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Endomorphisms of group-type quasi-automata 
B y I . BABCSANYI 

In this paper the endomorphisms of group-type quasi-automata are investigated 
using the concept of the generating system of quasi-automata. Fo r the notions 
and notat ions which are not defined here, we refer the reader to [4] or [5]. 

Let the characteristic semigroup F = F/QA of an arbitrary quasi-au tomato n 
A = (A, F, 8) be a monoid, and let e (e£F) be the identity element of F. Take the 
subset A' = {8{a,f)\ a£A;f£F) of A and the ,4-sub-quasi-automaton A' = (A', F, 8') 
of A. It is easy to see that a £ A' if and only if 8 {a, e) = a for an arbitrary state a of A. 
Furthermore, the characteristic semigroup of A' is equal to tha t of A. Assume that 
the set A \ A ' is non-empty. Let V b e a n arbitrary (non-empty) subset of A\A', 
and let n denote a mapping of V into A\A'. Moreover, let a ' be an endomorphism 
•of A'. The following holds: 

Theorem 1. The mapping a: A-+A, defined by 

fa ' (a) .. if a€A', 

'(5(a,e)) if a<EA\A', 

is an endomorphism of A. The mapping aK : A—A, for which 

a ' ( a ) if aiA', 
n(a) if a£V, (2) 
a'(<5(a,É>)) if ad(A\A')XV . 

holds, is an endomorphism of A if and only if 

<x'(8{a,ej) = 8(n(a),e) (3) 

holds for every a(£ V). Furthermore, if ft is an endomorphism of A, then p is a mapping 
of type (1) or (2). 

Proof, a and a n are well-defined. It can immediately be seen that a is an endomor-
phism of A. Now let a ( € K ) , ¿>(£ ( a K a ' ^ F ) and / ( € F ) be arbitrary elements. 
Assume that the condition (3) holds. Then 

ocn(8(a,f)) = a (8 (aJ)) = a'(8 (a, e f ) ) = a (8(8 {a, e),f)) = 

- 8{*'{8{a, e)),f) = 8{8{n(a\ e)J) = <5(Tr(a), e f ) = 8(an(a),f), 
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and 
«.{Kb,/)) = *'(Hb,f j) = a'(S(b, e f j ) = 

= «'(5(5(6, e),f)) = ¿(«'(5(6, e)),f) = 5 («„(6) , / ) . 

These mean that a„ is an endomorphism of A. Conversely, if (2) is an endomorphism 
of A, then for every V) we get 

a'(S(a, e)) = a„(S(a, e)) = 5(a n (q) , e) = 5(n(a), e), 

that is, (3) holds. 

Take an arbitrary endomorphism p of A. We prove the following implications: 

a£A' => f}(a)£A', 

a£A\A' => p(a)£A\A' or P(d) = P(5(a, e)). 

If a£A', there are b(€A) and f ( € F ) such that 5(b,f) = a. Then 

f}(a)=p(d(b,f)) = d{P(b)J)€A'. 
If a£A\A' and P(a)£A', there are b(£A) a n d f ( £ F ) such that P(a) = d(b,f). 
That is, 

P(a) = 8(b,f) = 5(b,fe) = 6{5{b,f), e) = d(P(a), e) = p(5(a, e)). 

Let p be an arbitrary endomorphism of A and let /?' be an endomorphism of A' 
for which P'(a)=P(a) (a£A'). If V=(a\P(a)£A\A') is a non-empty set, then /? is 
a mapping (2). If V is the empty set, then jS is a mapping (1). 

Consequently, we can give the endomorphisms of A, if we know the endomor-
phisms of A ' . In Theorem 3 we give all of the endomorphisms of A', if A' is a group-
type quasi-automaton. 

A non-empty subset B of the state set A of a quasi-automaton A — (A,F,8) 
is called a generating system of A if for each state a(£A) there exists a state b(£B) 
and a f(dF) such that 5(b,f) = a. A generating system B of A is minimal if none 
of the proper subset of B is a generating system of A. A quasi-automaton is said 
to be (finitely) generated if it has a (finite) generating system. (We note that a quasi-
automaton is called cyclic if it has an one-element generating system.) 

Let the characteristic semigroup F of a quasi-automaton A = (A, F, S) be again 
a monoid and let e ( e€F) be the identity element of F. It can easily be proved that 
the quasi-automaton A has a generating system if and only if 

V a[S(a,e) = a]. (4) 
a€A 

In the following lemma the theorem of Yu. I. S O R K I N [7] concerning finitely 
generated automata are generalised on generated quasi-automata. 

Lemma 1. JJ G1 and G2 are two minimal generating systems of a generated quasi-
automaton A = {A, F,5) then |C7j] = |C?21. 1 

1 \A| is the cardinal number of the set A. 
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Proof. Let (?! and G2 be two minimal generating systems of A. For every a2(£G2), 
there exist a n d / ( £ F ) such that 6(al,f)=a2 holds. It can easily be seen that 
the set 

G12 = <a|fl6<?i and 3 /[<5(a,/)€G2]> 
/ÍF 

is also a generating system of A. Since G12 Q Gx and Gx is a minimal generating system 
of A, thus <jia = G1. Assume that <5(a l5/), <5(ai> h) <E G2 h£F). There exists 
a k(ZF) such that d(a1,fk) = d(d(a1,f),k)£G1. Since Gx is a minimal generating 
system of A, thus S(a1,fk)=a1, that is, 

<5(<5(«i,/), kh) = d(S(aL,fk),h) = S(ai,h)eG2. 

Since G2 is also a minimal generating system of A, we get that S(a1,h) = 
= S(S(a,,/), kh) = 5(a,,/). Furthermore, if 6(%,/) = <5fa then 
a1 = d(a1,fk) = 5(a'1,gk), that is, a1 = a'1. Consequently, the mapping q>: Gx —G2, 
for which 

<P(ai) = a2 o B / [ < 5 K , / ) = o2] 
/CF 

holds, is an one-to-one mapping of Gx onto G¡¡. 
/ 

We define the following relation g on A: 

agb(a, b£A) o 3 ( c , f g) [<5(c,/) - a, d(c, g) = b]. (5) 
cíA\f,gíF 

If the quasi-automaton A = (A, F, á) is generated then o is a reflexive and symmetric 
relation. If the quasi-automaton A is generated and the characteristic semigroup 
F of A is a group then n is an equivalence relation. 

A non-empty subset E of the state set A of a quasi-automaton A = (A, F, S) is 
called a strongly connected subset of A, if for every a, b (££) there exists an f ( d F ) 
such that S(a,f)=b. A partition C of A is called strongly connected, if C(a) is a strongly 
connected subset of A for every a ( f A ) (C(a ) denotes the class of C containing the 
element a). 

Lemma 2. If the characteristic semigroup of a generated quasi-automaton 
A = (A, F,5) is a group, then Ce is a strongly connected partition of A, where Ce is 
the partition on A induced by o. 

Proof. Let a, b^Cg(c) (c£A), then there e x i s t / g f and g f F such that 5(c,f) = a 
and d(c, g) — b. Since F is a group, there exists an h(£F) such that fh=g, therefore, 

5 (a, h) = d(S(c,f), h) = 5(c,fh) = S(c, g) - b, 

that is, Ce(c) is a strongly connected subset of A. 

Assume that the conditions of this Lemma are satisfied. It can easily be 
seen that CQ(a) = (d{a,f )\f£F) holds for every a(£A). Thus C e (a ) = (Ce(a), F, Sa) 
is a strongly connected sub-quasi-automaton of A for every a(£A) (cf. CH. A. 
TRAUTH [6]). 

Lemma 3. If the characteristic semigroup of a generated quasi-automaton A = 
= (A, F, S) is a group, then A has a minimal generating system. 
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Proof. By Lemma 2, Ce is a strongly connected partition of A. Let G(QA) 
such that A- (J Ce(a) and if a^b (6C7) then Ce(a)^Ce(b). We can easily prove 

a€G 

that G is a minimal generating system of A. 

We note that if G is a minimal generating system of A then A= \J Ce(a) and if 

then Ce(a)9iCe(b). 
It is possible that Ce is a strongly connected partition of A if the characteristic 

semigroup of A is not a group. Take the following example: 
A 1 2 3 4 5 

x 2 1 1 5 4 
y 3 2 2 4 5 

C e ( l ) = ( i , 2, 3) and Ce(4) = (4, 5) are strongly connected subsets of A, C e ( l ) U 
U Cg(4)=A and C e ( l ) n C e ( 4 ) = 0 . But F(X) is not a group. (F(X) denotes the free 

semigroup with out identity element generated by X=(x, >>).) Note that G = ( l , 4) is a 
minimal generating system of A. 

Theorem 2. If a quasi-automaton A = (A, F,8) is finitely generated and Ce is 
a strongly connected partition of A then 

o{E(A))^ IJ o(E(Ce(ai))l (6) 
i = 1 

where G = (a1, ...,ak) is a minimal generating system of A. 

Proof. E{A) and £'(Ce(a I)) denote the endomorphism semigroups of the quasi-
automaton A = (A, F, <5) and C e ( a i ) = ( C e ( a i ) , F, 5a) (a^G), respectively. Denote 
by a = | J a„( the following mapping of A into itself: 

«,e c 

a(q) = aa,(a), if afCQ(a,) (7) 

where a f l l6£'(Ce(a i)). It can easily be proved that a£E(A). Furthermore, if 

« = U ^(a^EiCM))) and p= U Pa,(Pa,€E(Ct(ad)) 
a ,€G a,iC 

such that OL=P, then ota, = Pa, for every a, (6 G). 

Lemma A. If a group-type quasi-automaton A = (A, F, S) is generated, then the 
sub-quasi-automaton Ce(a) is quasi-perfect and the characteristic group of Ce(a) 
is equal to the characteristic group of A for every a (£A). Moreover Ce(o) = Ce(b) 
for every pair a, b(£A). 

Proof. Let a (£ A) and f g (€ F) such that 

V h[5(a, h f ) = 5(5(a, h),f) = 8(5{a, h), g) = S(a, hg)]. 
h£F 

Since A is state-independent, thus hf=hg. Let Tx = e, where e is the identity element 
of the characteristic group of A, then J=g. Consequently, the characteristic group 
of Ce(a) is equal to the characteristic group of A. A sub-quasi-automaton of a state-
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independent quasi-automaton is also state-independent, therefore, by Lemma 2, 
Ce(a) is quasi-perfect. Let a, b (£A) be arbitrary states. It is clear that the mapping 
8(a,f)^d(b,f) ( / € F ) is an isomorphic mapping of C e (a ) onto C e (b) . 

Corollary 1. If a group-type A-finite quasi-automaton A = (A, F, 5) is generated, 
then 0(F) | [A\. 2 

Proof F rom Lemma 4 and Theorem 7 of CH. A. TRAUTH [6] we get that 
\C0(a)\ = O(F) for every a_(£A). \Ca(a)\ = \Ce(b)\ follows also from Lemma 4 fo r every 
pair a , b ( € A ) . Thus 0 ( F ) = | C e ( f l ) | | M | . " 

Corollary 2. If an A-finite group-type quasi-automaton A = (A,F, S) is generated 
and | A | is a prime number, then either F has only one element or A is quasi-perfect. 

Pwof. By Corollary 1, if \A \ is a prime number, then either 0(F) — 1 or \CG(a)\ = 
= 0(F)=.\A\ (a£A). If \A\ = \Ce(a)\ (a£A), then A is acyclic quasi-automaton. Cyclic 
group-type quasi-automaton is quasi-perfect (CH. A. TRAUTH [6]). 

Theorem 3. If a group-type quasi-automaton A = (A,F,5) is generated, then 
there exist a subsemigroup T and two subgroups H and P of the endomorphism semi-
group E(A) of A such that 

E(A) = TH, G(A) = PH = HP, TC\H = {i}, PQT 

hold, where i is the identity element of E(A).3 

Proof. Let the group-type quasi-automaton A = ( A , F, 5) be generated. By Lemma 
3,. there exists a minimal generating system G of A. Let H denote the set of all endo-
morphisms (7). By Lemma 4 and Theorem 4 of I. BABCSÁNYI [1], the endomor-
phisms (7) are automorphisms of Á. H is a subgroup of the automorphism group. 
G(A) of A under the usual multiplication of mappings. 

Let n be an arbitrary mapping of G into itself. We define the mapping <pn: 
A ^ A by 

cpn(d(c,f)) = 5(n{c),f) ( C € G , / 6 F ) . (8) 

We show that <p„ is an endomorphism of A. Let a be an arbitrary state of A and let 
c£G and f,g£F such that a=d(c,f)=5(c, g). Since A is state-independent, thus 
S(n(c),f)—5(n(c), g), that is, <pn is well-defined. If a=3(c, h) (c£G,h£F) and f£F 
then 

<Pn(3(aJ)) = <?>„(<5(S(c, /*),/)) = cpK(6{c, hf)) = S(n(c), h f ) = 

= 6(5(ii(c), h),f) = 5((p„(d(c, h)),f) = % » , / ) , 

that is, (p„£E(A). Let T denote the set.of all mappings (8). 7" is a subsemigroup of 
E(A). Namely, if cp„, (pK'£T and a=5(c, h), then 

<PX<P„>(A) = <P„<P*'(S(C> HÍ) = «PNC«5^'^)' LI)) = 

= d(nn'(c),h) = q>^.(S(c,h)) = q>n7l.(a) 
that is, (pn(pn.=<p^.£T. 

2 If n and k are natural numbers then k\n means that n can be divided by k. 
3 TH={PA.\</>IT,DIH). 

3 Acta Cybernetica II/4 
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If n is a permutation of G and <pK(a)=<p„(b) (a, bdA) then there exist c, d£G 
and h, k^F such that 8{c,h)=a and 8(d, k)=b, therefore 

<5(ti.(C), h) = <prXS(c, h)) = cpK(d) = cpM = <P.(S(d, *)) = 8{n(d), k). 

Let k'tU-1, then 8(n(c), hk')=8(n(d),kk')=n(d). Since 71(c), n(d)£G and G is a 
minimal generating system of A, thus n(c)=n(d), that is, c=d and /i = /c. Therefore 
a=b, that is, <pn is an one-to-one mapping. Now let a be an arbitrary state of A, 
then there exist d£G and f£F such that 8(d,f)=a. Furthermore, there exists a c£G 
such that n(c)=d, because n is a permutation of G. Thus 

<P.(SM) = = 8 ( d , f ) = a, 

that is, (pn is onto. Consequently, if n is a permutation of G, then <p^G(A). Denote 
by P the set of this automorphisms It is obvious, that P is a subgroup of G(A). 
It can easily be seen that 7Ti#={*)> p(=T, THQE(A) and PH, HPQG(A) hold. 

Now, we prove that E {A) ^ m Let 0 € £ 0 4 ) and a € ,4. There exist states c, d{ £ G) 
such that a£Ce(c) and fi(a)£Ce(d). Take the mapping n of G into itself such that 
n(c)=d. We show that n is well-defined. Let 6 € C e ( c ) and suppose that P(b)£Ce(d') 
(d'£G). There exist h, h'£F for which 8(c,h)=a and 8(c, h')=b hold. Thus P(a) = 
=p(8(c, h)) = 8{p(c),h) and p(b)=p(8(c,h'))=8(p(c),h'), that is, Ce(d) = Ce(d'), 
thus d=d'. We define cpn as in (8). If P(a)=8 (d, k) ( k £ F ) , then let a c be an automor-
phism of Ce(c) such that ac(a)=ac(8(c, h)) = 8(c, k). (Since C e(c) is quasi-perfect, 
therefore the automorphism group of Ce(c) is transitive, thus a c exists (CH. A. 
TRAUTH [6]).) We prove that AC depends only on p. Let b$.Ce{c) and 5{c,h')—b 
(h'£F), furthermore h' = fil (/€ F). Then 

b = 5(c, h') = 8(c, hi) = 8(8(c, h),'l) = 5(a, I). 

Thus, if P(b) = 5(d,k') (k'£F), then 

8(d, k') = p(b) = P(8(a, /)) = 8(P(a), I) = 8(8(d, k), I) = 8{d, kl). 

Since A is state-independent, thus k' = lcl, that is, 

oic{b) = ac(8(c, h')) = ac(8(c, hi)) = <xc{8(8(c, h), I)) = 

= 8(ac(8(c, h)), I) = 8(8(c, k), I) = 8(c, kl) = 8(c, k'). 
Thus 

<pnctc(a) = cpK*c(8(c, h)) = <pn(8(c, k)) = 8(d, k) = p(a). 

Take this a c for every c (€G) and let (J ac. It is clear that P=(p7ta, that is, P^TH, ciC 
since e r r a n d a T h e r e f o r e E(A)c TH, thus E(A) = TH. 

Suppose that P = q>^G(A). Since <x£G(A), therefore (p^=Pa.~1^G{A). If a£G 
then (pn(a)=iz(a), that is, n is a permutation of G, thus cp^P. We get that G(A)= 
=PH. Finally, we shall show that PH=HP. Let <pn(eP) and a(£H) be arbitrary 
endomorphisms. Furthermore, let a=8(c,h) (c£G, h£F) be an arbitrary state of 
A and let ot(a) = 8(c, k) (k£F). Take the automorphism of Ce(7t(e)) such that 

x^c)(8(n(c),hj) = 8(n(c),k). 
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It can easily be seen that a„(c) depends only on a. Since n is a permutation of G, 
therefore the mapping aK(c)—Gc(71(c)) is one-to-one and a ' = IJ anM£H. Thus 

cea 

a > „ ( a ) = a > « ( 5 ( c , h)) = a'(5(n(c), h)) = 5(n(c), k) = 

= (Pn(d(c, k)) = q>na(8(c, h)) = <pn a (a), 

that is, a'(pn = q>na. Thus G(A)=PHQHP, therefore PH=HP. 

Corollary 3. If a group-type quasi-automatoh A = (A, F, 8) is generated, thén 

(pa = i¡/P => <p = i¡/ and a = P, 

where cp, i¡/£T and a, P£H. -

Proof Let (p,\¡/(iT and a, P^H such that <pa=i/>/?, then Let G be 
a minimal generating system of A and c£G, then (p(aP~1(c)) = ij/(c). Since aj5_1(c)6 
iCt(c), there e x i s t s / 6 F such that aP~1(c) = 5(c,f), that is, 

^(c) = <p{ap-\c)) = cp(5(c,f)) = 3{(p(c),f). 

Since (p.{c), ip (c) £ G, thus (p(c) = \p (c) (c£G) and J—e, where e is the identity element 
of F. We get that (p = i¡/ and ap~1(c) = 5(c,f) = 8(c, e) = c, that is a=p. 

Corollary 4. Let a group-type quasi-automaton A = (A,F,S) be generated. If 
0(F)>1, then P is isomorphic to a subgroup of the automorphism group of H. If 
0(F) = 1 then H— {i}. 

Proof Let cp£P. We define the following mapping cov of H into itself: 

co^(a) = a'-«- cpa — a'(p. (9) 

(o<p is one-to-one and onto. Let a1,a2^.H then 

(a !0i2)> = (p( a ^ ü ) = ((pa1)a2 = (a¡(p)a2 = ai((pa2) = a í(a'2q>) = (ai«2)<p, 

that is, ( a j a ^ ^ á í a ^ , thus d)v is an automorphism of H. Suppose that a>9 = a>^ 
~(q>, \I/£P), that is, 

(pa = a'(p <=> \¡/a — a'i¡/. 

Let cpa = a'(p and \¡/a = a'\j/, then a'^if/arl/^1 thus (pa^ij/aij/-1^), that is \¡/~1(pa = 
= a\jj-1(p (aeH). Let 0 ( F ) > 1. Let a e # s u c h that a(a) = 5(a,f) and a(\j/-1(p(a)) = 
= 8(i¡j~1(p(á), g) {a£ A), where feg (6F) . a exists if Ce(a)^Ce(yl/~'i(p(a)). Then 

5(^<p(a),f) = ^ - > ( ¿ ( a , / ) ) = ^cpa(a) = a^(p(a) = 5 g ) , 

that is f—g, since A is state-independent. It is a contradiction. Thus Ce(a)= 
= Ce(\j/~1(p(a)), that is 1¡/~1(p = i and (p = i¡/. Therefore the mapping (p^Wy is one-
to-one. We prove that this mapping is isomorphism. Let (p, \f/£P and a 6 7/ then 
(o¡po)^{a) = (o(l¡(a1) = a2, where = and (pct.1 = a2(p. Then 

((pip)a = cp OA«) = (p(a1\¡/) = (<№)</' = (a2(p)\p = a2((p\¡i), 

that is c o ^ ( a ) = a 2 , thus ( 0 ^ = co^ . 
If 0(F) = 1, then |Ce(c)| = l ( c€6) , that is H={i). (In this case G=A, E(A)=T 

and G(A)=P.) 
3* 
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Let G and G' be two minimal generating systems of a group-type generated 
quasi-automaton A = (A, F, <5). Let T, P and T', P' be sets which are defined in Theo-
rem 3. 

Corollary 5. T'=aT<x~1, P'=aPct-1 where a£H and a(G) = G'.4 Furthermore 
T'^T, P'^P. 

Proof. Let n be a mapping of G into its;lf a i d let n' bs a mapping of G' into 
tself such that 

a(w(c)) = n'(a(c)) (c£G) (10) 

holds, where a £ / / a n d a(G) = G'. The mapping 7t —n' is one-to-one, thus the mapping 
y.: (pn—(pK' is one-to-one also. Let a£A, then 

a<Pn(a) = a(Pn{8{c, h)) = a(3(n(c), h)) = 5 (a. (11(c)), h) = 

= ¿(7r'(a(c)), h) = <?v(<5(a(c), h)) = <pn,a(5(c, h)) = (p„.a(a) 

(c£G, h£F), that is, (xq>n = cp^a thus (pn.=aq>^1. It can easily be seen,' that the 
mapping x is onto, that is T'—ocToc^1. 

xifPxxVnt) = <P>ri*a) = a9xi<Px°a~l = ««P*,«-1 <*<Pn2a-1 = y-ifPn) • 

(<Pni, (p*£T) therefore Ts=T'. It is.evident that P'^ixPtx.-1 and P^P'. 

\ We note, if G is a minimal generating system of a group-type generated quasi-
automaton A and a £H, then a (G) is also a minimal generating system of A. If a.?* 

then oi(G)^fi(G). Furthermore, if G and G' are two minimal generating 
systems of A, then there exists x£H such that a(G) = G' holds. Therefore, the cardi-
nality of the set of all minimal generating systems of A is equal to 0(H). 

Theorem 4. If an A-finite group-type quasi-automaton A = (A, F, 5) is generated, 
\A\=n and \G\=k then 

0(G(A)) = and 0(E(A)) = nk, 

where G is a minimal generating system of A. 

Proof If \A\=n and \G\=k, where G is a minimal generating system of A, then 
— n n 

0(F) = -r. By Lemmas 2 and 4, |Ce(c)| =-r (c£G). Since C e(c) is quasi-perfect, 
n 

therefore 0 (£ (C e ( c ) ) ) = |C e(c)\ = - . The number of sets Ce(c) (c£G) is equal to 

k, thus 0(H) = I . By Theorem 3, 0(P) is equal to the number of the permutations 

of G, that is 0(P)=k\. By Theorem 3 and Corollary 3, 0(G(A)) = 0(P) •0(H)=k\ • 

• and O(E(A)) = 0(T)-0(H) = kk• = nk. 

1 a(C) = <a(c)|c€C>. 
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E x a m p l e : 
А 1 2 3 4 

е 1 2 3 4 

f 2 1 4 3 

(F= { e , f } is t he A b e l i a n g r o u p of deg ree t w o , w h e r e e is t h e iden t i ty e l e m e n t of F.) 
Le t abed (a, b, c, d= 1, 2, 3, 4) d e n o t e t h e m a p p i n g q>: A —/1 such t h a t (p(l)=a, 
(p(2)=b, (p(3) = c a n d <p(4)=d. I t is c lear t h a t 

H= {1234; 1243; 2134 ; 2143} 
T={1234; 3412; 1212; 3434} 
P= {1234; 3412} 

I n th i s e x a m p l e n =4 a n d k=2, t h a t is 0 ( G ( ^ ) ) = 2 ! • 2 2 = 8 a n d 0(E(A)) = 42 = 16. 
B u t HT?±TH=E(A), s ince \HT\ = \2. 

W e c a n m o r e easily d e t e r m i n e t h e e n d o m o r p h i s m s of a g r o u p - t y p e quas i -
a u t o m a t o n A = (A, F, <5) by m e a n s o f t h e f o l l o w i n g : 

L e t G b e a m i n i m a l g e n e r a t i n g sys tem of A ' (see p a g e 1). L e t 

Bc = (b\b£A a n d 3 f [ d ( b , f ) = c]> 
FIF 

w h e r e c£G. I t is ev iden t t h a t th is is a p a r t i t i o n of A. F u r t h e r m o r e , Св(c)Q Bc ( c € G ) . 
Lemma 5 . If a is art arbitrary endomorphism of the group-type quasi-automaton 

A = (A, F, S), then for every c(dG), there exists a d(dG) such that a (Bc) ^ Bd. 

~ Proof Le t a £ £ ( / 1 ) a n d а£Вс (c^G), t h e n the re exists a n f ( £ F ) s u c h t h a t <5 ( « , / ) = 
= c, t h u s <5(a (a ) , / ) = a(c). I t is o b v i o u s , t h a t t he re exists a d(dG) s u c h t h a t a(c)£Bd. 
If h£F such t h a t <5 (u (c ) ,h ) = d, t h e n < 5 ( a ( a ) , f h ) = 5(a(c), h)=d, t h a t is, a(a)£Bd. 

Эндоморфизмы группа — типных квази-автоматов 

В этой работе рассматриваем эндоморфизмы группа-типных квази-автоматов (см. 
Сн. A. TRAUTH [6]) при помощи системы образующих квази-автоматов. 

Пусть А=(А, F, 6) произвольный квази-автомат и A'=(d(a,f)\a£A,f£F). В теореме 1 
получаем эндоморфизмы квази-автомата А, если знаем эндоморфизмы Л-подквази-автомата 
А' квази-автомата А. (А' можно называться ядром квази-автомата А.) Если характеристичес-
кая полугруппа F=FISA обладает единицей, тогда А' является порожденным. Теорема 3 
доставляем главный результат этой работы, где даваем эндоморфизмы (автоморфизмы) 
порожденных группа-типных квази-автоматов и структуру полугруппы эндоморфизмов 
(группы автоморфизмы): Обозначаем множество отображений (7). Н и множество отображений 
(8) Т. Н является подгруппой группы автоморфизмов G(A). Г является подполугруппой полуг-
руппы эндоморфизмов Е(А), Е(А)=ТНп Tf)H={i}, где г есть единица полугруппы Е(А). 
Можно найти такую подгруппу Р полугруппы Т, что PH=HP=G(A) (РПВ ={'})• В следст-
вии 4 показаем, что если 0 ( F ) > 1, тогда Р изоморфно вкладывается в группу автоморфизмов 
группы Н, и если 0(F)=1, тогда H={i). В теореме 4 даваем число эндоморфизмов и автомор-
физмов /4-конечных порожденных группа-типных квази-автоматов: 0{Е(А)) = пк и О (G(/)))= 

= , где \А | = п и ¡Cj = A: (G неприводимая система образующих в квази-автомате А). 

В следствии 1 показываем, что 0(F)\[А\. Лемма 1 является обобщением теоремыЮ. И. 
С о р к и н а [7]: Все неприводимые системы образующих квази-автомата являются равно-
мошными. Доказаем, что всякий порожденный группа — тйпный квази-автомат есть прямая 
сумма изоморфных полусоверщенных квази-автоматов (лемма 4). 
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