The generalised completeness of Horn predicate-logic
as a programming language*

By H. ANDREKA and 1. NEMETI

To the memory of Professor Laszlé Kalmar

Here we prove the “generalised” completeness of ““Prolog-like” languages [1],
[2] or “Horn-predicate logic as a programming language” [3], [4], [5], [6). :

More precisely we prove the following. Let Fr be an arbitrary Herbrand-universe
(in other words, Fr is a word algebra of an arbitrary finite type generated by the
constant symbols). For any f: Fr"—Fr Turing-computable partial function over
Fr, there is a finite set C, of Horn clauses over Fr (that is there are no other func-
tion or constant symbols in C, but only those which occur in Fr) and a relation
symbol F, such that C, defines f over Fr, more precisely:

(Va, peif@ =4 it CsE=Fe(& B)]

where & is a vector of elements from Fr.

This means, that if we are given an arbitrary Herbrand-universe Fr and an
arbitrary computable task over Fr, then we can write a Prolog program which
solves this task and which does not contain other function or constant symbols
but only those which occur in Fr. This is somehow a statement about the ad-
equateness of Horn logic as a programming language Any computable problem
can be formulated in Horn logic without using auxiliary function symbols. That
is without “coding” the data to be processed.

A special case of this theorem was proved by Robert Hill (unpublished, personal
communication). He proved the above statement for the case when Fr is the set
of natural numbers together with the successor function and constant 0. The proof
stated here is a generalisation of his one. In generalising any proof from the natural
numbers to arbitrary Herbrand universes Fr the difficulty originates from the un-
fortunate fact,’that-— as far as we know — there is very little work done on the
“nice” characterisation of the computable functions over Fr. :

Another related result has recently been proved by Téarnlund, c.f. “Sten Ake
Tarnlund: Logic Information ‘Processing”, University of Stockholm, report

*Part of the research for this paper was done during the author’s stay in the Department of
Artificial Intelligence, University of Edinburgh. S
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T-RITA——IBADB—%OZM, 1975—11—24. He proves that if we are given an arbitrary
Herbrand-universe Fr together with a computable function f over it, then there
exists a set of binary Horn-clauses C, defining f. However in Tédrnlund’s paper
C, is defined over a Herbrand-universe which is definitely larger than Fr. (In defining
C, he makes extensive use of auxiliary function symbols.)*

The main result proved in this paper is that C, can be defined over Fr itself;
in other words, that we can dispense with the auxiliary function symbols.

Remark. We believe that an alternative (perhaps more natural) proof can be
given by starting from Emden’s work [7] and investigating the generalisation of
Kleene’s recursion equations to arbitrary word algebras. To this end first it should
be proved that any Turing-complitable partial function f over an arbitrary word-
algebra Fr can be defined by-such a finite system of Emden’s modified recursion
equations (see [7]), in which system all the constant functions belong to Fr.

Theorem. Let Fr be an arbitrary Herbrand-universe (that is a word-algebra of
arbitrary finite type generated by the empty set, in other words: generated by the
constant symbols of the type).

Now, for any finitary Turing-computable partial function f over Fr
(f: Fr”— Fr) there is a finite set C, of Horn clauses over Fr (thatis all the function
symbols occuring in C, also occur in Fr), and a relation symbol F, such that

(V& peFn[f@=p iff C = F,@&, p)
where & .is a vector of elements of Fr.
Moreover, C, can be effectively computed from the Turing-definition of f.
Proof. Let @ denote the set of natural numbers. The idea of the proof is the
. following: .
g First we define a one-one function
¢) o from Fr onto w, such that ¢ as well
-1 as ¢~' are Turing-computable. Now
QT l Q if f: Fr*—Fr is Turing-computable,
: ; — Fr then g=pofop~!is a Turing-comput-
. f able function on w, and f=p logog.
‘ But every Turing-computable function
Fig. 1 on w is recursive. Thus every Turing-
computable function f over Fr is the
image by ¢ of some recursive function g over w (f= g 'ogog). By this it is enough
to prove for any recursive function g over w, that the function ¢-'ogog is Horn-
definable over Fr (see figure).

Let the type ¢ be denoted as: t;{(fj‘, iy:i=k, j=m;}. In other words: there
are numbers k and m; (for every i=k) such that f; is the j-th i-ary function symbo!
for k=i, j=m;. Note that {f}: j=m} is the set of constant symbols.

Now we define the function g. To this end we first define the auxiliary func-
tions F and Sz by a simultaneous recursion.

* Thus Tédrnlund’s result is different from Hill’s one in two respects:

1. Tarnlund says more than Hill by allowing arbitrary Herbrand-universes and using only
binary Horn-clauses. ‘

2. On the other hand Tarnlund says less than Hill, since he says nothing about the number
of auxiliary functions symbols.
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The intuition behind the following definitions of F and Sz is explained later
in the proof of the first lemma.

The only important property of F is that F enumerates the word algebra Fr.
Any other recursively defined function with this property could be substituted for
F without changing the rest of the proof. The function Sz is only an auxiliary func-
tion in the definition of F. That is, we use Sz only to define F.

We define F by a definition scheme which can be translated into a definition
for any given type, that is for any fixed numbers & and m;. In this scheme the
text: “for i=k, j=m,, O<p=i:f...”” is written in a metalanguage and can be
translated by copying ““ f...” as many times as i’s, j’s and p’s are possible.

FOy=f2

Fn+1)=
for i=k,j=m; and O<p=i: .
S F(ny, ..., F(n,+1), F0), ..., F(0)) if F(n)=fi(F(n),..., F(n))and
(Vp=<z=i)Sz(n,+ N=Sz(n)
and Sz(n,+1)<Sz(n)
for i=k,j<mg: \
{f}H(F(O), s F(O) if F(n)=f{F(ny,..., F(n)) and
(VO<z=)Sz(n,+1)=Sz(n)

q

for i<k: .
fEHY(FQ), ..., F(0) if F(n)=f.(F(ny,..., F(n))and
(VO0<z=i)Sz(n,+1)=Sz(n)
L ' _ it F(n)=fk (F(ny),...,F(ny))and
(V0<z=k)Sz(n,+1)=Sz(n)
Sz(0)=0,
. Sz(n)+1, if F(n) =fk(F(ny, ..., F(ny)) and
Sz(n+1)= V1 =z<k)Sz(n,+1) = Sz(n),
Sz(n), otherwise. '

1t is easy to see that the above simultaneously recursive definition is correct,
that is it really defines the functions F and Sz.

In the following definitions we use the recursion theoretic y-operator. Remember
that px(R(x)) is the smallest number x for which R(x) is true.

True, if (Vj < n) F(j) # F(n),
En —{
False, if otherwise

S@ = F(un(uk(F(k) = 1) < n & E(n),
£(0) = F(0),
En+1) = S(Em),
0@)=pn(¢(n) = ).
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" Lemma. a) ¢o: Fr—~w 1is one-one and onto,
b) o and ¢~! are Turing computable.
Proof. ad a) Note, that any total function f with domain @ can be con-
sidered as a “listing” or an enumeration of the range of f.
“*Now, we define a system of subsets H; (I€w).

A= SO}

HH1 {filty, ooy Wity o GEH, i = k, j = my).

For each i€w, on the set H; a linear ordering can be defined in a natural way:
For H_,: f?</f} iff i<j. To define the ordering on H,,,, suppose, that the order-
ing on H; has been defined.

.- Now for any two elements of H,;:

f}(-rl, v <SRGl oty ff (LT, L) < (S T s T

according to the lexicographic ordering obtained from the ordermg on natural
numbers and the ordering < defined on H,.

It is easy to check, by the definition of F, that the function F first enumerates
H, in accordance with the above defined ordering on H,, then enumerates similarly

H,, then H,... etc. Since |J H;=Fr, the function F enumerates the whole Fr.
Lo i=1

However, unfortunately, F might enumerate an_element of Fr more than once,
in other words, the function F is not one-one. To deal with this, the relation E
marks those places in @ where an element occurs (is listed) first. The function &
picks out only those occurrences (of elements of Fr) which are marked by E. Thus
¢ is already one-one, while since F is onto, £ is also onto.

ad b) From the fact that £ is one-one it follows that ¢=¢-1, and from their
definition it is easy to see that both ¢ and ¢ are Turing-computable. (For, from
their definition it is easy to construct a computer program which computes ¢ and £.)
And by this the temma is proved.

Lemma. To every partial recursive function g over o g: 0" —~w, the function
f— ~logop is'Horn:definable over Fr, that is there is a set of Horn-clauses C,
and a relation symbol F, such that

(V&,ﬁEFi')[Q‘logOQ @=p iff CrEF @& P

Proof. By the definition of recursive functions, it suffices to prove the above
statement for the:

. d
zero function Z(x) =0;
. d
the successor function S(x) = x+1;
. . . . d
the projection functions 77(xy, ..., X)) = Xp,,
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and to prove that if the above statement holds for the functions A, g, g, ..., &,
then it also holds for the functions obtained from these by

substitution  f(x)=h(g, (%), ..., ga())
recursion f(x,0) < g(x)
S0, nt )= h(x, n, £(x, )

the p-operator f(x); uy(gx, y) = 0).

Note, that u has already been defined in the definition of the function g. In writing
* Horn-clauses we use the notation of Kowalski [3].

a) the zero function:

0 'oZog is Horn definable:

C. = {F.(x.f)~}

It is easy to see that C, defines exactly the function g~'oZop. Here we give
the detailed proof of this statement, but we shall omit the proofs of the following
statements about the successor function, etc. because they are mechamcal analogues
of the present one. -

Now we prove that -C, = F,(z, 6) iff o=f.

1. for all ¢ Fr, we immediately have C,= F,(1, /o).

2. To prove the implication in the other direction.

Let oxf?, and 1,0¢Fr,

In this case C,# F,(t, 0), because we can construct a model of C, in which
F,(z, o) fails. Let on the Herbrand -universe Fr the interpretation of the relation

symbol F, be the relation R {(z, f2): t€ Fr}. In. the mode! obtained this way
C.is valid while F, (7, 0) is clearly false. Thus C,¥= F, (1, 0).
b) the successor function:
oSog is Horn definable:

Thls is the only more laborious step: Here we need an explicit and constructive
description of the function 9. We shall, not do anything but translate the definition
of ¢ into Horn-clausal form. To this end however we first have to ‘code’ the natural
numbers by elements of Fr. For any number n€w, the symbol 7 stands for the code
of n in Fr. We define the code recursively:

O>/0, and Agl—=fi(R).. . -
Remark. If my=—1 then let i be the smallest number such that m;=0.
Now ntl=fi (i, f2, ..., fO). : :
C={=(x, %) -
=(x, )~ =(fix, y),"
<k~ =@y

~

{F(f, [V
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(FUBYSirs s Xpmrs 0o s fO) = FOSjhs s A A FO XA
/\Sz(foyz WIASZ( WA A =, WA

z=p+1
(W’ Wp)/\ F(foy, l))
ik j=m, 0<p=ijU

{F(f()l))sf_;+1(f(?: ey (?)) e F(y’f}(xls ety xi))/\zi\l F(yz’ x:)A

/_\ Sz(foyz z)/\SZ(y’ W)/\ /_\1 = (W, wz)
=k, j<m}U

{(FUB S5 (S o) F(3.Fiu 15 - )N A, FO20 XN
| A S22, wIASZG WA A = (v, w,)
ti < kU ) _
. ] k
{F(f(}y>f(()))'— F(y!frﬁk(xla"'axk))/\z/=\1F(y:axz)/\ ’
A S23ps wIASZ0s WA A = O, 0}
U. “ .
SEURVSEW) = FOfh G rs 5IN A FOw 2IA A, Sz a0 wIASZ0, WA
k
| A < 0o w)
U | .
{=UM -~ 205 YU
7 (f_;:(x19 cevy xi)’f};(yla :yi’)) e <ls] # <l,’J’>}U

#= (fixys ooy X fE (15 oovs W)~ #Zx,,y)i=kj=m,0<p=i}U
{NE(y,f0) ~
NE(y, fow) < NE(y, wIA # (x, 0)A F(y, X)A F(w, v),
E(y) ~ NE(y, y)}U
{TEW) - < (2, »AF(z, WA F(y, w),

N(x,f3) <

N(x, foy) ~ N(x, A # (w, )AF(y, w),

M(x, y) — N(x, A F(y, %),
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N (3, f3) ~

N1 (y, f3 2) = Ni(y, 2)A = (2, y),

M, f32) ~ Ny(y, DA TE(),
S(x, w) — M(x, 2)AM,(z, YA F(y, w)}.

¢) the projection function:
o~ tolog is Horn definable:

d
C1={Fl(x17 ...,x,,,x,,,) - }

Now for the following steps suppose that C,, C,, Cgy, ..., C,, define
o lohop, o~ ogog, ... respectively.
d) substitution:

f; o~ YoSu(h, gy, ..., g,)o0 is Horn definable; where Su(h, g;, ..., g,) is the func-
tion defined by substitution from 4, g, ..., &,- ' ‘

C,;{Ff(x,y) — F(1s e es Vs DA Fp (x5, yDA LA Fy (%, ) U
C,UC,U...UC,,.
To prove that C, really defines f, note that
0 1o Su(h, g1, ..., g 00(X) = @7 (h(g1(e (X)), .-, ga(e(®)) =
= Q‘lohog(g‘logog(f), cees Q'log"og()'c')).

(Similar remarks will \be omitted in the following.)
e) recursion: '

f < o 'oR(g, h)og is Horn definable, where R(g, h) is the function defined by
recursion from g and A.

d - —_—
Cf= {Ff(x’f(?9 y) h Fg(xa y),
Ff(is w, y) - Fs(Z’ w)/\Fj(x, 2z, yl)/\F‘h(f’ Zy Y15 y)}U
C,UC,UC,.

Remember that C, defines the function g¢~*oSog, where S is the successor func-
tion on w.
f) the p-operator:

f < o0 loMygop is Horn definable, where Myg is the function defined by the
p-operator from g.

CrE N —, Nw) = S(z WA NDAE, s 2 WAS(y, 1),
F[(’_C’ y) e N(y)/\ Fg(’—é’ Ys 00)}U CgUCs'
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Abstract

The adequacy of Horn clauses as a programming tanguage is demonstrated by proving that
any computable problem can be formulated in Horn logic without' using auxiliary function
symbols.
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