On «-products of automata

By B. IMREH

The purpose of this paper is to study the a;-products (see [1]) from the point
of view of isomorphic completeness.” Namely, we give necessary and sufficient con-
ditions for a system of automata to be isomorphically complete with respect to
the o;-product. It will turn out that there exists no minimal isomorphically complete
system of automata with respect to o;-product and if /=1 then isomorphically
. complete systems coincide with each other with respect to different o;-products.
Moreover, we prove that if i<j then the «; -product is 1somorph1cally more general
than the «;-product.

By an automaton we mean a finite automaton without output. Let A,=
=(x,, 4, 8,) (t=1,...,n) be a system of automata. Moreover, let X be a ﬁnxte
nonvoid set and go a mapping of A;X...XA4,XX into X X...XX, such that
(0(01, cers dps x) ((pl(als cees 4y, X), AR ¢n(a1’ oo Ay, x)) and each (P, (1 S.]<n)
is independent of states having indices greater than or equal to j+/, where i is a
fixed nonnegative integer. We say that the automaton A=(X, 4,d) with
A=A4,X...XA4, and : '

5((a1, ...,a,,),»x) = (51(a1,- 91(&-1, iy X)), oy O4(ay, @u(ay, ..., a,, X))

is the cx,-product of Ay (t=1, ...; n) withrespect to X and ¢. For this product we use
the shorter notation A= ]] A, (X, ).

Let X be a system of automata Zis called Isomorphrcally complete with respect
to the o-product if any automaton can be embedded isomorphically into an o;-
product of automata from X. Furthermore, X is called minimal isomorphically
complete system if 2 is isomorphically complete and for arbltrary A€X the system
IN\{A} is not isomorphically complete.

Take a set M of automata, and let i be an arbrtrary nonnegative integer. Let
o;(M) denote the class of all automata which can be embedded isomorphically
into an «;-product of automata from M. It is said that the o;-product is isomorphically
more general than the o;-product if for any set M of automata o;(M)S (M)
and there exists at least one set M such that o;(M) is a proper subclass of o;(M).

The following statement is obvious for arbltrary natural number i=0.
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Lemma. If A can be embedded isomorphically into an o-product B with
a single factor and B can be embedded isomorphically into an o-product C with
a single factor, then A can be embedded isomorphically into an «;-product C with
a single factor.

For any natural number n=1 denote by T,=(7,, N, dy) the automaton
for which N={l, ..., n}, T, is the set of all transformations t of N, and 6,(}j, t)=
=t(j) for all jJEN and t€T,.

The next Theorem gives necessary and sufficient conditions for a system of
automata . to be isomorphically complete with respect to «,-product.

Theorem 1. A system Z of automata is isomorphically complete with respect
to a,-product if and only if for any natural number n=1, there exists an automaton
AcX such that T, can be embedded isomorphically into an «,-product of A with
a single factor.

Proof. The necessity and sufficiency of these conditions will be proved in
a similar way as that of the corresponding statement for generalized «,-product
in [2]. : v

In order to prove the necessity assume that Z is isomorphically complete with
respect to the «,-product. Let n=>1 be a natural number and take T,. By our
assumption, T, can be embedded isomorphically into an a,-product B=(T,, B, dg)=

= ]I A(T,, ¢) of automata from X. Assume that m=1, and let u denote a suitable ’
=1

isomorphism. Define pardtions 7 (j=1,...,m) on B in the following way:
(ar, ..., a,) = (a3, ..., a)(n}) (a, ..., a,), (a1, ...,a,)éB if and only if a; =
=aj, ...,a;=d;. Now let n; (j=1,...,m) be partitions on N given as follows:
forany (a,, ..., a,), (ai, ..., ap)€ Bwe have u~Y(ay, ..., a,)=p"2 (4}, ..., a,)(n;) ifand
only if (ay,...,a,)=(ai, ..., a,) (7). Tt is easy to prove that n; (j=1,...,m)
have the Substitution Property (SP). On the other hand, for T, only the two trivial
partitions have SP. Thus, we get that each n; has one-element blocks only, or it
has one block only. Among these partitions there should be at least one which
has more than one block, since #>1. Let / be the least index for which =, has at
least two bloks. Then the blocks of =, consist of single elements. Therefore, the
number of all blocks of n, is n. We show that T, can be embedded isomorphically
into ‘an «,-product A, with a single factor. Let (a;, ..., @;,) denote the Ymage of
i (i=1,...,n) under u. From our assumption and the definition of z; it follows
that a,; =a; if 1=k=n and 1=s=/-1. Take the og-product C=(T,, 4,, 5c)=
=MA(T,, ¥) where Y(t)=¢,(a;, ...,ay-1,1) for all t€T,. It is easy to prove
that mapping v:i—a, (i=1, ..., n) is an isomorphism of T, into C=IA/(T,, V).

The case n=1 is obvious. :

To prove the sufficiency take an automaton A=(X, A4, 6,) with n states. Let
ut be an arbitrary 1—1 mapping of 4 onto N. Take the oy-product C=IIT,(X, ¢)
with a single factor, where ¢(x)=¢ if and only if u(da(a, x))=t(u(a)) for any
ac A. Then p is an isomorphism of A into C. On the other hand, by our assumption,
there exists an automaton B in 2 such, that T, can be embedded isomorphically
into an «,-product of B with a single factor. Therefore, by our Lemma, A can be
embedded isomorphically "into an «,-product of B, which completes the proof
of Theorem 1. :
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Corollary. There exists no system of automata which is iéomorphically complete
with respect to oy-product and minimal.

Proof. Take a system X of automata which is isomorphically complete with
respect to o,-product, and let A€X be an automaton with » states. It is obvious’
that A can be embedded isomorphically into an oq4-product of T, with a single
factor if m=n. Take a natural number m=n. By Theorem 1, there exists a B€X
such that T,, can be embedded isomorphically into an a,-product of B with a single
factor. Therefore, by our Lemma, A can be embedded isomorphically into an
¢o-product of B with a single factor. Thus, £\ {A} is "isomorphically: complete
with respect to «,-product, showing that X is not minimal. )

For any natural number n=1 denote by D,=({x,;h1=p=n, {I, ..., n}, J,) the

. lsqsn
automaton for which for any /€{l, . n} and x4 €{x,,} .
| ' {k lf. l=s
WX =\ otherwise.

The following Theorem holds for o;-products with i=1.

Theorem 2. A system X of automata is isomorphically complete with respect
“to a;-product (i=1) if and only, if for any natural number n=1,. there exists an
automaton A€ZX such that D, can be embedded isomorphically into an o;-product
of A with a single factor.

Proof. First we prove that D, (n=>1) can be embedded isomorphically into
a;-product of automata from Z with at most i factors if D, can be embedded
isomorphically into an o;product of automata from X. Indeed assume that D,

can be embedded isomorphically into the o;-product B= ]] A, ({x,.}, ) of auto-

mata from X with k=i, and let p denote the 1somorphlsm For any Ie{l, . n}
denote by (ay, ..., ay) the image of / under u. We may suppose that there exnst
natural numbers r#s (1=r,5=n) such that a, 7#a, since otherwise: D, can be
embedded isomorphically into an &;-product of automata from Z with k—l factors.
Now assume that there exist natural numbers usv (1=u, v=n) such that a,=a,,
(r=1,...,7). Then @y(au; - s @us X1) =@1(Qu15 -, Qi X;;) for any x;, € {x,4}. Thus
in the a-product B the automaton A, obtains the same mput signal in the states
a, and a, for any x,€{x,}. On the other hand since u is an isomorphism and
u#v, thus the automaton A, from the state g,; goes into the state @,; and from
the state a,; it goes into the state a,, for*any input signal x,, (1 =r=n). This implies
a,=a, (1=r=n), which contradicts our assumption. Thus we get that the elements
(an, ..., ay) (1 <t<n) are pairwise different. Take ‘the following «;-product

C=({x,,}, Cs8)= []A,({qu} ¥) where for any j=1,...,i,(a;, ..., a)€A, X ... X 4;
and xe{x :
{(pj(a,l, oy Ayjyioq, x) if j+i—1=k and there exists
| 1=¢=n such that a;=a, (s=1,...,1,)
1//J(a1, v Uy X) =‘<qo (15 .05 Gy, X) if j+i—1=k and there exists
. 1=t=n such that a,=a,, (s=1,...,1i),
-larbitrary input signal from X; otherwise.

3*
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It is clear that the correspondence v: I—»(a,l, ..., a;) is an isomorphism of
D, into C.

Now we show that if D, (n=1) can be embedded isomorphically into an
o;-product of automata from X w1th at most i factors then there exists an automaton
AEZ such that D[h can be embedded isomorphically into an o;-product of A

. .
with a single factor, where [ﬂ denotes the largest integer less than or equal to
1/_ Indeed assume that D, can be embedded isomorphically into the a-product
B= ]I A ({x,,q} @) of automata from X with k=i factors. Let u denote a suitable

lSOIIlOl'phlSm and for any I¢{l,...,n} let (ay, ..., ay) be the image of / under
u. Since u is a 1—1 mapping, thus the elements (a,l, .y ay) (t=1,...,n) are pair-
wise different. Therefore, there exists an s (1=s=k) such that the number of pair-

wise different elements among a;;, ay,, ..., a,s is greater than or equal to [V—] Let
aj,s ..., a;,s denote pairwise different elements where r>[}/—] and denote by

X the set of input signals Xpg (1=p, <[V_]) Take the following " o;-product
C=]JTA; (X, ¥) with single factor, where for any a; €A, and x,€X

0s(aj,15 -5 > Xj,5,) 1.f u=t

©s(j15 .o0s Qjx, Xj,5,) Otherwise.

lp(aj;s’ Xup) = {

i
It can be proved easily that the correspondence v:t—a;, (t=1, .., [Vn]) is an-

isomorphism of D[ o into C. :
The case n=1 is again obvious. To prove the sufficiency by our Lemma it
is enough to show that arbitrary automaton with » states can be embedded isomor-

phically into an o;-product of D, with a single factor. This is trivial.

Corollary. There exists no system of automata which is 1somorphlcally complete
with respect to o;-product (i=1) ‘and minimal.

In the sequel we shall study general properties of oz-products (i=0,1, ...).
For this we need some preparation.

Take a set 4 and a system ng, ..., m, of partitions on A.- We say that this
system of partitions is regular if the followmg conditions are satisfied:

(1) m, has one block only,

2) =, has one-element blocks only,

B) ngz=my=...=n,,.

Let = be a partition-of A. For any a€ 4, denote by n(a) the block of n contain-
ing a. Moreover, set M; ,={n;,,(b):b€4 and a(nl)} where aeA and
j=0, ...,n—1. Finally, let n,/nJH—max {IM; | :ac 4}.

It holds the following.

Theorem 3. Let /=2 be a natural number and i=1. An automaton
A=(X, A, 6,) can be embedded isomorphically into an «-product of automata
having fewer states than /, if and only 1f there exists a regular system =g, ..., 7,
of partitions of A such that

(D) 7;/m; <! forall j=0,...,n—1,
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(I) a=b(n;) implies Ja(a, X)=06a(b, x) (m;_;41) for all i—1=j=n, x€X
and a, b€ A.

Proof. Theorem 3 will be proved in a similar way as the corresponding state-
ment for generalized o;-products in [2].

In order to prove necessity assume that the automaton A can be embedded

isomorphically intoe an e-product [T A,(X, ¢) of automata with [4,| <1
=1

"(t=1,...,n) and />=2. Let u denote a suitable isomorphism. Define partitions
n; (j=0,1,...,n) on A in the following ‘way: m, has one block only, and
a=d'(n;) (1=j=n) if and only if p(@=(a,...,a,), p@)=(;,...,a) and
a,=ay, ..., a;=dj. It is obvious that =y, n;, ..., m, is a regular system of parti-
tions and conditions (I) and (I) are satisfied by this system.

Conversely, assume that for an A=(X, 4, ) there exists a regular system
Ty, --., M, Of partitions satisfying conditions (I) and (II). We construct automata
Aj=(X;, 4;,0) (j=1,...,n) with |4;|=n;_,/n;(<I) such that the automaton
A can be embedded isomorphically into an o;-product of automata A, (j=1, ..., n).

Let A4; be arbitrary abstract sets with |4;=n;_,/n; and X;=4,X...
XAy XX if j+i—1=n and X;=4,X...X4,XX otherwise. Now let
p; be a mapping of M;={n;(a):acA} onto A; such that the restriction of u; to
any M;_, , is 1—1. Define the transition function §; in the following way:

(1) if j+i—1=n then for any a;cA4; and (b,, ..., b;1;_1, X)EX]

. : {uj(n,(é(a, x))) if a;=b; and there exists an ac4
d;(aj, (bys -os bypicg, X)) = * such that g,(m,(a))=b, for all t=1, ..., i+j—1,
larbitrary element from A4; otherwise,
(@ if j+i—1>n then for any a;€A4; and (b, ..., b,, X)€X;
#;(n;(5(a, x))) if a;=b; and there exists an a€A4
6,(a;, (by, ..., b,, %)) = such that g, (m,(a))=b, for all t=1, ..., n,
arbitrary element from 4; otherwise.

First we prove that §; is well defined. Assume that in case (1) there exists a b€ A4

~ - such that w(m (B)=b, (1=1,...,j+i—1). Itis enough to show that b=a(mj-0)

since this by (II), implies that 6(b, x)=0d(a, x) for any x€X. We proceed by in-
duction on t. b=a(n,) obviously holds since y, is a 1 —1 mapping of M, onto
A;. Assume that our statement has been proved for r—1 (I=r—1<j+i—1)
that is b=a(r,_,). Therefore, since g, is 1—1 on M,_; , and p,(m,(a))= p,(, (b))
thus =, (b)=m,(a). Case (2) can-be proved by a similar argument.
Take the o-product B= J] A,(X, ¢) where the mapping ¢; is defined in
t=1
the following way: oo N
(1) if j+i—1=n then for any (a,,...,8;4;-)€4;X...X4;;;-, and x€X
) (P](al’ v Qypi-1s x)=(a,, R TETES B x),

2) ifj+i—l>ﬁ then for any (a;,...,4,)€4,X... X4, and x€ X -

¢j(a19 ...,a,,,x)=(a1, ey Ay, x)'
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It is easy to prove that the mapping v:a—(u,(n,(a), ..., p,(n,(@)) is an
isomorphism of A into B, which completes the proof of Theorem 3

Let us denote by A,=({x, y}, {0, 1},8,) the automaton for which J,(0, x)=
=6,(1, y)=1 and 6,(1, x)=3,(0, y)=0.

Now we prove

Theorem 4. Automaton D, can be embedded isomorphically into an a;-product
of A, (i=1) if and only if 1=n=2'

Proof. The necessity follows from Theorem 3. Indeed, if D, can be embedded
isomorphically into an o;-product of A,, then by Theorem 3, there exists a regular
system mg, 7y, ..., m, of partitions of the set {1, ..., n} such that (I) and (II) are
satisfied. If n>2' then there exists a subsystem =, >m, >..>mn, of &y, ..., m,
such that my>m, and m, >m,. Since T, > T thus there exists at least one block
of m,, which has more than one element, that is there exist / and r (1=/,r=n) with
I#r and I=r(n,). From this, by condition (II), we get that for all x,, € {X,}1=p=n

léqsn

8,(, x,) =6,(r, Xs,)(n,). This implies my=m,, which contradicts the assumption
that o>y, .

To prove the sufficiency let n be an arbltrary natural number with 1=n=2!

We take the a;-product B= ]] As({x,), 9) of A,, where the mapping ¢; is defined

_ in the followmg way: for any
(@5 -5 a5, x5)€{0, 1} {0, 1} X ... X {0, 1} X {x,.}

i i
!x if Za,2"'+1 =sand r= > b2"~'+1 and a; # b;,
q’j(als (A ] ai’xsr) = r=1
y otherwise.

It is not difficult to prove that D, can be embedded 1somorph1cally into the
automaton B under the isomorphism p defined as follows: if k= Za 2=t 41
t=1
then pu(k)=(ay, ..., q;) for all k=1, ..., n. This ends the proof of Theorem 4.

Let C, denote the automaton ({x}, {l,...,n},d,) where for all 1=k<n
é,(k, x)=k+1 and 4,(n, x)=n.

It can easily be seen that for any natural number n=1 C, can be embedded
isomorphically into an «,-product of A,. On the other hand it is not difficult to
prove that if n>1 then C, cannot be embedded 1somorph1cally into an op-product

of A,. From this we obtam that the a,-product is isomorphically more general
than the o,-product.

In [3] V. M. Gluskov introduced the concept of the general product and proved
that system {A,} is isomorphically complete with respect to the general product.
This, by Theorem 4, implies that for any natural number i the general product
is isomorphically more general than the o;-product.

Our results can be summarized by

Theorem 5. The general product is isomorphically more general than any
a;-product (j=0,1,2,..) and any i, j (G, j€{0,1,2,...}) if i<j then the a;-
product is isomorphically more general than the oi-product.
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Finally we consider that what kind automata can be embedded isomorphically
into an ogproduct (i=0, 1,2, ...) of automata from the given finite set of auto-
mata. For this the following is vahd

_ Theorem 6. For-any natural number i(=0), automaton A and finite set M of .
automata it can be decided whether or not A€w;(M).

" Proof. Assume that automaton A= (X A, 6,) with m states can be embedded
isomorphlcally into an o;-product B= ]] A (X, p) of automata from M under

the isomorphism u. Let ¥V =max {|A| A €M}, and for all g€d (=1, ...,m)
denote by (a;y;, .. , a;s) the image of a; under p. We define partition = on the set
of indices of the oz-product B. Any k, l (I=k, I=s) k=l(n). if and only if A=A
and ay=a, for all t=1,..., m. It can easily be seen that the partition n has at
most |[M|-¥™ blocks. Since u is an’ isomorphism thus if ag=ay (t=1,...,m)
then the k-th component of u(da(a,, x)) is equal to the I-th’ component of
u(da(a, x)) for all r=1,...,m and x€X. By this it is not-difficult to prove, that _

the automaton A can be embedded isomorphically into an «;-product of automata
« V™. factors. '
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