg=gq for all x€Q. The closure of T is T=(Q, S).

For each ordinal j, 0=;j=d(T), we divide the set of skeleton elements of T at
depth j into equivalence classes under the relation =, and we take a set of represen-
tatives from these classes, say A4, 4}, .... We form the holonomy transformation
semigroups for all 4{ and take their join T(4))VT(4)V.... This is denoted by
ij (T), a transformation semigroup with state set denoted by ST,-v (T) and action
semigroup denoted by X,y (7). Note that the sets at depth O are all equivalent to Q,

so we can choose A?=Q, and hence T (I)=T(Q). To ensure that the state sets
of the T(4{)’s are disjoint we will consider the state set of T(A4]) to be {k}X ST(A4))
instead of ST(A4f). Thus, a typical element of the state set of T((4{) is denoted (k, B{)
where k=1, BicST(A}).

The next definition generalizes a definition in Holcombe [10, p. 126].
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5.5. Definition. For a transformation semigroup T=(Q,S), the set = is
{4e1(D)d(4) =/}

Note that n/ is an admissible subset system. We have Q=!| ., jH because
if j=d(T) then d({g})=j for all g€ Q and so {g}€n’. Also, if Ben/ and s¢ S, then
d(Bs)=d(B)=j so that Bsen/.

5.6. Theorem. Let T=(Q, S) be a transformation semigroup of depth at least
1. Then there is a relational covering T's, T, (T) of rank 1.

Proof. By the argument of the previous paragraph, the set n! is an admissible

subset system. To specify the covering, let B’€nl, let s€ S, and define

B's if seTY(T)

B xs = { .

Qs otherwise.
By proposition 4.2, if s¢ T’ (T) then Qs=Q, so that Qs is of depth 1 or greater.
The pair (n*, S) gives rise to the transformation semigroup (=, S/~) where the con-
gruence ~ identifies any two elements of S which act identically on ='. Denote
(=, S/~) by T/{n). If we define a relation a: n'—~Q by a(B)=B for all Ber?
then we obtaln a relational covering 7T'=,T/{r') of rank 1. We can in turn cover

T/ by To (7). 1
The proof of theorem 5.7 follows Holcombe [10, theorem 4.3.4].

5.7. Theorem. Let T=(Q, S) and let d be a depth function. Let 7 be an admis-
sible partition of rank j, where j<d(T). Then there is an admissible subset system
n’ of rank j+1 with n'=n.

Proof. Let Ij(m)={A€n|d(4)=j}, let I;,(n)={AEn|d(4)=>j}, and I, ,(n)=
-{A€I(T)[A€11+(Y) for some ¥Y¢€I,; (n)} Define n’=1I; (®)UI;, (7). Then
n’=n and rank (z")=j+1. We must show that 7’ is admissible.

- We first show that Q=Jg¢ H. Let g€ Q. If g€ ACL; (n) then there is nothing
more to prove. If g¢A4 for any A€l (n), then gcA4 for some A€I;(m). But
d({g})=J by definition so {g}€I; () by definition of I, , (n). Hence Q= UHG,,

Now let Ben’, s€S. We must show that Bs& A for some A€n’. There are
two main cases to consider

Case I: Bel;, (). Then Ben so BsSA4 for some A€n because © is admissible.
There are two subcases to examine.

Subcase 1: 4€/;. (n). Then BsS Acn’.

Subcase 2: Ac/;(n). Since Bs=B and d(B)>j we have d(Bs)>j and so
Bsel, ,(A) for A€l;(n). Therefore Bs is an element of 7.

Case II: B¢I;, . (n). Then Bel (Y) for some Y¢cI;(n) and Bs&Ys. There
are two subcases to consider.

Subcase 1: Ys& A for some A€];(n). Then BsSAen’.

Subcase 2: Ys& A4 for some A€l;(n). Then BsSYsS A and d(Bs)z=d(B)>j
so that Bscl, (A4). Hence Bscn’. ||
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* 5.8, Theorem. Lét T=(Q;S) and T'=(Q’, S’) be transformation semlgroups
and let T=,T’ be a relational covering of rank j, j<d(T), such that the image
of & is 7. Then there exists a relational covering T'=, T} (T)oT’ such that

- (1) the rank of & is j+1;

(2) the image of o is 7/+,

' Proof. Since T=,T", for every s€S there is some ¢, §” such that a(g")s=a(q’t,)
for all ¢€Q’. Let 4], ..., 4], ... be a set of representatives of equivalence classes
under = of skeleton elements in T of depth . Recall that ST (D) =Us=c({k} X ST (4}
denotes the state set of TJ (T) and that X (T) denotes the action semigroup of
T} (D).

To define the relation o from ST (T)X Q' to Q consider an element ((k, B), ¢')€

€EKXQ. If d(a(q’))—J then there is some A4 such that a(¢)=4{; in particular,
a(q’) C A4fx for some x€S..We deﬁne

a\q ) i “\0‘(‘1 )} >J o
o ((k, BY), ¢) = {BixNa(q) if a(g)=4i, «(q)S 4ix
: 2 ~ otherwise.

By proposition 2.6, the image of o is a skeleton element in all cases. Clearly, the
rank of o’ is greater than j.

. We now show that the image of o is n/+'. Writing =’ as I; ;(MUI;,(n) as in
theorem 5.7, we have n/+'=I, G+(@UI, (). Since the image of o is n’ SUppose
that Z€nw/+L. If ZEn! then we have d(Z)>jand Z=a(q") for some ¢ eQ’ and so
o ((k B)), ¢')=a(q)=Z for any (k,B)cK. If Z¢l,.(Y) for some Y€I;(n) then
Yen! and Y=a(q) for some ¢€Q’. Now Y=a(q)=4] for some 1<k so that
YE Ajx for some x¢S. Then Z=Bjx for some Bfell+(Ak) by proposition 4.8,
and also ZZ Y=a(g)). Therefore Z=B{xNa(g)=uo((k, B}), ¢’). Hence the image
of o equals n/+1,

We now prove that o’ is a relational covering. The crucial part is the definition
of the element of the action semigroup T}/(T)o T’ which covers a given element of S.

_:Let s€.S and suppose that ¢, covers s with respect to the relational covering a.
Thus a(g)sSa(q’t) for all ¢’€¢Q’. As before, T, (T) denotes the closure of the
join. of all the T(4)) for k=1. Now the action sermgroup of T} 7 (T)oT” consists
of all ordered pairs (f,t) where ¢S’ and f Q’—»X (T). Having chosen our

element s¢ S we define a function f;: @'~ X; (T) in the following way. Let ¢’€ Q’.
Three possibilities arise:

" Case I:'-'a(q’ts)EI 1+(7). Then f is chosen arbitrarily.

.. Casell: a(q’t)cl;(m) and oz(q’)s;éa(qt) Then a(q't)=A4} for some k=1,
so there is some y€.S Such that a(q’t;) E Ay, so that a(q’t)y 1S 4f. Now a(q’)sy~ ls
sa(q)s#zA] and so a(q)sy~'SB’ for some B’cl ,(4f). We put f,.=C(B’),
the constant map which maps everything to B’

v - Case Lz a(q't)€l;(n) and a(q’)s=a(g’t). Then a(g)=a(g’t,) since a(g)s=
=u(q) and yet a{g’) is of depth at least /. Now, as stated in the definition of
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e

«, A{=a(q’) implies that there is some x€S such that a(q) S Aix. Thus Afxs2
Da(q')s a(g't).

Now a(q)s=a(q’t;) implies that a(q)sSa(q’t)x’ for some x’'€S, so thatin
particular a(q) s(x) " =a(g)s. Therefore 4{xs(x')* 2a(q ).s'(x’)‘l—a(q Ys=a(g)=
=A] which 1mp11es that Afxs(x)"'=Af. It follows from proposition 4.2 that

xs(xX)reT(4] )CT (T), so we put
£(@) = xs(x)7.

This defines the function f;: 0'~X ,Y(T ). What remains is the task of showing
that (f;,t) covers s with respect to o’. Let ((/,Bf), ¢')€eKXQ'. We prove that

o« ((1, B)), q')s € «(((, BY), 4)(f., 1))- ™)
Case It a(q't)€l;(n). If a(g)€1;.(n) then
o (1, B]), ¢')s = a(q)s S a(q'ty).

o ((5 BY), ¢')s S a(q)s S a(q’t).
Since «(q’t)€l;4(n), we have that f(¢') is arbitrary and that
o« (2, BY), 4)(fs 1)) = (4, B, £:(q), 4'ts) = a(q'1,).

Therefore the inequality (*) holds in this case.

Case II: a(q't)cl;(n) and a(q)sza(g'ty). Now f(g)=C(B’), where
B¢l (4} and a(g )sy‘:l CRB’, where y is defined in Case II above to be the
element such that a(g")s&Sa(g’t )CA y. Therefore

o« (1, B), 4)(f;» 1)) = a((k, B), q't)) = B'yNe(q't)
By definition of o, we have «'((/, Bf), ¢’) Sa(q’), so that
o (1, B), q')s S a(q)s = alq)sy™'y S B'yNa(q't)
and so (*) holds again. ) ‘
Case III: a(q'1,)€l;(n) and a(g)s=a(g’t). If a(q)=A4] then
o« (4 B, 4)(fis 1)) = o' (1, Bixs(x)™", g't) = Bixs(x') " x"Na(q’ty).

Recall that x is the element of S for which «(¢") S4{x and that x’ is the element
of S for which «(q’t,) S 4ix’; this latter inequality implies that a(g’t,) Sdom ()™
In particular, a(q’t)(x")"'x’ =a(g’ t). Using these facts together with proposition
2.8 we can rewrite the last expression as

Bixs(x)*x'Na(q’t)(x")'x" = (Bi xsNa(q't))(x") "
= B{xsﬂa(q’ts) 2 BixsNa(q')s =
= (BfxNa(q))s = «’((1, BY), ¢')s
and so (*) holds. Finally, if a(g")# 4] then o’((1,B}),q)=0 and so
o« ((1, Bf), ¢')s S o’ (((1, B, ) (fs5t)

In all other cases

as required. §
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5.9. Main Deécomposition Theorem. Let T=(Q, S) be a transformation semi-
group which is the quotient of a unique predecessor transformation semigroup,
and let S satisfy ACC on cyclic left ideals. For each ordinal j, 0=j=d(T), let
Af, ..., Ai, ... be a set of representatives of equivalence classes under = of skeleton
elements of T of depth j. Then T is covered by a wreath product of transformation
semigroups which are of one of the two following forms:

(1) (44, C}) where C{ is the set of all constant maps from Aj to itself;

@ T (Q) = T(4ADHV ..VT (4)V ..

Further, if 4 stands for any 4, then T(A)=(ST(A), X (A4)), where
(a) ST(4)={B|B€I(T);, B=B’x for some B’SA4, B#A, and some
x€X(A)};
(b) X(D=(J(ADHUG(S))/~, where
(i) J(A) is the ideal of S generated by the elements of S which induce
a permutation on some BE A4, B=A;
(i) G(S) is the group of units of S';
(iii) the congruence ~ identifies elements of J(A)UG(S) which act
identically on ST(4);
(iv) X(4) is regular and satisfies ACC on cyclic left ideals.

Proof. Let n=d(T) be the depth of the transformation semigroup T. We
prove by transfinite induction that for every 1=j=n there is a relational covering

T=,...oTy (T)oTy (T) of depth .
Base case j=1. This is theorem 5.6.

Inductive step. Assume that there is an ordinal J such that the theorem is true
for all j<J, and assume that j=J. There are two cases to consider.

Case I: J is a non-limit ordinal. Then the result follows from theorem 5.6.

Case II: J is a limit ordinal. Note that nf= N, _,;n*. Therefore, the image of
...oTY (INoTy (T) is n’, where the terms in this product are indexed by all the
ordinals j such that 0=j<J. This proves the existence of the relational covering.

Now each T}’(T)z]}V(T)V(K,C) where K={Ji=14{ and C is the set of
constant maps on K. We can in turn decompose (K, C) as (44, CHV...V(4i, CHV
V... and T (T) as T(A)V..NT(4{).... The remainder of the theorem follows
from proposition 4.5. |

If we assume that S has a composition series — that is, a sequence of two sided
ideals ,0I,>...0I,>... such that each I;,, is a maximal ideal in the semi-
group I; — then 1t seems p0581b1e to replace the factors T'(4{) of the decomposition
by 51mple semigroups. (The author has not checked this fact. For a possible method
of proof of this conjecture, see Tucci [17].)

We conclude with two trivial examples to show that the decomposition can be
either finite or infinite.

5.10. Example. Consider the transformation semigroup of example 2.2, Any
skeleton element is either equivalent to Q or is a singleton. Hence the depth of the
transformation semigroup T is 1, and so T=(Q, Z)=T; that is, the decomposition
is trivial in this case.
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5.11. Example. Let 7=(Q, S) where Q={g,|n€ N}, and

S =<(xj, xj_ls aj: aj_llJE N)> .
where

() F,(4) =dury forall n=1;
2 FE (¢)=gq, forall 1=k=n.

The functions induced by all x;! and a;%, j=1, are defined in the obvious manner.
For all other s€ S and ¢€Q, the expression F,(g) is undefined.

The skeleton elements of T are either singletons or of the form A4,={g;lj=n
for some integer n}. Hence there is an infinite descending chain of non-equivalent
skeleton elements Q=A4, D> 4,>... which yields an infinite decomposition T'=,...

. OTY (T)oTy(T). B
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