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Representation of automaton mappings
in finite length

By F. GECSEG in Turku®*)

In [3] we introduced a famlly of products and in some cases it was demded
for two such products whether one of them is a real generalization of ‘the other
one with respect to the homomorphic representation of automata. In this paper we
investigate similar problems concerning representations of automaton mappings -
in finite length.

" To make this paper self-contained we recall the notions and notations of auto-
mata theory used in our later discussions.

. By a finite automaton we mean a’ system A=(X, A Y g, 2), where X, A and
'Y are finite (nonvoid) sets, called input, state and output sets, respectlvely 0 denotes
the transition function and 4 is the output function of A. -

-~ 'Lét F(X) denote the free monoid generated by the lnput set X. The transition
function § can be extended to 4 X F(X) in the following way: for any p=p’x¢€ F(X)
and a€ 4, 5(a, p)=6((a, p’), x). In the-sequel we use the more convenient notation
apy for &(a, p). If there is no danger of confusion we omit the index A.

Take an acA. We define a mapping fj ,: F(X)—~F(Y) in the following way:
for any p=x:%,...x,€ F(X), let fu 4(p)=y1ys...y, Where-y1=21(a, X,), ya=A(ax,, x),

o Yo=Alax;...x,_4, x,). This fy , is called the mapping induced by A in the state
a. For convenience, further on we give an automaton in the form A= (X, 4, a, Y,
3, 1) if we are interested in fj, as» and use the notation fj for fA a,- In this case it is
sald that A is an initial automaton with the initial state a,.

A mapping f: F(X)—~F(Y) (| X1, |Y|<4&,) is called an automaton mapping if there
exists a (not necessarily finite) automaton A=(X, 4, a, Y, 5, A) such that f=f,.
Moreover, let n be a natural number. We say that A induces f in length n if f(p)=
=fa(p) for all pe F,(X), where F,(X) denotes the set of all'input words of A with
" length nonexceeding ».

If we omit the output set and. output function of an automaton A= (X, 4, Y, 6, /)
then we get the semiautomaton belonging to A. Thus, a semiautomaton has the form
A=(X, 4, 5). Let n be a natural number, and for an initial semiautomaton A=
=(X, 4,a,0) set AM={ap|peF,(X)}. Take two semiautomata A=(X, 4, a, )
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and B=(X, B, b, 5’5. Then a mapping T of A™ onto B™ is called an n-homomorphism
of A onto B if 1(ap)=>bp holds for any p€ F,(X).
One can easily prove the following:

Lemma 1. Take an automaton B=(X, B, b, Y, 9", ") and let A’=(X, 4, a, J)
be a semiautomaton. Assume that for a natural number »n, there exists an n-homo-
morphism of A" onto B'=(X, B, b, 5’) Then there is a mappmg J: AXX~—Y such
that A=(X, 4, a, Y, 6, /) induces fp in length n+1.

In the sequel by an automaton (semiautomaton) we always mean a finite auto-
maton (semiautomaton).
Let A,=(X;, 4;, Y;,6;, 4)) (i=1, ..., n) be arbitrary automata, X and Y finite
(nonvoid) sets. Moreover, take two mappings
@1 A X XAXXY ~ Xy X... XX,
and
@t Ay X XA XX ~ Y.

Then it is said that the automaton A=(X, 4,-Y, J, A} with A=A4,X... XA, is the
(general) product of A, ..., A, with respect to X, Y, ¢ and ¢’ if

5((01, LR ] an)5 x) = (61(01, xl)a LR 5n(an’ xn))
;((ala wery an)a x) = (p'(al, veey a_m X)
hold for any (a;, ..., a,)€A and x€X, where (xl, vy XD = (p(al, vees @y, X) (cf. [4]).
For this product we shall use the short notation A= ]] A; [X, Y ¢, ¢’']. The

general product of semiautomata can be defined analogously, as it is determmed

and

by the input set X and the feedback function completely, we can write A= ]] A lX, @]

in this case. If X=X;X...XX, and ¢(a, x)=x (acA4, x€X) then we speak of a
direct product. Moreover, if ¢(a, x) is independent of a for any a¢ 4 then A is cal-
led a quasi-direct product

Let o be a mapping of the set N of all natural numbers into itself such that

oz(z)>z for all i€N. A product A= ]] AlX, Y, o, (p] is an a-product if @ can be
given in the form

0@y, ..., @y, X) = (01(ar, ..., @yy X), ..., @ulay, ..., a,, X))

such that ¢; (1=i=n) is independent of states having indices greater than or equal
to «(i). We denote by a; (: N-N;;j=0,1,...) the mapping for which a;(i)=i+/
(i€ N). It can be proved (cf. [1]) that the a,-product is the same as the loop-free
compositionintroduced in [5].

Take a natural number #n. An automaton A= (X, 4, a, Y, d, 1) is called n-free
if ap£aq for all p, g€ F,(X) with p=#gq.

The following result is obvious.

Lemma 2. Take two semiautomata A=(X, 4, a,d) and B=(X, B, b,5’). If
A is n-free then there exists an n-homomorphism of A onto B.

We say that the a,--product is metrically equivalent to the a;-product (general
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product) if for any natural number » and system X2 of automata, a mapping f can
be induced in length » by an a;-product of automata from 2 if and only if f can be
induced in length n by an «;-product (general product) of automata from X.

Now we are ready to prove the following

Theorem. For all i=0, 1,..., the ai-product is metrically équiva]ent to the
general product. : .

Proof. Let X be a system of automata. Take a (general) product A=
k
=(X, 4,4, 7%,0, )= ]] A;[X, Y, 0, 9] (A;€2). By Lemma 1, it is enough to

show that there ex1sts an oy-product B=(X, B, b, Y, &', l') of automata from X
such that for any natural number n, the semiautomaton B=(X, B, b, §’) can be
mapped n-homomorphically onto A'=(X, A, ay, 0). Thus in the sequel we may
confine ourselves to semiautomata, i.e., we can assume that ¥ consists of semiauto-
mata.
: For a semiautomaton C*=(X, C, 8¢) we say that a state ¢c€C is ambiguous
if there are x, x’ € X such that 8% (c, X)=5%&(c, ). Let n be a fixed natural number,
and let u<n be the greatest number for which there exist a C=(Z, C, dc)€Z, ccC
and p€ F(Z) with |p|=u such that ¢p is ambiguous. (|p| denotes the length of p.)
Assume that there exists such a u. Then for all ft=u there are states ¢,€C and
words p,€ F(Z) with |p,|=1 such that ¢,p, are ambiguous. (Indeed, ¢, and p, can re-
spectively be chosen as ¢cq, and g/, where ¢, is the prefix of p with lg|=u—¢ and ¢/
is the suffix of p with |g/|=1.) :
First we construct a’ (u+1)-free semiautomaton D=(W, D, d, dp) as an o,-
- product of semiautomata from the one-element set {C}, where W= {w,, w,}. For
each ¢,€C (¢=0,1,...,u) choose two inputs z,,z;€Z such that dc(cp,,z,)==
=S¢ (¢ pys z1). Form the oy-product D,=(W, Dy, d;, 6M)=C[W, ¢V], where d;=c,
and for all deD; and w,c W~ :

' z, [if r=1,
PO w) =), o o

It is obvious that D, is a 1-free semiautomaton. Now assume that for all m=s(=u)
we have constructed an m-free o,-power D,,=(W, D,,, d,,, 6) of C. Furthermore,
suppose that p,=Z,...Z, and let / be a natural number such that 2'=25+1p{s541,
Take the I-th direct power C'=(Z’, C’, ¢, d¢) of-C, where c=(c,, ..., ¢;). More-
over, let Z be the subset of Z’ consisting of all elements Z whose each component is
either z, or z{, and c¢pZ#cp; for any prefix p; of p. Denote by D,,,=(W, D ,,,
d,p1, 06*D) the ay-product (DX C')[W, @©+V], where d,,,=(d;, ¢c) and for any
P, gEF(W), weW and ¢/, "€ C’,

() of*Vdp, ¢’ w)=w,
(i) o§*V(d,p, ¢, W) =71 if |pl=v=<s,
(i) if |p|=|q|-=s then @*? (d,p,c’, w)€Z such that
OV (d,p, ¢, W) = 98V (A, W) I (dop, W) # (dg, W):
(0§D (d,p, ¢’, w) with |p|=s can be chosen in this way, since |Z|=2+1)

1*
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(iv) in all other cases @©*1 is defined arbitrarily such that the resulting product
is an o4-product.

We prove that D, is an (s + 1)-free semiautomaton. Take two words p, g€ F(W)
with p=g. Now let us distinguish the following three cases:

D |pl, lgl=s. Then d,p>¢dq since D, is an s-free semiautomaton. Therefore,
ds+1p=(ds, c)p¢(ds’ c)q=d5+1q' :

2) |p|=v=s and |g|=s+1. Let us assume that g=g’w (w€W). Then by the
definition of +*V, (d;, c)p=(d.p, cz,...Z,) and (d;,c)g=(d,q, cp @£+ {d,q’, cp,,W)).
Again, by the definition .of @C*+V ¢z,...Z,%c,p,0¢*V(d,q’, cps, W).

3)ipl=lq|=s+1,p=p’'wand g=¢'w’ (w, w’ € W). Now, by the definition of p{3* 1,
since D, is an s-free semiautomaton, thus @$*V(d,p’, cp,, w) % @ (dsq’, cps, w').
Therefore, (d, )p=(d;p, cps 0V (dsp’, cos, W) #(dq, cp, 95D (dsq’, cps, W)=
=(d,, 0)q.

Thus we have shown that for all s=u+1, D, is an s-free semiautomaton. Then.
D can be chosenas D, ;. - ) )

We now construct a-(u+ 1)-free semiautomaton E=(X, E, ¢,, dg) as a quasi-
direct product of semiautomata from the one-element set {D}. Let ¢ be a natural
number such that 2'=|X]. Moreover, take a one-to-one mapping ¥ of X into- W*.
We shall prove that E= (X, E, ¢;, 6g)=D'[X, ] with e;=(d, ..., d) is a (u+1)-free
semiautomaton. (The feed-back function ¥ of E can be given in this form, since
for quasi-direct products the feed-back function is independent of- states.) Take
two words p, g€ F,.,(X) with p>q. Assume that p=x,...x, and g=x{...xs. Then
there exists an i (1=i=¢) such that ¥;(x;)...¥;(x,)=¢;(xD)...¢;(x7). (Note that
Y is given in the form y = (Y, ..., ¥,).) Therefore, dy;(xy)... ¥, (x,) =dy,(x1)... ¥ (x5)
since D is a (u+ 1)-free semiautomaton. Thus we have got that é,p=e,q, showing
that E is a (u+ 1)-free semiautomaton. '

Let us now consider the following two cases:

I) u+1=n. In this case, by Lemma 2, A’ is an n-homomorphic image of E.

II) u+1<n. Then take the direct product G=(X", G, gy, 6¢)=II(A;]|j=1, ...
...y k), where G=A4 and gy=a,. Now form the oy product H=(X, H, h, ou)=
=(EXG)X, y], where h=(e,, ay), and for all xc X, p€ F(X), e€E and g€gG,

v(eops & X) = (x, @ (@pa, %) if |p| =u+1

and y(e, g, X)=(x, x"), where x’ is an arbitrary element of X’ if e cannot be given in
- the form eyp with p€ F, ., (X). . :

Since for a given pcF,,,(X) there exists no g€ F,,,(X) such that p>2g and
egp=eyq, thus y is well defined. :

Let us take a mapping t: H™ —~A™ in the following way: t((e, @))=a ((e, @)€
€ H™). (Here A™ is considered in A.) We show that 7 is an n-homomorphism of
H onto A. Take an arbitrary word p€ F,(X) with |p|=I/. We proceed by induction
on the length ./ of p. For |p|=0, t((ey, ap)p) =a,pa is obviously valid. Assume that
our statement has been proved for all words with length ¢ (<n). Now let p=p’x
(x€X) such that |p|=j+1(=¢+1). If |p'|=u+1 then

(e,> )P = (eops aoPa @ (0P, X)) = (ep, AoPaA), .

. ie., T((eo s ao)P) =T ((eop, aoPA)) =aqypA= T((eo > ao))PA .
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Now consider the case n=>|p’|=u+1. Then (e,, a,)p=(e,, ao)p (x, (e, a, x))—
—(ex ay(e, a, x)), where (e, @)=(e,, ao)p’. Observe that axa=axj for any x, x'€ X,
since otherwrse there exist an A; (1=j=k), a;€4; and p;€ F(X;) with n>|p;|>u+1
such that a;p; i5 ambiguous, contradicting our assumption that u is the greatest
number having this property. Thus, taking into consideration the induction hypothesis
a=ayps, we get (e, a)p=(eop, apay (e, a, X))=(eop, a,Pa @ (aoPa, X))=(€oDs aoPa)s
proving that 1((e,, @)p) =appa=1(ey, ay)pa. Therefore, we have shown that t is
an n- homomorphlsm of H onto A.

If there is no ambiguous state in any semiautomaton from X then A is 1somorphlc
to a quasi-direct product of A,, .. . v

Since the direct product and quasi-direct product are special cases of the o,-
product, and the a,-product of a,-products is also an «,-product thus H can be given
as an ay-product of semiautomata from Z. This ends the proof of the Theorem.

A system X of automata is metrically complete with respect to the a;-product
(general product) if for any natural number » and automaton mapping f: F(X)—~
—~F(Y) (JX|, |Y|<®,) there exists an o;-product (general product) of automata
from X inducing f in length n. In [2] it was shown that there exists an algorithm
to decide for a finite system 2 of automata whether Z is metrically complete with
respect to the way-product. Usmg this result, from our above Theorem we .get the
following

Corollary. There exists an algorithm to decide for a finite system 2 of automata
whether X is metrically complete with respect to the general product or any o;-
product (i=0,1,...).

IIpencrasienne aBTOMATHBIX OTOOpaskeHuid
B KOHEYHOM JJIHHE

B craTee [3] 6put0 BBENEHO HOHATHE o,-TIpOM3BEAeHHs aBToMartoB (i=0,1, ...). Iycre 2
— TIPOU3BONBHOE MHOXECTBO KOHEYHBIX aBTOMATOB M 1 — HEKOTOPOE HaTypalbHoe 4ucio. B Hac-
Tosme# paboTe JAOKa3pIBAaETCA, YTO aBTOMAaTHOE OTOOpaxeHHe f MOXKHO MHAYLHPOBATH B’ JUTHHE
n HEKOTOPBIM ¢ ,~-IIPOM3BEINCHAEM aBTOMATOB M3 X 'rorna M TOJILKO TOraa f mmyuupyercx B ITAHE
n HCKOTODLIM ITPOM3BEAECHHEM aBTOMATOB M3 X,
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