Iterated grammars

By L. CsiRMAZ

1. Notations and definitions

1.1. Let X be any, finite or infinite, set. X* denotes the set of finite se-
quences of elements of X including the empty sequence which is denoted by e. X+
stands for 2*—{e}. If a€Z* then x| is the length of the sequence, in particular
le|=0. The elements of X* are called words. The mirror image of a word « is
denoted by o~

If X is finite we refer it as an alphabet. The subsets of XZ* are the languages

over X. .
) If ¥ does not contain the comma symbol, we define 2° as the set of sequences
of elements of X separated by commas. For example, if X={ab,q, b} then
“a, b,ab” and ‘“ab” are elements: of X5 Clearly Z*NZ*=XU{e}. If acZ®
then ||«| denotes the length of the sequence, i.e. the number of commas in « plus
one. For example |a, b, ab|| =3, labl|=1, [e|=0 but |a, b, ab|=6.

1.2. A grammar or metagrammar is a 4-tuple ¥=(N, T, P, S) where N and
T are disjoint finite sets of nonterminal and terminal symbols, respectively, P is
a finite set of production rules of the form a—p where ac N+, Be(NUT)*, and
SEN is the starting symbol. £ (%) denotes the language generated by 4.

Grammars are_classified by the structure of their production rules as it can
be seen in Table 1 below. The language L T* is of type 1 (=0, 1, 2, 3) if there
is a grammar of type 7 generating L. The family of languages of type t is denoted

by x(2).

4 is of type _ if «— e P implies
0 (phrase structure) o anyway
1 (context sensivite) S does not occur in B and either || = || or « =S and f=¢
2 (context free) ' Je] =1
3 (regular) le} = 1 and either [f] = 1 or 8 is of the form t# where 1€ T and n¢ N

Table 1.
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1.3. An iterated grammar is a 5-tuple S=(X,N,T,P,S) where Z and T
are disjoint finite sets none of them containing the symbols = and , (double arrow
and comma). NS X% is the set of nonterminal symbols, T is the set of terminal
symbols. P is the set of production rules of the form a=pf where a€N°*— {¢},
Be(NUT)® and S€N is the starting symbol. The sets N and P may be infinite. The
language #(#) generated by the iterated grammar # is a subset of T* the elements
of which can be derived from S in the usual way using finitely many production
rules only. During the derivation the commas serve as separators between the
symbols but they are abandoned at the end.

Iterated grammars are classified also as Table 2 shows.

£ is of type . if « = B€ P implies
0 anyway
1 S does not occur in B and either ||«|] = ||fll or e =S and B=¢
2 flell =1
3 |l¢ll=1 and either || |]|=1 or B is of theform 7, w where t€Tand weN
Table 2.

The iterated grammar S£=(Z, N,, Ty, P,, S;) is said to be generated by the
metagrammar ¥=(N,, T}, P, S;) if

Z.=‘T'1—]w2¢ﬂa N2=Z+’v T‘.’ng’ P2:$(g)‘ ’

An iterated grammar is of type (o, 7) if it is of type 7 and there is a metagrammar
of type ¢ which generates it. A language L is of type (o, 1) if there is an iterated
grammar of type (o, 7) generating L. The family of languages of type (o, 7) is de-
noted by y(o, 7).

2. The theorems
- Because every finite language is regular, and y(1)Sy(t") if =1 we have
the following :

ProrosITION. If o=¢’ and t=7" then

10 E 1B, E 20, 1) E x(0', ) S 1(0).
Theorem 1. (3, 7)=y(r) for t=0,1,2,3.

Proof. For 7=0 the Proposition implies the statement. For the other cases
first we need a

Lemma. Let LS (TU{a})* be a regular language, a¢ T. Then there is a finite
set R, a regular language KS R* and regular languages K,ST™* for every bER
such that

L = {w,aw,a...aw,: wcK,, and by b,...b,EK}.
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ReMARK. The converse of the Lemma is evidently true, i.e. if K and the K,’s
are regular languages then L is regular, too.

Proof of the lemma. Tt is well-known (see, e.g., [1]) that L — {¢} can be generated
by a regular grammar ¥=(N, TU{a}, P, S) where P consists of rules of the
form A--x and 4A-—xB only (4, BEN, x¢ TU{a}). Now define P,, P;, Qy, Q; S P
as follows.

‘ Py = {acP: o = A —~ aB for some 4, BEN},

P, = {0€P: a = A -~ xB for some A4, BEN, x€T},
Qy={a€P: a =4 —a for some AEN},
O, ={acP: =4 —~x for some AEN, x€T}.

Obviously, P=P,UP,UQ,UQ,. Let s and f be two new symbols (for start
and finish) and define '

R = {{o, By o, BEPUQ YU {(s, B): BEPUQ U {ot, 1) a€ PoUQYU s, 1}

The languages K, 5 for {a, )€ R will be the “cuts” starting after symbol a generated
by the rule « and ending before the next symbol a generated by the rule §. We need
two more definitions. For A€N let

{4 —-¢} if A—aBeP, for some BEN or A - a€Q,,
0 otherwise,
P(4) = P,U{B ~ x: B~ xAcP}.

Now we are ready to define the languages K, 4 for all {a, B)cR. If a€Q,, BEP,UQ,
then let K, ;,=0, K, ={e}. If a=A-~aBcP, and either B=C-aDE¢P, or
B=C—acQ, then K, 4 is the language generated by the grammar (N, T, Py(B)U
UPy(C), B), K, py is the language generated by (N, T, Po(S)UP,(C), S) and K, 5
is generated by (N, T, Po(B)UP,UQ,, B). Finally, K/, », is the language generated
by (N, T, P,UQ;, S) plus the empty word if it was also in L.

What remained is to define the language K. It is the one which is generated

by the grammar
(PUQoU{s, f}, R, P, s)

PR = {o ~ (o, BYB: (o, BYER, B = f and K, py # ayu
Ulx =<{a, f): &, /YER and K, gy = 0}
It is easy to check that R, K and the K,’s satisfy the requirements. [

Py(4) = {

where

Now we return to the proof of the Theorem 1. Let P be the regular set of pro-
duction rules of the iterated grammar J=(X,N,T,P,S). In this case
PS(EUTU{=}U{, D* and neither the double arrow nor the comma is an
element of XUT. The double arrow must occur exactly once in every production
rule, so, by the Lemma, there are regular languages P} and PR over ZUTU{, }
such that P is the finite union of languages

{w, = wy: w,€PE, we PR}
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Applying the Lemma to the languages P} and P} with the comma as the special
terminal symbol, we get languages KT and K} over disjoint alphabets R} and RF
for each j, and finitely many regular languages K, over ZUT indexed by the ele-
ments of I={J(RYURF). To be more precise the K;’s are subsets of Z+UT.

J
For wy, we€ X+ define the relation w,=w, as w,€EK—w,€K; for all icl.
It is clear that this is an equivalence relation and there are finitely many equivalence
classes (no more than 2* where k is the cardinality of I). The definition of equivalence
means that if a€ P is a production rule, w,€X* is a nonterminal symbol in it and
w; =w, then putting w, in places of the nonterminal occurences of w, in « the re-
sulting word is in P, too. Therefore every derivation can be rewritten so that it
contains at most one element from each equivalence class, i.e. only finitely many
different nonterminal symbols are used. It means that the languages K; can be
assumed to be finite, or, equivalently, to have one element. This element will be
denoted by u(P).
We now have finitely many regular languages Kf and K} over the finite set I,
and a function pu: I-(NUT) such that S€range (). The set of production rules
was reduced to the finite union of sets '

{wy = wy: wi€PE, we PR}

Pf = {[1(11), ﬂ(12), ’ﬂ(ln) lll2ln€K§l}s
= {u(iy), p(i), ..., u(iy): iyiy...i,€K¥).

Our next aim is to show that the K}’s are finite languages If not, there are arbitrary
long elements in K}, i.e. fixing some wo€ P there is an x€ K} such that |x|=>[w,| +1.
Let w,€ P be the word belonging to x. Then ||wy||=|x|>{w.]|+1 which contradicts
the assumption that £€x(3, 1) with 7=0.

- If in the languages K} we replace i€1 by u(i) if p(i)€T then the followmg set
of production rules

where

0 = U {wy — wy: wi€K}, wo€KT}

J
generates the same language as P does. Moreover if all of the rules of P are of
type 7, then the same is true for Q.

Now we are able to give a finite grammar which generates the same language
as f-does. It is enough to start from Q and we may assume that 7€ 7 and I—T
is the set of nonterminal symbols of Q.

Case 7=3. The same argument as above shows that the languages K¥ must
be finite, Therefore Q is finite and obviously of type 3.

Case 1=2. Because KF is a regular language it is generated by some type 3
grammar ¥,=(N; S ;> where N; and I are disjoint sets, S;€N; and the
N;’s are disjoint for dlfferent J’s. The grammar Q is of type 2 so wEKL implies
wel Now take the followmg set of rules:

Obviously, U Q; is finite and of type 2 and Z(Q)= .Sf’(U a2y

Case 1:—1 K7 is finite, so we may assume that it contams only one word,
wi, and let |wf I_n The lengths of the words of K} are at least n;, except if wj



Iterated grammars 4T

is the starting symbol, then K may contain the empty word, too. If we fix the first
n; symbols of the right hand side of a rule then the remaining part forms a regular
language, which may be empty. There are only finitely many words of length n;,
therefore we may drop them into different sets, i.e. we arrive at

0= L,J {w] ~ wiw: wekR}UQ*

where |w{|=|w{|, KF is regular, and Q* is either empty or contains the rule S—¢&
only. The method of Case 2 now gives immediately a finite language of type 3.
generating .#(Q), only a little care should be taken of the empty word in K}. O

REMARK. A close examination of the proof shows that given some regular
metagrammar ¢ and an iterated grammar # generated by ¥, there is an effective:
procedure: which gives from ¢ and # a grammar 3 for which Z(S)=2(s#).

Theorem 2. x(2, 3)=yx(0). ‘

Proof. By the Proposition, it is enough to prove that yx(2,3)2yx(0). Let
%=(N, T, P, S) bea type 0 grammar and assume that the comma and the double
arrow are not in NU7. We give the iterated grammar of type (2, 3) simply by list-
ing its production rules, which form evidently a context free language, or, what
is more, a deterministic one.

Choose a new symbol 7 for each 1€ T and let 7= {f: t¢T}. Change all terminals.
in the production rules to their counterpart, let P be the resulting set. Let S=NUT"
and R a new symbol not in X or T. The desired iterated grammar is

. F=(ZU{R}, CU{RD™, T, Q, S)
where Q consists_of

Rt~ = o] for.each a€X*
yad = R6-1Bp~1y~1 for each y,8€Z* and o — BeP
[fo =1, Roo™? for each t€T and a€Z*.

The production rules of # are of type 3, the derivations of the grammar ¥ are
encoded in the nonterminals of # in a straighforward way. 0O

. Abstract

The definition of the programming language Algol 68 [2] raised the following problem: If
a grammar is not given by some finite description but itself is a language generated by some meta-
grammar, what strength may the iterated grammar have? We show that a regular metagrammar
does not increase the strength of the iterated grammar, but a context free metagrammar (even a de--
terministic one) with a regular iterated grammar has the strength of the phrase structure grammars..
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