On some extensions of indian parallel context free grammars

By J. Dassow

1. Introduction

In order to get better models for aspects of programming and natural languages
some extensions of context free grammars are introduced, for instance matrix
grammars, random context grammars, programmed grammars, time-variant
grammars (see [1], [13], [7], [10], [11]), which are characterized by mechanisms
regulating the use of the productions. The relations between the associated language
families are studied by some authors (see [10], [4], [11]).

In [12], R. SlrRoMONEY and K. KRITHIVASAN regard a parallel version of con-
text free grammars. In this paper we introduce some of the above mentioned ex-
tensions for these indian parallel context free grammars. An other generalization
of the indian parallel grammars are the EDTOL systems (see [3]). We shall prove
that all these language families coincide.

The result has also another interesting aspect. The. EDTOL systems work
purely parallel, i.e. alt occurrences of all letters are rewritten in a single derivation
step; the other extensions of the indian parallel grammar have a sequential aspect
because only all occurrences of one letter are rewritten in a single step. Therefore
our result can be regarded as a sequential characterization of EDTOL languages.
Thus, it is of interest in connection with the sequential characterizations of ETOL
languages (see [14], [6], [9], [8], [2])-

2. Definitions and notations

At first we recall the definition of the indian parallel context free grammar
and its derivation process.

Indian context free grammar. An indian context free grammar is a construct
G=Vy, Vy, P, S) where .

i) Vy and ¥V are finite nonempty sets, VyNVy=0,

ii) P is a finite subset of VyX(VyUVp)* (the clements of P are written as

A—~w, AcVy, we(VyUVr)¥),
iii) SeVy.
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Let V=VyUVr. Let x¢ ¥+, y€ V*. We say that x directly derives y iff
i) x=x; Axp Axg...X,_1 Ax,, AEVy, x,€V\{4}*,
) y=x;WXyWX5... X, 1 WX,,
i) A >~w¢P.
Then we write x=y. Let %, be the reflexive and transitive closure of =.
The language L(G) generated by G is defined as

L(G) = {x: S x, x€Vi).

Now we define some extensions of this grammar by certain mechanisms regulating
the derivation process. In all cases we use the alphabet ¥y of nonterminals, the
alphabet V; of terminals, the axiom S€Vy, productions A—w, A€ Vy, weV™,
the application of a rule is in all cases defined as above, and if it is not stated other-
wise then the associated language is defined in the way given above. We give the
regulating mechanisms.

Indian matrix grammar. G=(Vy, V¢, M, S) is an indian matrix grammar iff
M is a finite set of finite sequences of productions,

M= {m,m,,...,m}

m; =[4; — Ay =Wy e Ay, ~wy ] for i=1,2,..,r

11’

The elements of M are called matrices. To apply such a matrix one has to apply
the productions A;—w;, ..., 4, ~w; in the given order. Only those words of
Vi are in L(G) which are obtained by applications of the matrices.

Indian periodically time-variant grammars. An indian periodically time-variant
grammar is a construct G=(Vy, ¥Vr, P, S, f), where f is a mapping N—L(P)
such that f(i+j)=f (i) where m and j are fixed and i=m is arbitrary. The deriva-
tion is regulated by the condition that the production used in the k-th step has to
be in the set f (k).

Indian random context grammar. The productions. of an indian random con-
text grammar G=(Vy, Vr, P, S) are of the form

A*W,R,Q

where R and Q are subsets of ¥y. Such a production is only applicable on a word
x=xAxp Ax5...x,_1Ax, if x;x,...x,_1X, contains no letter of R and contains
all letters of Q. :

Indian programmed context free grammar. The productions of an indian pro-
grammed grammar G=(Vy, Vr, P, S) are of the form

() A-~w,FS

where [ is the label of the production, F and S are sets of labels. If 4w is ap-
plicable to x, then the next production has to be a rule with a label contained in
the success field S. If A—w is not applicable then the next production has to
have a label contained in the failure field F.

All these grammars work in a sequential-parallel way, i.e. only one letter is
rewritten in a single'derivation step, but all occurrences of this letter are rewritten.
Starting from biological motivations EDTOL languages are defined which are
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also a generalization of indian parallel context free languages. The associated
grammars work purely parallel as it is seen from the following definition.

EDTOL system. An EDTOL system is a construct

G=V,Vy, {P1, Py, ..., P,}, S)

where

i) V is a finite set, ¥ is a nonempty subset of V,

ii) SEV\Vr, :

iii) each P, is a finite subset of ¥’ X V*, the projection of P; on the first coor-

dinate is ¥, and if A-w,, A—»w, are in P; then w,=w,.

(Usually only S€V+ is required. It is easy to prove that Sc ¥\ Vr does not restrict
the generative power.)

Let x¢ V*+ and ycV*, It is said that x directly derives y (also written x=y)
iff '
' ) x=x%5...%,, X€V,

i) y=y1Ye.+eVus _

- iii) there is a j€{l,2,...,r} such that x;—~y,€P; for i=1,2,...,n.

The language L(G) is again defined as

L(G) = {x: §5 x, xeV3).
We use the following notations

F (IM) — family of indian matrix languages,

Z (IPTV) — family of indian periodically time-variant languages,
ZF (IRC) — family of indian random context languages,

F (IPCF) — family of indian programmed context free languages,

F (EDTOL) — family of EDTOL languages.

3. Comparison of the language families

In the following proofs we will often introduce new alphabets. We make the
next convention: If USV and Vy={x": xcU} is a new alphabet then w'=

” "

=x7x5...xn for w=x;x,.:.x, where
L, X x€U
= {x,- x4 U.
Let min (w) denote the set of letters occurring in w.
Lemma 1. # (EDTOL)S % (IM) .

Proof. Let G=(V, Vp, {P,, Py, ..., P,}, S) be an EDTOL system. Let w, p
be the right side of the production with the Ieft side x in P¢{P;, P,, ..., P,}. Further
weput f(U, P)= |J min (w, ) for USV.

x€U

For a subset US V we introduce a new alphabet Vy={x,: x€¢U}. Now we
define the following matrices for U={x,, x;,, ..., X, } &V and Pe{P,, P, ..., P,},

Py =[x v ~ (Wxil,P)f(U,P)’ (xiz)U - (Wx,'z,P)[(U,P)y cens (xik)U - (Wx,-k,r)f(u,p)],

Ov= [(xi,)u = X (xig)U = Xigs vevs (xik)U - xik]a

1*
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and consider the indian matrix grammar

= (0~"rU U Yo ve, U U 20U U, 00, Sis).
UEv iZ1USV vEy

The application of the matrix Py models the application of P to words w with
U=min (w), i.e. if w=w’ is in G then wy=(W)y is in H where U=min (w),
U’=min (w’). The application of the matrix @y is a translation of wy in w. If
w€ V¢ then we can apply only the matrices Py and Qy. Now it is easy to see that
L(G)=L(H). Therefore L(G)cF (IM).

Lemma 2. & (IM)S# (IRC).

Proof. Let L¢F(IM) and L=L(G) for the indian matrix grammar
G=Vy, Ve, M, S). Let M={my,my,...,m}, m=[A4;>w;, A,~>Wy, ...,
A, —»w;] for i=1,2,...,r. We introduce new alphabets V"—{x’l x€V},
r s—1
1=i=r, 1=j=s—1. Let V'=) U V*UVy.
i=1j=1
Now we can model the application of the matrix m; by the following sequence

of productions of an indian random context grammar
Ay~ W), VN y, 0
x = xbL VN (FyUVHY), min ((w,l)' Y for x€Vy,
AR — ()5 VNV, 0
x> X2 PNV UVE?), min ((w;,)"%) for xbleVi!

A:s 1 —>(W) V\Vl,s—l ﬂ
xb571 o x, PN(V55~1UVy), min (w;) for xbs—lephs-1,

If we consider only such productions in our indian random context grammar then
we can have also only such derivations which model the application of matrices.
Therefore, we generate the same language. Thus LeZ# (IRC).

The above construction works correctly only if we have no rule of form 4; -2
in the matrices (1 denotes the empty word). If we have a matrix m such that

m=[d4;, >wy, .., 4; =4, ..., A, = w]
we use
m’ = [Al - Wl, vy AJ - BJ, seay Ak - Wk, B_] - }.]

instead of m, where B; is a new nonterminal. It is easy to see that this modification
do not change the generative capacity and that our construction works also in the
modified case.

Lemma 3. # (IRC) C# (IPCF).

Proof. Let G=(Vy, Vr, P, S), Vy={4,, 4;, ..., 4,}. We give a possibility
to model a production of G by rules of an indian programmed context free
grammar.
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Let A;—w, {A,I,A,z, s A}, {4, Aj,, ..., 4;) be a rule of G. Consider
a new alphabet V'={x": x€ VN} associated with the rule and the following diagram
of IPCF-productions (an arc labelled by F connects a production with its failure
field, and an. arc labelled by S connects it with its success field).

It is obvious that we can only simulate rules of G because we have associated
the primed alphabets with the productlons of G. This proves L(G)eZ (IPCF).

' Lemma 4. # (IPCF)S % (EDTOL).

Proof. Let Le#F(APCF), L=L(G) for an indian programmed context free
grammar G=(Vy, Vi, P, §). Let R be the set of labels of the productions of P.
With each subset I of R we associate new alphabets V;= {x;: x€ ¥y} and V/=
={x}: x€¢Vy}. We define tables P, ; ; for any /€I, ISR, i€{l, 2, 3} in the following
way: If () A—»w, F, S is a rule and /€[] then put

Popi={xr=xp x#= AU ~f, [~ f, S~ SPU{x - x: x€V7q},
PI,I,2 - {x, - X7i X # A}U{AI "’A;, f—’f, S hadl S}U{x - X! xEVT},
P is= {x,ﬁ—»xs: x # AYU{d] - ws, f = f, S > S}U{x ~ x: x€Vy}.

Using productions from sets of these types we can only generate words which
contain only letters of V. and FV; for a certain I with exception of one letter which
can be in V;. If we have such a word we can apply only tables P, ; ;. Further P, ,
models the case that A, does not occur and produces a word which consist of termi-
nals and nonterminals of the alphabet associated with the failure field. The other
two tables model the application of A--w, and we get a word with nonterminals
of the alphabet associated with the success field.

Let I, I,, ..., I, be the sets containing labels whose production has the left
side S, and put

Q0 ={S -8, [~ IU{x > x: erTulgR V:Urn}.
Then the EDTOL system
H= ({S,f}UVTUIgR(V,UV,’), Vi, {P1:: IS R, i€{l1, 2,3}, lEI}/U
U{Q;: 1=si=r}, S)

generates L. Thus LEF(EDTOL).

Lemma 5. # IM)EZ (IPTV).

Proof. The proof of [10], Theorem 11 works also in the indian parallel case.

Lemma 6. # IPTV)S % (EDTOL).

Proof. Let L=L(G) for the indian periodically time-variant grammar
G=WVy, Vs, P, S,f) where f(i+j)=f(i) for i=m. We introduce new alphabets
V®O={x®: xe ¥y} for 1=i=m+j—1. For A—-w=p¢cP, pef(i), 1=i<m+j—1
we define the tables

Pp, = {x® > x+0: x = AAU{AD — wED W {x - x: x€V)}
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A5, ~ 4], Aj~w [N 4~ 4,

& S ST

Aé-’Az

Fy ¥S

All rules with left side| F Fy §S

A, and a primed version [, A, ~ 4,

of A, on the right side S

Fig. 1
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and
Prsjo1p = {(xMHD o xM: x e AYULA™HI-D o wMYU {x - x: x€V;). -
It is easy to see that the EDTOL system .

m+j—1 .
H= (VTU U v®, v, (P, 1=ism+j—1, pef()), S‘l’)
k=1

generates. L.

We say that a grammar is A-free if it contains no production with the empty
word A at the right side. The family of X-languages generated by A-free X-grammars
is denoted by F,(X). As usual we identify languages which differ only in the empty
word.

Theorem 1. % (EDTOL)=# (IM)=% (IRC)=% (IPCF)=% (IPTV)=
= &,(EDTOL)=%,(IM) =%, (IRC) =%, (IPCF)= %, (IPTV).

Proof. The first row follows directly by Lemma 1—6. Further % (EDTOL)=
=%,(EDTOL) is known and all our constructions in Lemma 1—4 and 6 preserve
J-freeness. If the matrix grammar in the proof of [10], Theorem 11 is A-free then
we modify the proof in the following way: The new symbols Y} are not catenated
with P, the last letter of Pj has to be in a new “primed” alphabet and the last
rules have to change the letter into a “not primed” letter.

By Theorem 1, we get some information on properties of the extensions of
indian parallel context free grammars, because we have knowledge on & (EDTOL).
— In [3], closure properties under AFL-operations are given.

— There are context free languages which are not’in #(EDTOL).

— It is known that the families of matrix languages, programmed context free
languages, random context languages and periodically time-variant languages prop-
erly contain & (EDTOL). Thus the indian parallel restriction reduces the generative
capacity of the considered extensions.

— The proof of v. SoLms [14] works also in the indian parallel and deterministic
case. This proves that indian random context grammars of special type generate
already all indian random context languages.

A further language family which is equal to the above families is given in [2],
Theorem 2.

Finally we want to mention without proof that all our language families also
coincide with the family of indian unordered scattered context languages, which are
the indian parallel version of the unordered scattered context grammars of [5].

'
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