Some remarks on the paper of K. Varga and P. Fejes

By P. HuNya

In practical applications of the iterative.unconstrained optimization methods
(for example-in the gradient method discussed in [1]) a difficult problem is to find
the initial estimation of the solution. Generally m points are randomly chosen
from the region containing the optimum place and that which represents the mini-
mum (maximum) value of function is considered as the initial estimation. Follow-
ing this strategy the sequence generated by the iterative process converges with
a probability generally less then 1. By the modified method.proposed in [1] one -
~ .step of the iteration is performed for all the m points before the selection and this
~ may improve the probability of the convergency. However the verification of this
property is heuristic, it is based on a number of experiimental calculations with
various type of functions. The upper and lower limits of the convergency are also
given in [1].

In this paper a generahzatlon of the modified method is described and the
probablhty of the convergency is discussed in detail.. (The problem of minimiza-
tion is exemined, smce all considerations are analogous in the case of maximi-
zation.)

- Let us consider the continuous function of real values F(x) defined on the
complete metric space S. Let T be a subset of S with: nonzero measure and let us
suppose that F takes its minimum on 7. Let y=-Mx be a mapping of T 1nto T with
the property

F(Mx)= F(x). o _ (1)
There ex1sts obv1ously a T,,,, %0 subset of T for the elements x of which the sequence
x=M®°x, M*x, M%x, ..., M"x, ... is convergent and
lim M"x = X, , ()]
: n—~oo i . . -
where ’ ' '

| F() = min F);

that is, the iteration process genérated by M converges to the solution of the optimiza-
tion problem. To simlify. the considerations we suppose the uniqueness of X, how-
ever, this fact is not essential in the followmg proofs.

Suppose further that

0(Teony) # 0 | | ‘ o 3)
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(o(r) means the measure of the set 1< S) and

Q(Tmin) #= O ) (4)
where T, is a subset of T, defined by . .
Toin = (x| FG) < _inf  F(). 5)

Now let us consider the following procedure;

a) let the points x,, X, ..., x,, be chosen from T independently, with homogene-
ous distribution on T;

b) then form the sequence

M"x,, M"x,, ..., M"x,,
for n=0 and .
¢) let a point Xx"=M"x,. be chosen for which -
FM"xp.) = mr(nl F(M"x)).
" We shall prove that by the previous conditions for 7 - the probability P=
=PE"eT, conv) CONverges to the limit P while

P,=P=P (6)
where P, is a monotonic increasing sequence i. . _ ;
PnéPn+1 ’ ’ (7)
and .
lim P, = P. (7a)

n— oo

In other words: by increasing the number of the iterative steps before selection the
.probability of the convergency approumates its upper limit with an arbitrary degree'
of accuracy. (The dependence on m is not considered in this paper)

For the proof we define the following events: .

1) A, denotes the event -that among the points M"x,, ..., M"x,, there exists
element of Teonv

A= (M5 T} (1=0,1,2,.) ®)
As a consequence of the definition of T,,,, we have o
A=A, (= A), )

since it is obvious that
o M*X€ Toppy & M€ Tegpy
for k=0,1,2,.
2) B, denotes that the selected pomt X" is element of T,,.v, that is, the iterational
process converges:
B, = {X"€ Tonv}- (10)

3) C, denotes the event that X" is element of T,

= {%" € Tpin}- o S
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:4) And finally D, denotes the event that at least one of the points M™" xl s M™x,, ...
M x,, belongs to Tmn :

D" = {EI(M".Xl E Tmin)}' (12)
From the definitions 1)—4) immediately follows that for all n.’

D, C,=>B,=> A, 4, C (13)
consequently, the probabilities of 4,, B,, C,, D,, A satisfy the relatlons ‘
P(D,,) P(C)=P(B)=P(4,)=P(4). - (19
For n=0 (14) contains as a special case one of the results of[ ] for the values
Po= P(C) = 1= (1= gmu)" -
P= INAQ——I—(I Qeony)™

Using the notations P,= P( )=P(D,) and P= P(A)=P(4,) (14) proves 6) also
-As a consequence of the condition (1) and the definition 4) we have

D, = Dn-l 1 - . (15)

and this 1mp11es the mequahty .- : . ,
Let us consider now the sequence D, Dl, ..., D,,.... We shall prove that
ZQ;A- o A (16)

i=1

"From the- continuity of the function F(x) follows that for the elements x of

T...v we can find a natural number n(x), such that n=n(x) implies M"x€T,,,

Let 7" denote the subset of T,,,, for the elements of which n(x)=i (i=0, 1, 2, ...) and

define the event A’ as follows :
' = {3j(x; €T '}

By the deﬁmtlon above 4; = D;. On the other hand if there exists x; (1=j=m)
such that Mix; € Ty, is true then X; ET also holds; that is, D; 1mphes A'. Thus

we have Ai=D;. It is obvious that 4= Z’A' so we get (16).

. "Because of (15) and (16) one of the bas1c limit theorems of the probability
theory ([2], §2.2) can be applied to the sequence Dy, D,, ..., D , therefore

lim P(D,) = P(4)

ny eee

SO using the» notations introduced previously we get (7a)
' lim P, = P.

n-»co

. Heckouabko 3amedannit k padore K. Bapra u P. ®eiiemn

B MTEPaUMOHHBLIX MeTOAaX Ge3yCJOBHON ONTHMH3ALMH NPH CIy4YaifHO BHIOPAaHHOM HAayallb-
HOM 3HAYECHHH, TOJIy4aeTCs [1OCIeNOBATEIPHOCTD CXOASILIANCS K PEIIEHUIO 3a1a4d, TOIBKO C BEpO-

SATHOCThIO P (0OBIMHO MeHbIeR eIMHHILI). BEPOATHOCTE CXOAMMOCTH MOXET YBEIHYMTBCSH, €CIM . |

M3 m CAy4YaliHO BBIOPAHHBIX TOYEK, CYUMTAEM HAYAJILHOM TY TOUKY, B KOTODOR MOCTHraeTCid MMHH-
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MyM (MakcumyM). JlasnbHelmee yiIyqmeHHe NOJIy4aeTcs MPH BLUIOILHEHHM 7 IArOB HTEPALHOHHOMR
NpoNEenypH! iepel] BHIOOPOM HCXOXHOH TOUKH.

Hoka3blBaercs, 9TO MPH HOBOJNBLHO OOIIMX YCAOBHAX, HHKHHIl mpeAea BePOATHOCTH P sBis-
€TCsl MOHOTOHHOH (yHKIMEH OT 71, | C pOCTOM 1, P CXOAWTCA K CBOEMY BEPXHEMY Tpeaey, obecneyn-
BasA 3THM YBeJIAYEHHE BEPOATHOCTH KOHBEPIeHLIMH.
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