Priority schedules of a steady job-flow pair*
‘ By J. TANKG

The priority schedules are discussed for a steady job-flow pair defined in [5]
as a non-finite deterministic model of servicing invariably renewing demand series.
Though these schedules are not dominating with respect to the utilization of the
servicing processor, they are very important in practice. A method is defined for
reducing the problem of evaluation of the schedules to the evaluation of simpler
ones. The method is based on the reduction of the configuration constituted by
the demands of job-flows. The reduction is a generalization of the Euclidean algo-
rithm of the regular continued fraction expansion. For some configurations the
reduction procedure does not prove to be finite or the evaluation procedure of
the schedule of the reduced configuration is not known to be finite. For some of
these configurations direct ’evaluation methods are given.

1. Introduction

In an earlier work [5] the problem of scheduling steady job-flow pairs was
defined as scheduling the processor triple #={P, Py, Pp,} to service two series
on={C;, j=1,2,...}, i=1,2, of task pairs C;;=(4,;, B;;) demanding service
of time 7;=0 and $;=0 from the processor P, and Pp;, respectively. The -series
0 is a steady job-flow with parameters n;, ; as renewing demands for processors
P, and Pg;. The steady job-flow pair is characterized by the values of the four
parameters Q=(1,; 9,; 1,; 32) called configuration. The space 2 of configurations
is the non-negative sixteenth of the four-dimensional Cartesian space.

We use below the following notations:

G=mS, =12 =, 9= 9,49, 90 =T, i=1,2
A schedule is a unique determination for 7=0 of which tasks are serviced
at the moment ¢ by which processors. The demands for the processor P, can be
conflicting. The schedule can be considered a decision process by which the con-
flicting situations are resolved and the normal continuation of service can be broken.
An important class of schedules is the set of non-preemptive schedules in which

* This article reports on some results of a study of the author supported by the Computer and
Automation Institute of the Hungarian Academy of Sciences.
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the service of any task cannot be preempted after starting until it finishes automat-
ically. These schedules were discussed in the article [5]. A relatively simple algo-
rithm was given to determine the optimal schedule.

The efficiency measure of schedules is the utilization of the processor P,.
Formally, the efficiency of a schedule R is defined by the limit

)(t)

YR = ]lm M

where A(t)=4(0, ?) is the P -usage in the interval (0, ¢). The algorithm for choosing
an optimal non-preemptive schedule is based on the method of reducing the con-
figuration which is a generalization of the well-known Euclidean algorithm of the
regular continued fraction expansion. The determination of the optimal schedule
takes place by the full evaluation of the elements of the dominant set of the con-
sistent natural schedules with maximum number six. Only one reduction has to
be executed. The amount of the necessary computation is well bounded and es-
timated.

For the preemptive schedulmg in which preempt-resume is permltted another
set, the consistent economical schedules, is a dominant set but it is not so nicely
bounded as the set of consistent natural schedules [6). The criteria of finiteness and
bounds for the cardinal of the set are not known. Neither optimal strategy nor
a smaller dominant set of schedules is known. It is shown [6] that the priority sched-
ules are not optimal either. Since the only general method for determining an op-
timal schedule is the full evaluation of this dominant set the optimization pro-
cedure is uncontrolled.

Though the priority schedules are neither dominant, nor actually of better
efficiency than the non-preemptive schedules in general, they are of great practical
importance because of their simple scheduling rule. In a priority schedule one of
the job-flows has priority versus other(s) which means that it is serviced in the
moment it needs the processor. If the processor is busy by servicing another job-
flow, the service will be preempted during the service of the priority job-flow-task
and resumed after that. For job-flow pairs there are only two priority schedules
according to job-flows Q™ and Q® as priority ones. In [6] the priority schedules
were denoted by R, . and R, ;, accordingly. In the schedule R;;_; (i=1,2) the
job-flow QW is scheduled without preemptlon and delay as when the _]Ob -flow
Q®-" were not present at all. The service of Q-9 on P, takes place only in the
intervals the P, is free from servicing Q). The priority schedules R; , and R, ,
of the configuration Q=(1; 3; 5; 7.5) are illustrated by Gantt-charts in Fig. L.

The priority scheduling of the stochastic version of job-flow pairs was studied
by ArRATO [1] with diffusion approximation and by Tomko6 [7].

For the schedules R, , and R21 are symmetric in the role of the job-flows
QM and Q®, every fact concerning R, ,(Q) becomes a fact concerning R, ,(Q)
if Q is the conjugate configuration of Q defined as

0= (T 3 a3 3) = (23 325 115 90)-

This is why we need not word definitions and theorems depending on .the order
of the job-flows for both orders, only for the order Q, O?,
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The Gantt-charts of the priority schedules

R,

In section 2 below we define first a method for reducing configurations Q€2
into simpler, reduced configurations Q*¢€ 2. The reduction takes place by the itera-
tion of an operator 4 to the configurations Q,=4"Q until a fixpoint Q*=4"Q
called reduction of Q is reached. We show the relationships between the parameters
of 9, and Q,,n,m=0,1,2, ...,nsm. These remind one of the relationships
known in the theory of continued fractions [4].

~ In paragraph 3 we show the connections between the characteristics of the
schedules R,,(0Q,) and R, .(Q,), n=m. This provides means to determine the
characteristics of R, ,(Q) from the characteristics of R; ,(Q*).

Section 4 surveys the configuration space 2, the reduced configurations in-
cluded, and give answer to the Question whether R, »(Q) is periodic and what are
its characteristics in different domains of 2. The domain .0<tj <t} remains un-
answered in this section.

Section 5 is dealing with the above domam The perlodlcnty of Ry, 2(Q ) is
not cleared for the whole domain only for some parts of it. An algorlthm is given
for evaluating R, ,(Q*) if it is periodic.

In section 6 we shall briefly deal with the connection between the 4;-reductions
defined in section 2 and %;-reductions given in the article [5]. Also some reference
is made to the analogy between the A-reduction and the continued fraction ex-
pansion algorithm.

Section 7 reviews the configuration space 2 from the point of view whether
the “Question” of periodicity and evaluation is answered or not, and by which
theorem, if it is.

2. The method of A-reduction

The transformation of configurations defined below as A4-reduction enables
us to reduce the investigation of priority scheduling of some configurations to
one of other configurations. This method is analogous to the reduction method
applied for non-preemptive schedules by means of an operator 2 [5].

The operator A4 defined below is the 4, from the two operators 4;, i=1, 2,
in the application of which the roles of Q" and Q® are symmetrical. We shall -
see later that the operator 4; is connected to the priority schedule R;;_;, i=1, 2.
The index 1 of 4, is omltted in the notation 4.
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Let the operator A be defined for any configuration Q€2 by the relationships
between its parameters and the parameters of the configuration Q0=40=
=(; 81; #.; 9,)€2. The parameters of ( are defined by the relations

(@ fHh=m

(b) 9, = I, 7,+ 8, where
I, =0 is an integer and 0= §, <1, if 7, >0,
L=08=9if1,=0,

(©) 1 = k.8, +7, where 2
k, = 0 is an integer and 0 < 7, = J, if 7,3, > 0,
k2:0 fla = Ny if 7,8, =0,

(d 9, = lz‘tl+9 where
I, = 0is an integer and 0 = §, < 7, if 7, = 0,
l,=0,8,=9,if # = 0.

This definition shows that the operation AQ determines also an integer triple
(4, k2, 1) out of the configuration Q. This triple is characteristic of the configuration
O from the point of view of the effect of the operator 4 on Q.

If L, +k,+1,=0 then the operator A4 is ineffective for Q and 4Q=0. We
say Q that is reduced in this case. If /;+k,+1,>0 then 4 is effective for Q, AQ#Q
and at least one of the parameters of ( is less than that of Q. Therefore the operator
4 is calléd a reduction operator. The triple (/y, k,, 1) is the quotient generated by A4
applied to Q. 4 is defined for all points Q of 2, and QE.@ Therefore 4 is applicable
repeatedly to the transformed configurations and the series of configurations

QO Q’ Qn=AQn-1, n = 1’2:--'3

can be defined for any point Q of 2. Using the powers 4", n=0,1, 2, ..., of the
operator 4, we can write
0,=4"0, n=0,1,2,.... 3)

Let the series of triples generated by the series 4, 4%, ..., 4", ... be

(L) (1103 205120) (lllak219ll) (ln 1:k2n =1 2n ].)’---
and let
(A) (ll,Oa k2,0+12,0)’ (ll,l, k2,1+12,1)9 rev o (ll,n~1’ k2,n—1+lz,n—l)’ erae

These are the series of quotients. Let us define the length of (L) and (A) the index

v of the first triple for which
ll,v+k2,v+l2,v = 0

if such an index exists and v=< otherwise. Let us use the notation |[(L)|=
=|(A)j=v. If v<eo, the Q, is the first member in the sequence @y, 0,, ... which
is reduced. v is called the degree of compositeness (dc) of Q. If v<o then Q is
reducible, otherwise, it is non-reducible. If the dc of Q is O0<v-<o then

(a) ll,i+k2,i+l2,i>0’ i=0, 1,...,V—l,

(b) Il,v+k2,v+12,v :0 (4)
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and the series (L) and (A) contain exactly v non-zero members. The configuration
0*=Q, is a reduced configuration and it is the reduction of Q.

From the definition (2) of 4 we can deduce the conditions of Q* to be reduced.
By (2), (4b) will hold if

@ 0=9<1 or 7;=0 and
(b) O<ny=97 or ;9 =0 and ©)
€ 0=8 <1f.or iF=0

Conditions (5a)—(5c¢) are not independent of but include each other. The set
2*c 2 of the reduced configurations is illustrated by planes (n}, n3) fixed in Fig.
2a—d.

4o 95 Ay 49;
|

() L (@

_ m ‘(ﬁ) Ar] ﬂ m

« ( * ] 7 ‘lgs'), 9* (
m L(a)_'l L(a)_.‘zl ml 1
ns "3 1y
m=n=0 n; =0 =0
(a) (b) © @
_ Fig. 2

Illustration of the set 2* of reduced configurations

On the graphs we show the disjunct domains of configurations by the follow-
ing lemma. :

Lemma 1. The operator A defined by (2) is ineffective for Q* i.e. Q" is reduced,
iff one of the following conditions holds

(@) i1z =0

B) 111 =0, 95 =0, 0= 95 <

) 91 =>0,n3=00<9 <9 <1
©) 9fns =0, if=9F <1}, 0= 95 <1f.

Proof. In either domain of (60) —(66) every of the conditions (5a)—(5c) holds.
Conditions (60)—(63) are, therefore, sufficient for Q* to be reduced. To see the
necessity it is easy to verify that one of (6a)—(64) holds if (5a)—(5¢) are true [4]. O

(©6)

Let the number series (1) defined as Ay=1h i, Ayp1=ks i +5;, i=0,1,
The following lemma shows that no zero value in the series (1) between / o and
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ko y_1+1y,_, exists. This means that the parameters of both job-flows are reduced
in the transformation Q;—Q;;,, i=1,2,...,v—2. They are the transformations
Q,—0, and Q,_;—0Q, only in which it is possible that only one of the job-flows
be reduced: O in Q,—~Q, and QW in Q._,—Q,. This fact is expressed by the
relations concerning (4)

LozZ0, ky i +1,,;,>0,0=i<v-11,>0, 1=i=v-1, ky ,_, 4+, =0. (7)
In any circumstances, the following relations hold for i=0,1, ...:

(@) 91,i'91,i+1 = Il,iTZ,i’ T~ Tl = ll,iT2,i

(b) Ha, i = No,i+1 = k2,i'91,i+1’ Ta,i— To,i41 = (kz,i+l2,i)91,i+1+12,i'l1 3
© ‘92,i_‘92,i+1 = lz,ifl,i+1-
Lemma 2. Let

ke g+l =0, I1=0, ot I, =0, I=1,

be the first zero value after 1y o in the series (1) if such one exists. Then all members
in () following it are zeros and the degree of compositeness of Q is as follows:

incase ky o+l g =0: v=0 if L ,=0
v=1 if L ,=0,
in cases I =0: v=1 if ;=0
V:I+1 lf‘ k2’1+12,I=O, Il,I>O'
Proof. If 1} y=k, 4+15,,=0 (I=0) then Q, is reduced by definition and v=0.
If I, ;=0 but k, ;+1, ;=0, I=0, then v=1 and 9, ;,,<Ts, Ty 141="Ts ; from (2),
and, therefore, 9, ;,,<7p 14, and so I ;4;=0 and 7, ;,.=7, ;. If, however,

L r+1=0, I=1, then 1, ;,,=1; 14;. But in this case 7y ;. o=1z ;4 and 9, ;o=
=8 14+, from (2) and so Q;,,=0Q/,,. This means v=7+1. O

The following lemma shows the part of 2 in which non-reducibility is possible.

Lemma 3. To any Q€2 there exists a finite integer v'=0 for which the con-
figuration :
Qv’ = AV’Q

L 92, v =0.

is either reduced or defective with

Proof. If n,=0, there is nothing to prove. Let n,>0. If ;>0 then from
(2d) we get

B,i— e is1 = bt is1 E T i1 ZEMm >0

and, therefore, the value of 3, ; decreases at least by #,. This means that only a
finite number of positive /, ; members in the series /, o, /5 3, ... can exist and there
exists an 7,=0 so that

12,i=01 92,,':192,,'0 if l%lo
If 92,io=0 then V’:io. Let 92,io>0' if ll,i>0 then from (2b) we get

,i= 9,1 =1t =T, = 95> 0
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and, therefore, the value of 3, ; decreases at least by 9, ;. This means that only"
a finite number of posmve l,; member can exist in (4). If /;, ;. is the last positive
h,,; member then v'=i"+1 and 0O, 1s reduced. [

By Lemma 3 only the cases
md, =0 _ &)

remain questionable in regard to reducibility. The following lemma concerns these
cases.

Lemma 4. Any Q€2 w'i'th (9) is either reducible or

0, (13 0;0;0) as n— .
In the latter case .
- ‘91,”12," = O (10)

after any finite step n. This case comes true if _
7,17, > 0, 1,9, =0, 3, and 3, are rationally independent. a1

Proof. Q is reduced if 1;=0. Let now 7,>0.
If 3,=0,7%,>0, the reduction procedure will be-equivalent to the regular
continued fraction expansion of the number

3 : . .

&= T 12)
with the restriction that the number n+1 of the partial quotients [b,, b,, ..., b,]
must bé chosen odd in finite cases because n; cannot be zero by definition (2). This
choice is always possible [3]. The number of the partial quotients and the steps
of reduction will be ﬁnlte exactly when & is a rational number [3]. The reduction
results in Q*=(n,; 0; n%; 0). If (11) holds neither 9, ; nor 5, ; becomes zero in
finite steps and (10) is true. ‘

Let now 3,=>0. Then #,=0 from (9) If 3,=0 then Q is reduced Let, there-
fore, 9,=>0 as well. »

If 112—0 the reduction procedure becomes equlvalent to the contmued frac-
tion expansion of ¢ and it is finite exactly when & is a rational number. The reduc-
tion results in @*=(0; 91, 0; 0) or Q*—(O 0; 0; 83). If 9, and 7, are rationally
independent, the expansron procedure is mﬁnlte and nelther of 8,; and 9, will
be zero for finite i and (10) holds.

Let 5,=0 as well. Suppose Q is not-reducible, i.e., the degree of compositeness
v=oo, By Lemma 2 all members of (A) are positive after l; o. From (8) we can write
for any i=0:

'91,i_'91,i+1 = lr,i'fz,i = Il,i[(k2,i+,12,i)‘91,i+1+7:2,i+1] =
= max (84,1015 M2, 141> 92 14 0)-

.. If either of the parameters 9,, 15,, 9, remained bounded from below by a pos-
itive number a=0, then &; would be decreased by at least « in every step of re-
duction. After 3,/ steps 3, ; would surely become negative which is a contradic-
tion. Thus none of 9;;,7;;, 9,; could be bounded by an «>0, and Q;—~
-+(0; 0; 0; 0) if i~os. This proves (10). "

7 Acta Cybernetica
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In cases (11) we have shown that v=+ and (10) holds. But from (2) we get
91,i= %41 = b, il(ke,i 1o ) 91 i1 H 70,01t im] =

max (94 ;41,M2,i+1> V2,i41)

v

also in these cases and the parameters cannot remain bounded from below and
s0 Q;—~(m; 0; 0; O)asi—~. O

From Lemma 3 and Lemma 4 we can assert that v=< can hold only for
defective configurations for which #,=0 and for configurations for which 9,.,-=0
for some v'=0. We cannot exactly show the domains or points of 2 in which Q
is non-reducible. We know such subsets of 2 but not all such points.

The relationships below are true independently of the finiteness of v and the
relation of v and »n. These relationships concern the parameters of Q and @, and

Q,and Q,,,.
As the definition (2) of Q;,,=40Q;, we get

i =M1 i =k i9 ivrt - i
m, M,i+1 Mo, 2,iv1,i+1 T N2 i+1 i=0,1, .. (13)
91,i = ll,ifz,i+91,i+1a '92,.'= I2,iTl,i+1+92,i+1'

From the same definition we can obtain the relationship between the parameters
of 90, and Q,,, in the following form:

Hi,n = M1,0+1 :

‘91,,. = 11,n12,nn1,n+1+[11,n(k2,n+l2,n)+ 1]91,n+1+11,:1"2,n+1+11,n82,u+1

14
Noyw = k2,n‘91,n+1+n2,n+1 (14)
'92,n = Iz,n'h,n+1+Iz,nsl,n+1+92,n+1
T1,n = [l],n(k2,n+l2,n)+I]Tl,n+1+l],nT2,n+l—l],nk2,n'71 (15)

To,n = (kZ,n+l2,n)Il,n+1+T2,n+1_k2,n']1

N,n+1 = N1,n )

9ins1 = 91,n— 11, nM2,0— 11,002, (14)
Mo nt1 = _k2,n‘91,n+(ll,nk2,u+1)’72,n+11,nk2,n‘92,n

L T [Ty PR N o P P P S (T PO 3 DT P

T+l — Tl,n_ll,nf2,n

12,n+1 = _(kZ,n+I2,n)Tl,n+[11,n(k2,n+IZ,n)'+ l]TZ,n+k2,‘n '71‘

As the parameter n, is not concerned during reduction, n, ,=n,, n=0,1, ...,
and it can be separated from the other parameters.

From the relationships (14) the connection betweeén the parameters of any
two Q, and Q,. nn’, especially between the parameters of Q=0Q, and Q, can
be obtained. To make the further relationships more compact we have to introduce
some series of integers, vectors and matrices as follow.

Let (X) be the formal notation of the infinite sequence:

(X) XO, XlsX‘.!s'--’X

ny +-e

(159
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and let [(X)| be the index of the first member of (X) from which all members are
the same, if such a member exists. This is called the length of (X).

We have already defined the two series (L) and (A). The members of (Q) are
the configurations Q,=(y; 94,45 Ma,n; J2,)- The lengths of (L) (A), (Q) are the
same v, the dc of the configuration Q,=0. Let (0) be the series of the identically
Zero members with the length 0. We have referred to the series (1) the members
of which are

A Ay=hi lea=ke i+l i=0,1,...
Define also the series
k): k,=ky,, n=01,..
and
W b=k, n=01,...

We define now a set of new series necessary to writing down the relationships .
among the parameters of (Q). The definitions are recursive for 7, n=0,1, ....

(A): A =) A _+A,_, with A_,=0, A_ =1
(B): B,=AB _.+B,_, with B,=1, B_, =0
(C): Coy=Ay, Cyiy=ky;iCy+Cy_y with C_; =0
(D): Dy = By, Dyyy= ko Dy+Dy_y with D_,=0
(B): By = 2iBai_ 1+ Byi_s, Byiy1= i1 Bu+By_1tke; with
) B ,=0,B_,=0

(‘B”) Bgt - ;2|Bgl 1+B21 2> B;’l 1 )"2|+IB +B2l 1 k2,i WIth .

) B’y =1,B”, =
(D): Dy = By, Dyyy = k2,iD;i+D;i—l+k2 i with D_, =0
(D”)3 D;’, = an D;’,-H = kz,i ;,i 2; -1 k2 i with D,i1 =0

Define the following sequences of vectors and matrices for n=0, 1, ... as well.

§ = 91, + (Ba_ot1)m
o =N, nt+Din_1m . :
== »+(Bou-1—Dia_1)M (16)
=T, ntBon_am

2,n = g, ntBan_1m

eu dx Q:l Qz

7
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1 2 1 I
D . D — [ ) 21 ] — [ 1,n
s Bonsr = ddana 4 ) ™ Uit lan TonChnnt lo)+1

l . Il,n Il,n
(é+): gn,n-f-l = k2,n Il.nk2,n'*_l Il,nk2,n
I2,n Il,nl2,n ll.n12.n+l

B. A
D): D, =( 2n— 2 2n—2]
(z) = By,1 Agy_q
B?n—‘.’. A2n—2 A2n—2
(4)3 4,. = Dy, 4 Coprt1 Copx

an—1_D2n-1 A2n—1_C2n—1'“] A2n—l_C2n—l
We remark at once that

T1,0
~ ’ ~ . T30
Qo=|—Mo|=0, L= ( ] =
9 - —Tg,0
— a0 ]

and that the D-matrices can be obtained from the corresponding 4-matrices by
summing up the two last rows and omitting one of the last two equal columns.

The foregoing entities simplify the relationships between the parameters of
the members of (Q). The proof of the relationships will be automatic by means
of the relationships of the following lemma. The relationships are interesting on
their own right as well. To simplify writing we use the following determinant no-
tation: ‘

len2

a7

H,,(X, y) = o yn = xnyn—l_xn—'lyn’ h= 1’ 27 AR ] (18)

. Xn-1 Vn-1
for any two series (x) and (y). From this. definition the relation :
H,(y,x) =—H,(x, y) (19)

is trivial. (18)—(19) can be interpreted for n=—1,0 as well if the values x_,, y_,,
X_q, y_, are also given.

Lemma 5. Among the entities defined beforehand, the following relationships hold.
For i,n=-—1,0,1, ... '

H,(4,B) = (=11 (20)
(Ana Bn)’ '(An’ An—].)s (Bn, Bn—l): (An—b Bn—l) (21)
are relatively prime integer pairs*
i—1 i—1
Agisq = _Z(; (k2,j+12,j)A2j+ 1, Byyy = % (kz,j+lz.j)sz
i= ] j=

i—1 i-1 22
C2i+1 = _2; k?,jA2j’ Dy;yy = _Z(; k2.jB2j '
j= Jj=

* 0 and 1 are considered relatively prime ihtegers_.



Priority schedules of a steady job-flow pair

—~1 :
(with the definition 2 x; = 0)
j=0
B,+B, =B, Dy+D;=D,.
For i,n=0,1, ...
Hy(B,A) = Hy_,(4,B) =1
Hz:(B', A) = H2i—l(Aa B,) = 1_C2i—1
Hzi(B”s A) = HZi—l(A’ B”) = 1+C2i—1
H2i(B,’ B) = Hzi—l(Bs B,) =—Dy
H2i(B”> B) = H2i—1(B’ B = Dy,
Hy,(B", B') = H,;_,(B’, B") = Dy;_y;
A2iD2i—B2i Cy = 0, A2i—1D2i—1_B2i—1 C2i—1 = B;i—l .
Agi11D9;— Baiyq Coi = Ap;_1Dp;—By; 1 Cy; =1
Api Dy —By; Coipq = A Dy — By Co—y = By:;

if (k)=(0) then
Coiv1 =Dyir1=0, (B)=(0), (B")=(B)
(D) =(0), D3 = By;, D3y =0;
if (1)=(0) then
By = By—1, Byy1 =By, Bii=1, By, =0
Dy = Byi—1s  Diis1 = By, Dgi‘= I, Dgyy =0;

QII+1 = Q_n,n+12n; 4n+1 - 4n,n+14n Wlth DO = :Ia 40 = :I,

D—l — (A2n)"2:1+1+1 _)'2u}= (Il,n(k2,n+12,n)+1 _Il,n)
=meit — Zan+1 1 =(ks,nt+15,4) 1
Il,n(kZ,n+12,n)+l —ll,n _ll,n
=l:£+l = _k2,n 1 0
_lzyn ’ 0 1
A —A
Dn_l — ( 2n—1 2n—2]
= — By B;y—»
A2n—1 '—A2n—2 _Azn—Z
g,.'l =1—B-1 By_otl Bon-2

_B2n—1 B2n—2_1 B2n—2

(1 %F kq
Qwﬂ'l@m+a;1 0 1

Dl = (1 —ll'")( : 0)1
S (I T | G R
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(23)

24

25

(26)

(26)

27

(28)

(29



218 : J. Tanko

1 00)(1 o o)1 L, L,

dpnsr=|0 1 0|}k, 1 O[]0 1 ©

B L, 0 1)lo o 1jlo o 1
1 L, —h,( 1 001 00
A42a=10 1 0 ||~k 1 0[]0 10
B 0 0 1 0 0 1J{~1, 01

The determinant det (X) for every matrix encounters above is
det(X) =1. (30)

Proof. Taking into account definition (18), we easily see (20) and (24) for n=—1
and i, n=0. The other relations (21)—(26’) can be checked for the least index
by the definitions of the entities. Using the recursive definitions of the series, we
can verify (20), (22)—(26") by induction. (21) follows from (20) because every com-
mon divisor of the pairs must divide (—1)"-! and is, therefore, 1. (27) can be
verified by executing the multiplications. The inverse matrices (28) can be verified
most simply by multiplying them with the corresponding original matrices and
using (20)—(25). The factorizations (29) can simply be checked by executing the
assigned multiplications. (30) is trivial for every matrix encountering. [J

After Lemma 5 we can now easily prove

Theorem 1. For any configuration Q€2 the followmg relationships between the
parameters of (Q) hold:

2n+1=£=1n,n+12m Qn_An n+1 xntls gn ég Q én Q (31)
Tot1= Dppians In=.__D_n,n+1In+1s 5 =D,% i=D7'%,.

Proof. The relationships in the second and fourth columns follow from those
of the first and third columns. The relationships in the third column follow from
the ones of the first column tecause of (17) and the recursions (27). The rela-
tionships of the first column are to be verified. This can be done by (14)—(15")
and definitions (16) and (D,), (4.). By (16)

gl.nﬂ = 81, p+1+(Ban+ Dy
fle,n+1 = —Ma,ns1+Dinsrm
‘gz,n+1 =—3,n41+(Bors1—Dins D
Tont1 = Tne1tBoam '
“E2,n+1~= —Ty,n+1t Bons1t-

From (14)—(15") and (B"), (D"), (16)

LA =310 lntle,n— 11,092,011, 0 Bon1F Bon_g+ 110, =
= 91,n+(B§u-2+1)']1+11.n[_'12,n+D;n-1’11]+ll,n[—92,n+(3§n—1'Dén—1)'h] =
= gl.n+ll,nﬁ2,n+ll,n‘§2,m
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) flo,nt1 = k2,n‘91,n—(ll,nk2,n+1)’72,11—'ll,nk2,n'92,n+[k2,nB;n+D;n—1+k2,n]’ll =
= Ko, u[91,n— 11,0 (e, 32, 0) + (I, n Bon—1+ Bon_a+ D)) =12, +Dpp_y 1y =
= k2,n[‘91,n+(Bén—2+1)’71]+(ll,nk2‘,n+1)[—"2,n+D;n—lr’l]+ )

+ll,nkz,n[_‘92,n+(B;n—-1_D;n-l)nl] =
= k2,n§1,n+(ll,nk2,n+1)ﬁ2,n+ll,nk2,ng2,;;,

Sa.ns1 = Lontlatlo,n 80—, nlo,ntle,n =l 1) 85,y [, BouF Bin s — Dy sy =
= Iy plm+94,n— b, n (2,0 +82,0) + (I, n Bon_ 1+ Bou_ )11l —
. _‘92,n+(B;n—1_Dén—l)r_]1 =
= lZ,n[‘gl,n+(Bé;l~2+1)'11]+11,n12,n[_’72,n+D;n——1’11]+
+(ll,n12,n+1)[—92,n+(Bén—1_D;n—1)n1] =
= lZ,ngl,n-l_ll,nlz,nﬁ2,n+(ll,nl2,n+l)‘§2,n'

These are exactly the relationship Q,,H—é,, ,,+1Q Taken into account that
T, ,,—91 . and T, ,=f, ,,+92 » and summing up the last two equatlons we get
the relatlonshlp _,,H——D nirlee O

This theorem is applicable to relate the parameters of a configuration Q and
its reduction Q% if the latter does exist.

3. The priority schedule and the reduction

In our previous article [6] we discussed the so-called consistent economical
schedules (CESs) which represent a dominant set. There also the priority schedules
were defined and shown as specific CESs. This means that the priority schedules
R, , and R, ; possess all the characteristics every CES possesses. There we illustrated
the CESs by graphs which showed the basic characteristics of the CESs such as
periodicity, the succession of the so-called typical and critical situations etc. The
specific characteristics of R; 5_; (z—l 2) is that no task type 4; can be preempted

" and, therefore, the job-flow Q®-? is always delayed whenever a cycle Cy_y; of
it finishes in such a moment when a task type 4; is under service or is ready for
service. These are the critical situations type o;_;, and o,, respectively, defined
in [6]. The delay can be 0=d,_;=#;, and after finishing the service of 4; the situa-
tion will be the same as the situation after finishing the first task 4;,. Since R;;_;
is consistent, the continuation of the servicing process after the two task-finishing
points passes off similarly. This means that R; ;_, is periodic with a period represented
by the schedule section between the two task-finishing points. If 9,>0 then the
task Az_;, begins immediately after the finishing point #/=#; of the task A4,
in Ry 3_;. This situation is called B;-situation [5, 6]. This situation returns next to
the first delay of Q®-? after #{. The B;-situation returns, however, whenever a
cycle C;_; ; finishes during the service of a task type 4; if 9i>0. If ‘9,-=0 then the
initial situation o, returns at the point ¢; immediately and, because of the-consist-
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ency, the scheduling of the job-flow Q% is repeated. The period consists then of
a cycle C; of Q1 and the job-flow Q®-? fails to be scheduled. The efficiency of
R;5_; will be y=1, the possible maximum, if 7;>0. But this schedule is by no
means acceptable in practice. R;_;; has efficiency y=1 as well if 5,>0,9,=0
unless 73_;=0. If 7;,=0 and 9;_;>0, the schedules R, , and R, , are degenerated
with a finite length and some modification of the scheduling strategy is needed to
produce practically acceptable schedules. This problem and generally the scheduling
specialities of degenerate job-flow pairs (for which 7,7,=0) were discussed in [4].
In spite of this fact we cannot keep degenerate and defective configurations (with
zero value parameters) away from further discussion because the reduction of a
nondefective configuration Q can lead to defective reduced configuration Q*.
Confining ourselves to the priority schedules R, ,(Q), @€2, which always
start with the service of the task A;;, we know that R, ,(Q) is periodic if 9,=0
or the fB,-situation returns. A period is the section of the schedule between the point
t{=n; and the first recurrence point Ty >#; of B, if 9,>0. R, , is not periodic
if 9,>0 and the recurrence point of f, does not exist. In this case Q® cannot be
delayed out of the starting delay of value 5, and the preemptions. This means that
the finishing times f(i) of the cycles C,;, i=1,2, ..., of Q®® can be written as

S = m+itg+x(Dm - (3

where x(/) is an integer depending on i, the number of preemptions of the first {
C,-cycles. (32) is valid only until the first recurrence of the f,-situation. Suppose
the f8,-situation recurs first after the g,th cycle-finishing point. The length of period
p is then the distance between ¢/, the start-point of C, ., and TY, the start-point
of C,,,,41, which consists of u, demand cycles of Q®; »,=y(u,) services of pre-
empting A,-tasks and the last delay d, of Q®, if any, ie.

p=T7—1]= laTo+2s0 + 1 (33)
where p,>0, %,=0 are integers and
0=¢=1. (34

In both points #{ and 77 a task type A, finishes and, as a result of priority,
the service of the job-flow Q) goes on continually without break and ‘delay and
an integer number of C,-cycles are serviced in the period between ¢{ and T;. Let
‘this number be denoted by y,. Thus

P=iT, (33)

where u,>0. Let us call y; and u, the cycle numbers, », the preemption number
and &, the relative delay. These are the characteristics of R, , and they are denoted
by the quaternary

I, = (115 o %25 &) (395

If 8,=0 then R, , will be periodic with p=t1,=#; which accords with (33) and
(33") if we define the characteristics as

I, =(1;0;0;1). ) (35)

Another degenerate case must be discussed yet. This is when 93>0 and t,=0.
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Scheduling this configuration with the priority' of QW the cycles C,, ; with length
0 will be scheduled infinite times after the first, 4,,, task and the further section
of the schedule R; ,(Q) is undefined. Without modification of the strategy the
obtained section of R, ,(Q) can be considered as periodic with length p=0 and
the period consists of a C,-cycle. In this exceptional case let the characteristics
of R, ,(Q) be defined as

m,,, = (0; 1;0; 0). (357

From definition (1) of the efficiency y(R) of a schedule R the efficiency of a periodic
schedule can be obtained as

®=22 (g=0y), )

where pr=0 is the length of the period of R and ax=0 is the P -usage time in
a period of R and the quotient is defined as zero if both of az and pg are zeros.

By the characteristics (35) of a priority schedule R, ,(Q) the P,-usage is com-
posed exactly from the service times of A,-tasks of number y; and from the service
times of A,-tasks of number p, and, therefore,

ay,2 = My +iaNs. ' (36)
We have proved . :

Theorem 2. If for any configuration Q€2 the priority schedule R=R, ,(Q) is
periodic then the length of the period p and the P ,-usage a can be written in the forms

P =T = faTa+(%at+E) N, 37
.G = I+ pe e, . (38)

where integers =0, p,=0, %,=0 and real 0=¢e,=1 are the characteristics

- IT = (py; o #a; &)
of R with the specialities

Qo I S &
\91 = 0, Tg = 0 0 1 0 0 (39)

Proof. After the preliminary discussion there is nothing to prove. [

Let us inspect now the influence of the reduction step defined by (2) on the
periodicity and the characteristics of a priority schedule R, ,(Q). Denote by

(R) Rn = R1,2(Qn)’ h = 01 1’ 21 [

the sequence of priority schedules of the sequence of configurations (Q).

Fig. 3 illustrates the influence of the reduction step Q,—~Q,,: on the corre-
sponding priority schedules. The transformation R,—~R,,, defined implicitly is
shown in three substeps R,—R;, R,—~R;, R, —~R,., corresponding to the sub-
steps (2b)—(2d) as transformations Q,—~Q., O.—~0s, Qi —Q,,,. This decom-
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position of the transformation Q,—Q,,, corresponds to the factorization (29)
of the matrix 4, ,;, of the transformation. The series of configurations in

Fig. 3 is Q,=(1; 15.5; 5; 7.5), Q,=(1; 3; 5; 1.5), Q,=(1; 3; 2; 7.5), Qps1=
=(1; 3; 2; 3.9). .

VA /i R W) "”///////////’4-///0// Wier N,
A—-/ - S 7 =<
iy R AR /v Iy . /. ’/’,’,’///////m/

21

._‘///////////////

TR —2 T Y~ VI I R
I- -// -_P = T .

R / <- ‘
’///////I'AV_/// m‘l/////ﬂ

ﬂ-//I////Elﬂﬂ//////yg.l

A

RAATH N1
VA 2 K778 2 V22

Fig. 3

The influence of the substeps of the reduction Q,,,=4Q,, on the priority schedule R, .

The sequence of R,, R;, R, R,., shows that these schedules are periodic
at once and the transformation Q,—0Q,.; does not influence the existence of
periodicity of priority schedules. This means that the members of the sequen’cc
(R) are simultaneously periodic or not periodic at all.

Let us introduce the following symbolics. Denote the characteristics of R, by

(n) H,, = (ﬂl,n; /-‘2.::; k2,n; 82,::)" n= 0’ 1: 2: ore
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and let the vectors y, and =, be defined as

m: u,= (Zl’"}, n=0,1,..

2,n

and let the matrices M, and M, ,,, be defined as

N Ban—s Asw-z Biu_s
(M) .A_/[n= B2n—1 A2n—1 Bén—l , h=0, 17

0 0 I
- 1 . ll,n 0
(g+): gn,n-*—l = k2,n+l2,n ll,n(k2,n+12,n)+1 k2,n ’ n= 0’ 1’ .-
: 0 0 1

Lemma 6. For the matrices %) and (M) the following relationships hold for
n=0,1, ... .

_M_n+1 = gn,n+1gn’ with %_o =£ (40)
A2n—1 _A2n—2 CZn—l
_A_ﬂ_l =|—By-1 By -2 “_Dzn—l
0 0 1
41)
ll, n(kz, n + 12, n) + I — ll, n ll,n k2, n
Moo= —(kyntls) 1 —ks,n
0 -0 1
1 0Of1 O Ojf1 4,0
A__ln,n+1 - lZn 1 0 k2.n 1 k2,n 0 1 0
0 01JLo 0 1)10 0 1
(42)
1 -4, 0 1 0 O 1 00
g_u_,iu— 0 1 Off—ken 1 —kyy L., 1 0].
0 0 1 0 0 1 0 01
The determinant det (é’ ) for every matrix encountered above is
' det(X) = 1. . (43)

Proof. (40) can be verified by executing the matrix production and using the
definitions of (4), (B), (B"). The verification of (41) is easy by multiplying the
matrices with their inverses and using (20)—(25). The factorizations (42) are ob-
vious by executing the multiplications. (43) is trivial. O

Now we prove our main result.
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Theorem 3. For any configuration Q€9 -the whole sequence (R) of priority
schedules of the sequence of configurations (Q) is periodic at once and the following
relationships hold among the members of the sequence (I1) of characteristics:

E2,n = & (44)
and
Hni1 = Q_n-}«nﬁm Ha = 2}:"+1En+1, by = Qn_TE, p= Qnﬁ (43)
Tpt1 = Azln_,rTHEm T, = gnT,nHEan n, = %Tﬁv = _AfTEn _

or n=0,1,2,..., where X~7 denotes the transpose of the inverse of matrix X°
£ P i

Proof. The second and fourth columns of (45) follow from the first and third.
The first line follows from the second because the D-matrices are the 2X2 sub-
matrices of the M-matrices as their definitions show. The relationships of the third
column follow from the ones of the first in consequence of .(27) and (40). The first
relationship of the first line of (45) remains to be proved with (44). To go on with
the proof we need the following triads.

Define

o) = [LT(I—)] and o() =f()—e(ht,, i=1,2,.. . (46)
as moduli and residua of the cycle-finishing times f (i) of Q'®.
0() =f() (modt,) and 0= () <r1,. 47)

"For the cycle-finishing times the decomposition (32) is.true until the first recurrence
of the B,-situation. Substituting this into ¢(i) in (46) we get

(i) = m+ite+x(D)m—oe@)1,. (48)

H(G) = (o), i, 1(D), i=1,2, ..

for Q are determined by the priority schedule R=R, ,(Q). We saw earlier that
the periodicity of R is true if for a finite i there exists a triad H(i) for which

0 = Q(’) = M,

because the f,-situation recurs exactly in this case. The length p of the period is
determined by the first such i and H(i) because the first recurrence point 7; of
the B,-situation is the A,-task-finishing point next f(i) which is by time n;—o(i)

later than £ (¥), that is
= f(i)+m—o().

_ p=Ti—1=[()—e@) = m+itz+x(Hn—e().
On the other hand

The triads

From this

o)1y =ity +(}((‘) +52) M
from which

e =(>-e)n and & =1—0()/n.
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We have got that R is periodic if and only if there exists a triad H(i) for which
0 = g1y = @)1, —ity— (D = 1y . (49)

Since the member of triads determined by R are monotonic with each other, there
€Xists a unique minimum i satisfying (49). Let

=00, pp=1i x=y00), &=1-0@/n (49)
with this i. Then the so defined 11, are the characteristics of R,, Mz, » is the minimum
value of i for which (49) holds for R,, ie. _

. ] 0= /‘l,n’[l,n_ﬂz,nTZ,n—%2,11’11 = 82,nn1'§ - (50)
Let us see the first substep Q,—~Q;,. Substitute from (2b) 7y ,=/ ,Ta ,+ 71 41
into (50) and we get _
0= l11,n71,n+1"(.Uz,n“ll,nﬂl,n)fz,n“%z,n’h =& 4t = M. (509
This means that .
Hr: = (lll,na #Z,n_ll,nﬂl,u’ x2,n)

is a triad for R}=R, ,(Q;) for which (49) holds. Because the correspondence
between parameters of Q, and @, is unique, H, must also be the minimum triad
for which (49) holds. This means that the characteristics of R; are

7 — ’ —_— "’ — / —
Hi,n = ul,n’ Ho n = ﬂ2,n_ll,n.ul,n, Ho,n = %2,11, Ean = 82 n-

The matrix of this transformation is the transpose of the first factor of M, 7, in (42).
Substitute now the expression #, ,=ky ,91 nt14+¥z041 from (2¢) into (50)

”

correspondingly to the transformation Q,—~Q,. We obtain unambiguously the
inequality

0= (ﬂi,u_kz,n#é,n)T1,n+1__ﬂ§,n(’12,n+1_+92,n)_(";,n_kz,nﬂé,n)'h =& M =M. (507
This means that '

HY = (uy,n—ko,nlz,ns Ho,n> X2,n— Ko, n iz, n)

is the unique minimum triad for Q; for which (49) holds and, therefore

’

“;’nzﬂin kenﬂé ns #é'n :,u;na ”;/n = %;,, anﬂé ns 8;/,, =&,
The matrix of this transformation is the transpose of the second factor of
Mo in (42).

At last we substitute the expression 9, ,,—l2 #Tint1+ 3041 from (2d) into
(50”) correspondingly to the transformation Q) -»Q,,+1 We obtain the inequality
0= (uf,n—1lz,nl3,n) Ta,nt1—Ho,nTo, ni1— Ho,nlly = &2t = 11
In consequence of the uniqueness of the transformation Q) ~Q,., and the mini-

mum triads for their R, ,-schedules we get
Hine1 = Hin—loallsns Monsr = Hans Xomt1 = Xo,ns 2,41 = Eo,n

as the characteristics of R,.,. The matrix of this transformation is the transpose
of the third factor of M, 1,, in (42). This proves the theorem. [
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Fig. 3 illustrates the course of the proof.

Theorem 3 makes it possible to determine the characteristics IT of R=R, ,(Q)
from the characteristics IT* of R*=R, ,(0*) if Q is reducible, R* is periodic and
IT* is known. The question of reducibility was discussed in the previous. section.
The characteristics of reduced configurations will be inspected in the next two
sections. :

4. Priority schedules of specific configurations

We saw in the proof of Theorem 3 that the periodicity of a priority schedule
R=R, (Q) depends on the fact whether there exists a triad H(J) satisfying (49).
This is not equivalent to the existence of an integer solution of the inequality
0=y —tete—dm =1 (5D

4

" because not every triple (u,, us, %,) satisfying this inequality is a triad defined by
(32), (46)—(49) on a schedule R, .(Q). Unfortunately, we do not know analytic
conditions for the triads instead of the fact that its elements represent the number
of C,-cycles, C,-cycles and preemptions, respectively, until the C,-cycle finishing
points of R, ,(Q). The triads and (51) cannot be used, therefore, to decide the
periodicity and determine the characteristics of a priority schedule R; ,(Q). This
circumstance raises the significance of results on characteristics for some specific
configurations Q€2 including reduced ones.

The characteristics of R, »(Q) were made clear for configurations for which
9,7,=0 in Theorem 2. We suppose that '

It =0. (52)

We can make clear the special cases in which (9), the condition #,3,=0 for
O is true. Let first 7,=0. Since Q™ do not delay the service of Q® in this case,
we can determine the condition of periodicity of R, ,(Q) as 9, and 1, are rationally
dependent. This is illustrated in Fig. 4a.

Independently of the value of 5,, we can easily determine the condition of
R, »(0Q) to be periodic for Q¢ 2 with §,=0 (but 3,7,>0"!). This condition is that

11 11 1 1
@ 212W
A 2 V774 t DA 2 YA 2

2 21h] 2 2 1
[OY/ i w—) T W] 9, =0
2 2 2 2 2

Fig.4 . :
R,,:(Q) schedules for specific configurations with 3,7,>0, 7,9, =0

-~
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9, and 7, are rationally dependent, which is the same condition as in case n;=0.
The values of the characteristics of the periodic schedule R, .(Q) are, obv10usly,
determined by the relation of 9, and 7, according to

Theorem 4. For the configurations Q€2 with
9,7,>0, Mm% =0 (53)
the priority sehedule R=R, ;(Q) is periodic iff 8, and 1, are rationally dependent. If
3 A

Sl 54
-z | (54)
with relatively prime integers A, B > 0, then the characteristics of R are
n=[B;A;f< (22 5); 1], (55)
2

where f.(x) is the greatest integer less than x..

Proof. Fig. 4 shows that p,=B, u,=A if (54) holds because (B, A4) is the least
integer solution of the equation x39,—y71,=0. Since ¢(A4)=0, therefore, ¢,=1
from the relationship (49") if #,>0 and & =1 can be considered as a convention
if n,=0. If 9,=0 then every A,-task but the first in the period is a preempting

one and, therefore xy=B—1= [ B|—1. In case n,=0 the A;; task is pre-

empting if i1,<j9;,<it,+1, for some integer i=0 (see Fig. 4a). This means that
i<j/1y<i+ny/t, and using (54) we get i<jA/B<i+n,/ty, i.e.

0<{j%}<%2-, ‘ (%)

where {x} denotes the fractional part of x. It is well known [4] that the numbers
{j4/B}, j=0,1, ..., B—1, go through the points k/B, k=0,1, ..., B—1, of the
interval [0, 1) in some order. This means that for j=1, 2, ..., B, the inequality
takes place as many times as many of the pomts k/B are in the interval (0, n,/7,).

This number is [(1y/7,)/(1/B)] if (nz/tz)/(l/B) is not an integer and is (n,/t,)/(1/B)—1

if this is an integer. This number is exactly f.((1,/1)B). O

Lemma 3 establishes that every configuration Q becomes reduced or defective
with (53) after a finite number v'=0 of application of the operator 4 to it. Theorem
4 means that after finite v'=0 times application of 4 we can reduce Q or decide
whether its schedule R, .(Q) is periodic. We show that Q with (53) is reducible
when R, ,(Q) is periodic, i.e. 3, and 7, are rationally dependent.

Lemma 7. The configurations Q€2 with (53) are reducible iff (54) is true except
eventually the case n,=0 in which Q can be reducible with rationally independent
3, and 1, as well.

Proof. If 8,=0 then the reduction procedure is equivalent to the regular
continued fraction expansion of the number £=9,/n, and is finite exactly when
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¢ is rational and so (54) holds (see also the proof of the Lemma 4). Let now 3,>0
and n,=0. If Q is not reducible then neither 9, , nor n,,+9,, of 0,=4"Q,
nz0, is zero by Lemma 4. If n, , 9, ,=0 for some finite #=0 then the reducibility
is equivalent to the validity of (54) by the same lemma.

Let, therefore, 9, .73 ,92,>0, n=0,1,.... Suppose Q is not reducible. This
means that the series (%) has infinite length and has no zero element after 2,=/; ;.
This means that / ,>0,n=1. From (2b) we conclude then that 0<9, ,,,<
<Ty <8 5, n=1,2, ..., which means that

. N . . Ty ; e
Ey=—2L>1 if i>0, g2i+1=92" =1 if i=0,
To,i 1,i+1

and (2) is equivalent to the definition of series

én = j'n'}"__l_

, n=0,1,..,
5n+1

where 0<1/£,.,<1 and, consequently, 2,=[£,]. This is, however, exactly the
definition of the Euclidean algorithm of the regular continued fraction expansion
of the number £,=09, ¢/7; 9=9:1/7.. This algorithm is infinite exactly when &, is
an irrational number, i.e. (54) does not hold [3]. If (54) is true, Q must be reducible.
If (54) does not hold but #,=0 then Q can be reducible as for instance
Q=(0; 1; n/2; n/2) shows for which &, is irrational but v=1 and Q%=
=(0; 1; n/2—1; =/2-1). O

From Lemma 7 we can conclude that the question of periodicity -of Ry ,(Q)
remained unanswered in cases in which Q is reducible and for its reduction Q*

15 =0, % =0 (56)

In all other cases reducibility and periodicity are equivalent except the case #,=0;
9% and 1; are rationally independent, in which case the periodicity is not true.
We now show that in case (56) the schedule R, ,(Q) is periodic if 7} =1}

Theorem 5. If the configuration Q€2 is reducible and Sor its reduction Q*=Q,
the relations :
F==9>0 , (57)

hold then the priority schedule R, ,(Q) of Q is periodic with characteristics

ri‘—ré‘)

1

= (#1; Uz Ko (58)

with
= By, s+ By,

Mo = Agy_ot+ Az (59)
%y = By, s+ Bj,_

1]
where v.is the degree of compositeness of Q. py and u, are relatively prime integers.
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. Proof. First of all 5,=0 follows from (57) because the reducedness of Q*
implies 95 <t} if 77 >0 by (5c). From 97=>0 and (5b) it follows that 0=p}=9%
and, therefore, the characteristics of R*=R; ,(Q*) cannot be else than

. *_ *
= (110 “n’z) 58

1

which is the special case of (58) with v=0 in (59). This fact can be verified most
simply on the Gantt-chart of R* as in Fig. 5. (59) follows then from Theorem 3

|—° f’ e
RO
////mn///// |

Fig. 5
- The Ry :(Q*) schedule for a reduced configuration with f =1} >9f >0

applied for n=v and entities x*=x,. By the last relationship of (45), n=MTr*
and in detailed form ‘ -

1 By By,—y O] 1

M| = |Aoy-2 Asy-1 Of] 1

2 B, > Bj,_4

which is (59)' ez—sz follows from (44). .
Applying 4 *=D; T;l obtained from (45) for n=v, we get from (28) the

relationships 1= sz 11— Bay_1p; and 1= —A,,_op;+B,,_,n, and from (21) that
i, and p, cannot have common divisors other than .+£1. O

After this theorem the only questionable case remamed is the set of configura-
tions reducible to Q* with

0<n <1f <18 (60)

The domain (60) of 2 is the part of the domain (6) in Fig. 2d and is illustrated in
Fig. 6. We will further mvestlgate this case in the next sectlon

49 [ ]J]v §o:

Ut
M yalg
3 97
1z "z
(@) (b)
Fig. 6

The domain of reduced configurations with O<m,<t¥<t¥

8 Acta Cybernetica
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Supposing that R* is periodic, some relations among its characteristics can
be stated. These follow from the following more general Lemma 8. We need some
simple definitions. Let s(X) and f(X) denote the start and finishing point of the
service of a task or cycle X, respectively. We say that task A starts during task B
if s(B)=s(A)=f(B) and task A runs during task B if s(B)=s(4) and f(4A)=f(B).
Let u denote the numter of task type 4, in a period of R, ,(Q) which do not preempt
task type 4,.

Lemma 8. For the characteristics I and u of a periodic priority schedule
R=R, ,(Q) the following assertions are true:

= u+3,; (61)
) U=y, W = tatxy - (62)
iff exactly one A,-task starts during every B,-task; '

(@ =gy, m=ptx if $<1, 2
(b) u= Koy = ot if 1=, - (63)
(© u=py, m=pptr, if =9 <14

@ m=ptl if 11<1,,
(b) p=2y+1 if =%, %9 =0, (64)
©. m=m=%=0 if p=9=1<1, $>0;

o= 1 if Fp<1<1, 9>0; (65)
mE3 w=2 =l if =289, >0, <1 <r1. (66)

Proof. (61) follows from the definition of u and x,. u=u, in (62) is clearly
true if exactly one A,-task starts during every B,-task because these A,-tasks are
those which do not cause preemption. The number of B,-tasks in a period is y,.
‘Suppose u=p, and there exists a B,-task during which more than one A4,-tasks
start. This is possible only if 17;=3,, and so 9;=8,. But at least one A,-task
must start during every B,-task if 3,=9, and, therefore, we get uz=u,+1, which
proves (63b) but contradicts u=p,. If we suppose that no 4,-task starts during
some B,-task in the period of R, it follows that 3,<38,; must hold. But if 9,<r7,
then no Bz-task during which more than one A,-tasks start exists and, therefore,
u=p,~1, proving (63a) but contradicting u=p,.. This proves (62), and (63a)
and (63b) involve (63c).

To prove (64a) we use Theorem 2. From (37) (u;— ;12)11— Ho(ty—T) + (st 82) 1y
and p,>p, follow if 1,>1, and u,>0. But p,>0 follows from 3,=0 by (39).
If 8,=0 then u;=1=u,=0 by (39). If ,=9, then no A,-task can exist which
is preempted more than once and, therefore, »x,=p,. If 9, >0 then the first A4, ;
task is serviced without preemption as soon as #,=9,;. Therefore, Ao =pp—1,
as (64b) asserts. (64a) and (64b) imply (64c). )

To prove (65) we consider the last B,-task in the first period of R which pre- -
cedes the recurrence point 77" of the fB;-situation. This task finishes in the interval
[Ty —ny, T{] as Fig. 7 shows. The period ends with the service of an A4,-task. The
last B,-task cannot start before the preceding A, -task because 9,=t; would follow
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(21 1 12 V77224 ), J2)
7741 |

KW 7/ R
g 2 | Yz //
¢——— s(B —-AT
() 7B
Fig. 7
Hicit intervals for the last B,-task starting point s(By) if 9,<7,<7s, 9,>0

in this case. This B,-task cannot start, however, 7, later than the preceding A,-task
finishing because 9,=1,—#, and 1,=7; would follow. This means that 3,<71,<7,
implies that the last B,-task starts after the preceding A4,-task but the previous
A,-task cannot be serviced w1thout preemption and so x,=1. (66) follows from
(64c) and (65). O A

Before we turn to the case (60), we prove two theorems which give the charac-
-teristics of R, o(Q) for configurations not necessarily reduced but representing (58”)
as their special case.

Theorem 6. If for the configuration Q€2

8,=>0 and 9,<mn (67)
hold then R, ,(Q) is periodic. Its characteristics are
= (4sBa—151- 4] (68)
M
 where w=(B, A) is the least solution of the coincidence problem ’
' 0=Bi—A=0o o=(1,0) (69)
and : .
: - A=Bt—A (70)
is its error, where
R R
6—91’ a_gl‘ . ) (71)

The cycle numbers p, and p, are relatively prime integers.

Proof. An A,-task causing no preemption starts during a B,-task. Since #7,>3,,
.this A;-task must finish later than the B,-task and cause a recurrence of the f,-
sitnation. Only one such A,-task can exist in every period. Therefore, »,=u,—1
if Ry »(Q) is periodic. The condition of the periodicity is the recurrence of the f;~
situation and the existence of p; and pu,=>0 fulfilling the inequality

0= Mttt —Dm—mtn =9,

The cycle numbers represent the least solution of this inequality which is equivalent
to the inequality 0=gu,1,—1,9,=9, and this to (69) with u,=B, y;=A4 and (71). .
The coincidence problem (69) always has a unique least solution (B, 4) because
a=>0 and this solution represents a pair of relatively prime integers [4]. O

8¢
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In the special case 0<nz=97<1; of (67) {>a but 0=¢—1=a and, there-
fore, the solution of (69) lis w=(1,1) with A=¢(—-1=1/9{—1 and

* %
= [1; 1; 0, 1%

) from (68), correspondingly to (58°).

1

Theorem 7. If for the configuration Q€2
199 >0, n,=0 72)

holds then R, ,(Q) is periodic. Its characteristics are

n= [B; 4;0; AS“‘] (73)
M

where w=(B, A) is the least solution of the coincidence problem (69) with error

(70) where now

5=;—12, a=‘—g—:—. (74).

The cycle numbers u, and u, are relatively prime integers.

Proof. Because of 7,=0, preemption cannot exist in R; ,(Q) and R, ,(Q)
is periodic if and only if B,-tasks finishing during A,-tasks exist. This is the con-
dition of the recurrence of the f,-situation. Such a B,-task exists iff integers B=0,
A=0-exist such that

Bty =1+ A3, = Bry+min (1, §,)

holds. The least w=(B, A) supplies p, and pu,, respectively. This inequality is
equivalent to :
ny—min (7, 3) = Bry;— A9, = ;.

The left side is positive if 5,>3,. In this case the least w=(B, 4) satisfying the
inequality is w=(1, f=(9,/9,)) where f.(x) is the least integer not less than x.
Namely, from x=f.(x)<x+1 the inequality n—%%<7,—f=(3/9,)3,=
=1,—9,=n, follows. This w is the least solution of (69) with (74) as well. (69)
always has a solution because of a=>0, and the least solution is a relatively prime
integer pair [4]. The values of p;, u, and s, in (73) are proved. Obviously, &n,=
=49, from which the value of & in (73) follows. O

If (57) holds, i.e. 0<9F<89F=1{ is true then the least solution of (69) with
(74) is w=(1,1) and 4% =15—-95=11—15. (73) gives (58") as a special case.

5. The case 0 <1} <1;

We did not find conditions for a reduced configuration Q* with (60) to have
a periodic schedule R*=R, ,(Q*). This case requires further investigation. By
{60) and condition (5) we can write

O<ni<t<t, =9, 9% <1 (75)
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This is equivalent to the two series of inequalities

O<ni=9 < <o <ni+e |
" (76
O<nf <95 <1y <15 =97+95 < 9+ (76)
These relations do not determine the relations between nf and 9}, n*-and #f, or
8% and 95 if n3=>n{ (Fig. 6b). These latter relations are, however, not independent
of each other. E.g. the following series of implications is right:

H=mom=nio <=9 =9 (77

From Lemma 8 we can obtain relations among the characteristics of R* if it
is periodic. From (63a) we get - ‘
WB=mten (78)

but from (63c) we get pf=p+x3 if any member of the.series of implications an
is true. From (64c) and (65)

pEmtl=aa+2=3. (79)

Before we further investigate some special cases of (75) we introduce an algo
rithm to generate some entities and the characteristics IT* of R* if R* is periodic.

In the schedule R* the sequence Cs;, Cas, ... of C,-cycles can be grouped into
subsequences in which all cycles are either preempted or not preempted. Denote:
by M;, i=1,2, ..., the sequence of the subsequences of the preempted and N;,
i=1,2,..., the sequence of the subsequences of the non-preempted C,-cycles.
The first subsequence will be the NV; with at least one C,-cycle since 4, ; is a non-
preempted task because of na=9y. We call an M-section or an N-section of R*
the section from the last cycle-finishing point of the previous subsequence until
the last cycle-finishing point of the current subsequence M; or N;, respectively.
This definition will be modified slightly below by dividing some M-sections defined
now into more M-sections and inserting empty N-sections in between them.

Define ' - - ]
fO) =ni, () =m+itg+x@)n (80)

as Cy-cycle finishing points, A

v®=0 cO =1 o0 =22, c0=s0-00x, @
i=1,2,..., as moduli and residua of the cycle-finishing points and
| HG) = (0(), i, (D), i=0,1,... 82)

" as triads according to (32) and proof of Theorem 3. (80);(82) are ohly valid. until
the first recurrence point 737 of ithe B, -situation which occurs exactly when the
residuum ¢ (i) is not greater than 3, i.e.

0=o() =i - (83)

After ¢(0)=n7 the next such residuum and the corresponding 'triéd determine
the characteristics of R* which is ‘periodic if such a residuum exists: Otherwise
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R* is not periodic. The value of the residuum g(i) determines whether the next -
A,-task A, ;., is preempted or not. If

m=e()=tu-n (83)
then A, ;,, will be serviced without preemption and if
- <o) <1 . (837

then A, ;4, will be preempted.
Without preemption f(i+1)=/(@)+1; and

oi+1) = o()+75—1f > (i) (84)
because from (83") we obtain nf <13 — 37 =o(i+1)=9; <1}.
With preemption f(i+1)=f(@)+1;+1}. In this case we get

(i+1) = {9(")“;-9’{ >o() if 95 <97 and 1[—nf <o) <17+ -1}
Y e+ -1 <e@) if d-—min( - <el@ <1 (85)

where the symbol < denotes a relation sign by

<(__{< if 9*§9§ 86
1= if 9 <9 (86)
(85) holds because 93 +nf<o()+13 -9 <ty if FT—ni<t¥+97—13, ie. 95<9f,
and 7} 13 <o) <71 +0 1t and 0=i— 97 ~min (r, f — 99) < o) + 13 — 57 -
—tf <13 — 9 <1} if ¥ —min (3, 3 — 97) < e () <13.

Since @(0)=nt=1f—n; by (75), R* starts with a non-preempted 4,-task
and ¢(i) is monoton increasing until (83”) results and preempted A,-task follows.
o(i) can -increase further until a decrease because of 7§ —~min (13, 75 —97) < o(i)
follows. If the g(i+1) obtained by (85) satisfies (83”), a non-preempted C,-cycle
follows, otherwise the following C,-cycle is preempted as well. In both cases we
regard the situation as the end of an M-section and beginning of an N-section.
In the second case in which the following C,-cycle is preempted as well, the N-
section is empty and begins a new M-section simultaneously.

The schedule R* consists of a sequence (Ny, M,), (N, M,), ... of (N, M)-
section pairs in which N; cannot but N, i=>1, can be empty, too. Let the numbers
of C,-cycles in the sections N; and M; be n; and m;{, respectively. These are called
the lengths of the sections. _

The bounds obtained for ¢(i+ 1) show that

0=o(+l)=n} (87)

can only come to pass if g(i+1)<g(i) i.e. at the end of an M-section. With the
purpose of finding the first o(i+1), i=0, for which (87) comes true, the residua
at the end of M-sections are enough to consider. These residua are the local minima
in the series @(0), ¢(1), .... The next minimum comes after the ith local minimum
0i_1, when in the series @y, @1+ —TF, .0, Qo HH(TE—TY), Qi1+
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+nj(tg =)+ -9, ..., i1 HH (s =D +i(TE—97), ... the first j=m! occurs
for which ‘

. Qi1 Fni(ty — )+ mi(xs — 99 =}
and, therefore,
0i = 0i—1+ni(t3 — 1)+ mi(z3 —97) — 1.

This COIIdlthIl determines m; and g; by ¢;_, and n{. n is determined by g;_; as
the first j=n;=0 for which

24 %k X ¥ *
Qi—1+ni(tg—17) = 1) — 5.

This means that n{, mj, g; are uniquely determined by ¢;_, as

Ty Mg —0i—3 _ 9§"Qi-—1]
P [ ‘tz—‘tl ]+1 I RS : (88)
, & — i —ni(eE = 1) '

m; =f=»=[ 2 Z0) () sgn (1) (59)

2 V1 v :
e = Qi—1+"x{(T;_T;)+m§(T;_9r)_7f, (50)

where : .

¥ (K ¥

C = Tl .Qs—l nxf'-'z 71) (91)
-3 v

and f. (x) is the least integer not less than x.
Let us use the notations

n0‘==m0=k0=0,l n; jZ’an, m; = Zm,, tp,—n+m,, i=1,2,.... (92

The integers n;, m; and y; give the number of C,-cycles serviced without preemp-
tion, with preemptlon and totally until the end of the (&;, M) section pair, re-
spectively.

Denote by

Ht=(q’ia l/’iaXi)s i= 1’23"'3

the triads at the ends of the (%, M)-section pairs. We call H;, i=1,2, ..., Ry,-triples.
Clearly H;=H(n;+m;) and

o, =nm+m+i, Y=m+my, p=m, i=12,. 93)

The residuum at the end of the (N;, M) section palr can be wrltten from the re-
cursion (90) and g,=0(0)=#f as

0; = 1y +n,(13 — )+ m; (x5 — 87) — ity %4
0 = N +Yits + xint — @it 95

The end of the first period of R*, if such one exists, is determined by the entities
at the end of the first (N, M)-section pair with g; satisfying (83). If such a section-

or with (93) as
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pair exists, it can be determined recursively by the formulae (88)—(91). If for
i=I=0 the relation (83) comes to pass first, the characteristics of R* will be

=(or; ¥i; 13 1—ai/ny)
by (49), i.e. \
W= =n+m+l x5 =y =my (96)
#;:¢I:nl+mh 3;= l—ol/nf-

From (93) we can express i, n;, m; by the elements of the Ry,-triple H; as
P=@—Y, m=y—n, m=xn _ o7
and from (96) we can express I, n;, my, ¢; by the characteristics IT* of R* as

I=uf—u3, ny=p5—, mp=x35, o =n(l—g). 7)

These quantities are the number of (N, M)-section pairs, the number of C,-cycles
serviced without and with preemption and the last residuum, respectively, in a
period of R*.

We phrase our main results in

Theorem 8. The priority schedule R*=R; 2(Q*) of a reduced conﬁguratzon o*

satisfying
O<m<1 <13 (98)

_is periodic exactly when such a residuum ¢(i), i=0, does exist which fulfils (83).
This condition is equivalent to the fact that R* has an M-section M;, I=0, the last
residuum oy of which fulfils the inequality

max (0, 7 - 91) < oy = 7. %99
The characteristics are determined then by the Ri,-triple Hy and the residuum g¢; as

IT* = (@5 Y15 25 1—ed/nt) , (100)

Proof. The only assertion to be proved is that (83) is equivalent to (99) with
regard to g;. This follows, however, from the fact that if o(¥) 1s the last residuum
of an M-section then ¢(i)=p(i—1)+13—9f—1F and, since 7} —nf<eo(i—1) by
(83”) because of the preemption of the last Cy-cycle, ¢(i)>%;—97 and ¥ —-97<
<g(i)=n7 must stand instead of (83) in the case 95 —97=0. Usmg the definition
(86) of < we obtam the inequality (99) for ¢(i) and consequently for o;. [

We now deﬁne the formal algorithm to determine the characteristics IT* of R*
if R* is periodic. As we do not have finite method to decide whether R* is periodic,
we have to choose an integer L as the tolerable number of (N, M)-section pairs for
which the criterium (99) is allowed to be tested. If R* is not periodic or the number
I of the (N M)-section pairs in a period is greater than L the algor1thm finishes
without giving the characteristics IT*. Nevertheless, the algoritm gives the values
of the Rm-trlple H,, and residuum g,, also in this case. The- output for IT* is as its
input (0; 0; 0;.0) in this case. .
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Algorithm R},. Input data: Q* = (n{; 97;n3; 93), L;
OQutput data: I = (a5 123 %55 &), Ho = (on, Yo 10); ec3
Step 0:717:=n7 +9;; 7-'2 = ’12+'92,
If 0<n§591 <17y <T;<n;+7; does not hold then ERROR and go to End;
g:=nF; n=m=i=0;
’ ‘92 ’ (7o * Q
Step 1: n":= ———-—], ni=n+n"; :=¢+n'(tz —11); C— —-—
-1 -9
- = [+sen L} mi=m+4m’; o= o+m'(e; -8~ rl, i=it+1;
Step 2:If o=n7 then uT:=n+m+i, g3 :=n+m, 33 :=m, &5 :=1—g/n{ and go to End,
If i=L then @ :=n+m+i, 1//L—n+m yL:=m, ¢,.'=¢ and go to End;
Go to Step 1;
End.

We say that the Algorithm R}, finishes normally if it gives IT* and abnormally
if it does not give IT* but gives H; and ¢, . The algorithm does not put out the data
of all (N, M)-section pairs but only those of the last. After minimal modification
it would furnish these data as well. Independently of the algorithm it is worth to
analyse the data the algorithm is dealing with because we can obtain further in-
ferences from this analysis.

First we show bounds on the lengths n;, m; of the N- and M-sections. Let us
.use the quantities

*

=9 1= 1, m=TFM +1. 101
1 T;—T: ’ T;—Tr s ‘C;—lg;‘ T;—Sf ( )

Let 7 be the numberof the (N, M )-section pairs in a period of R* if R* is periodic
and I=e otherwise. The formulae (88)—(91) define #{, m;, o; for i=1,2, ...
(, if I is finite).

Lemma 9. For the lengths ni, m{, i=1,2, ...(I) the following bounds are valid:

n,=[h), n<nl<n, l<iz=], ' (102)
m<m <@, l=i<l, m<m)<m, (103)
where the symbol <C is defined by (86).
i - * . ’ '9;_’1]*.( = ’
Proof. From -(88) with g,=#n7 we get n1>—1;7—1 =fi—1 and ni=
2 T t1L
9* *

= P L -7 andso nj=[f]. Using the inequalities gi—1>ny and g, <t5i—9%7,

obtamable from (89) and (90), we get from (88) for i=1 that n] >9T—Q'*i 1=>n
—0i-1 = 27 %

and n; <H. .

Ty — 1T}
If ¢ would be integer by (91) for i<l then we would get m;={ and ¢,=0
which contradicts the definition of 1. For i=I, ¢,=0 is only possnble by (99) if
9;<9%. This means that (<m{<{+1 if 1=i<[ and if i=] and 95 291
By this fact and 1§ —ns5<g;_,+n{(tF 1) =95 obtainable from (88) we get m;>
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* *
N

>{=a— L
and we get my={=m and m,<(+1<m for i=I and 9*<.9* 0

793

=m and mi<{+1< +1=m for i<l and i=1I, 979},

This lemma shows that the series n{, i=1,2,..., and mj,i=1,2, ..., of
lengths have only small fluctuations, if any. The bandwidth of the variations are

*

—n=2 and l=<m—-m=2——2— <2 if gf=0. - (104)

12 _"91 . g
These show that both the n{ and m; values can always vary at most on two adjacent
integers.
" From the conditions (78), definitions (101) and estimations (102) and (103)
we easily get
n=l, niz0, l<i=] (105)

m=1 l=isl (106)

Simple regularity conditions can be given for the series of lengths by the para-
meters of Q* which further limit their fluctuations. To simplify writing we use the
quantities

x; =9 —ni_;, j=1,2 (107)

Lemma 10. For the lengths n{ and m; of the (N, M)-section pairs the following
assertions hold.

@) If
nWe—22_ 4l (108a)

.xz'—xl

_for some integer n’ =0, then
np=n'+1 and n’ =nj=n"+l (109a)
for 1l <i=1 Esj;ecially

nij=1 and Osn{j=1,1<i=s1 if 0<8F—n <ti—1}

. (109'a)
nj=2 and l=nj=2, l<i=1 if 14— <¥—nt <2(wi—-1) _
() If
X1 —_ L
= (108b)
for some integer n’ = 0, then
ni=n'+1 and n;=n’ ' (109b)
for 1 <i =1 Especially
ni=1 n =0, l<i=1I if 9 =n
m i if 91 =ny (109'b)

* .

n=2 n=1, l<i=sl if 9 —ni=1f—f
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ON/

== T (108¢)
2

Jor ;s‘Ome integer m’ = 1, then }

) : _ my=m’ - , : - (109¢)

forall | =i= 1. Especially ' . |

m=1 Isi=1I if 95=9%

_ (109°¢c)
mi=2 l=i=l if 1<% -%=1-9. :
(/4 ’ o
n = m’ | 108d)
—xtm d
" for some integer m’ > 1, then
mi=m’ for 1=si<I and m'—1=my=m'. (109d)

Especially .
mi=2 for 1=i<I and 1=mp=2, if t5—1f=9¥-9% (109'd)

CoMMENT. (108d) cannot be true for m’=1 because 9;=1; would follow
which contradicts (75). (108d) is equivalent to (m’—1)(z5 —97)+9; — 91 =n1 from
which 95 —85=(m" — D) (=9 —ni=ti—11=>0 if m'>1 and, therefore, 9; <97
follows. In case of 95=9F the condition (108d) is impossible.

Proof. The method of proof is to relate the bounds-(101) to the parameter 7’
or m’ of the condition (108). (101) is .equivalent to n=x;/(x,—x)—1,
i=x/(xg—x)+1, m=n*(xg—x,4+n7) =1, m=n3/(x;—x,+n})+1. From (108a) we
get n'—l<n<n" and n’+1<h<n'+2 and, therefore, the interval (n, i) contains
the integers n’ and n'+1 and (102) is equivalent to (109a). We get (109'a) from
(109a) for n'=0 and »'=1. From (108b) we get n=n"—1 and A=n"+1 and
the relations (102) make possible only (109b). (109°b) follows from (109b) for
n’=0 and »'=1. From (108c) we obtain m'—1<m and m=m’+1 and, there-
fore, the interval [m, m) contains the only integer m” and (109¢) follows from (103).
(109°c) follows from (109¢c) for m’=1 and m’=2. From (108d) we get m=m"—1
as an integer. The interval [m, m) contains now the integers m’—1 and m’ and
(109d) follows from (103) and (86) because (108d) is possible only if 95 <3} (see
Comment) and <« == by (86) in this case. (109’d) follows from (109d) for
m=2. 0O '

The conditions (108) are only sufficient but not necessary for (109) to be valid. -
One of the conditions (108a) and (108b) is always true and (109a) is valid because
(109b) implies (109a). Lemma 10 is valid also for 7= (R* is not periodic) if the
assertions with i=1I are neglected. _

From Lemma 10 we can deduce some relationships among the R;,-triples
which can reduce the problem of existence and determination of the least Ry,-
triple satisfying (99) to the problem of solution of a coincidence problem [4].- This.



240 J. Tanko

problem is generally solved and leads to the regular continued fraction expansion
of a number depending on the parameters of Q* [4]. The coincidence problems
encountering have the form of the determination of the least solution w*=(B*, 4*)
of an inequality pair

0=BE—-A<a, ©=aw, . -(110)

for the unknown integers w=(B, A) where reals &, a=0, sign < and integers
w,=(B,y, Ay) are given. @* exists and is unique if a>0 or «==, a=0 and ¢
is rational. w* does not exist otherwise. B* and A* are relatively prime [4].

The following lemma is necessary to prove the periodicity of R* if 0<97=9;
in addition to (75).

Lemma 11. For the schedule R*=R, ,(Q%) of any configuration Q*€2 ful-
filling (75) the following assertions hold.

' U] ‘The following three facts are equivalent:
@ =¥ty l=i=]
®) mo=1, l=i=I, B (i
(c) R* is periodic and uf = ,uf+x’{; ‘

(D) If any of (111a—c) holds, the characteristics IT* of R* are determined by
the least solution w*=(B*, A*) and its error A*=B*&*—A* of a coincidence
problem '

0= B —A<a, w=(l,0) (112)

where E*, «* >0 are determined by Q* and < is deﬁned by (86), ui, 13, %2 are pair-
wise relatively prime integers;

(111) &* and o in (112) and the characteristics II* have the.alternative values
by the three rows of the following table:

& «f 4 s % g
« 9 ny—r A —1F)
a A¥4+B* - 4* B* =21
® g o T FooT

(b) T;—”]T r,])lk_r A* A* _B* B* » A*(T;_TD (]13)

oo g-a T
(C) ‘9: ”;(—r B* A* B*_A* A*(T;*—ﬂr)

—-ni Tnen n
r = max (0, 95 —97).

Proof. We begin with the assertions (I). From m{=1 we get ¢,=n;+2i,
Y;=n;+i, y;=i from (93), and (111a) is true. From (I111a) and (97) we get
i=@;—y;=x;=m;, and (106) and definition (92) prove m}=1. If R* is periodic,
exactly one A,-task starts during every B,-task by (l1lc) and (62). This means
that the number ¢; —y; of 4,-tasks causing no preemption is equal to y;, the number

where
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of C,-cycles. This proves-(111a). From the assertion (I} only the periodicity of
R* if (111a) is true, remainded to be proved. This will be done together with (IT)
and (III).

Consider the Gantt-chart of R* until the first recurrence point 7 of the fy-
situation (not supposed finite). Carve out the A,-tasks from it and denote the re-
sulting chart by R”. Since exactly one A,-task starts during every B,-task and the
B,-situation occurs if the A;-task does not finish during the B,-task, it follows
that exactly one A4;-task runs during every B,-task except the last before the f,-
situation, where the A,-task can finish after the B,-task as well. Therefore, chart
R” will agree ‘with the schedule R’=R, ,(Q") of the configuration Q'=
=(0; 3 n;‘, 1) except eventually the last B,-task which has the length

=95 —ni+ef mstead of 9;=95—ny. As =0, the preempting A,-tasks in
R’ do not cause delays and, therefore, the cycle-finishing points are ‘

CfACopy=i(rs—nD), i=1,2, ...

The periodicity of ‘R* is equivalent to the finiteness of T3 and this to the fact that
the last B,-task in the first period (if such one exists) of R” would run during a B, -
task and finish not more than #y earlier than the B, -task (see Fig. 8). This corre-

01 By
(AT VA 2 |\ 12b7z724 1 |
\ 1\ VA 1 V7 V24

w, 2 1 |
A2 A 2 1
S (Cuut)

R*

.R ”

Pt

Fig. 8
The transformation R* - R” and the schedule R’

sponds to the first situation.in R’ in which the inequalities 85 —nf<i(t3—ni)—
—~(j—1D9F =97 and 0=j97—i(tf —n)=n7 for some positive integers 7, j, result:
The values of i and j correspond to the characteristics IT* of R* as i=yj, j=pu}.
The two inequalities are equivalent to the inequality

0 = py 97 — 3 (t3 —n7y) << ny —max (0, 93 —97)

in which the sign < is defined by (86). This shows that the periodicity of R* 1s
equivalent to the existence of positive integers w=(B, 4) for which the inequalities
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(112) with é* and o* of (113c) hold. The least such pair determines yy and uj by
(113c). xi=B* - A* follows from (111a) and the expression of &; from the rela-
‘tionships & =(n} —e)/ni and or=n3 +pus1; +x5nT —pity =ni + A3 +(B*— A" nf —
—B*tf=n}—A* (13 —1 *) The existence of w* is garanteed by o*=>0 and this
by (75).

We have to prove that (113a)—(113c) are equivalent. The inequality
0=B*3—A*(F—nD)<nf—r is equrvalent to the inequality 0=B'(tf—n)—
—-A’(r’;—tf)<i1‘1*_—r if B¥=A’ and A*= The least solutions of the two-
inequalities with the condition (B, 4)=(1, 0) correspond to each other by this
transformation. This proves (113b). By the transformation B*=A"+B’, A*=A4’
we can similarly prove the equivalence of (113c) and (113a). If B* and A* are
relatively prime, such are the transformed values as well. This completes our
‘proof. 0O

Lemma 10 and 11 enable us to solve the evaluation problem of R* for con-
figurations Q* satisfying (75) and any of the relations (77).

Theorem 9. If the configuration Q*¢ 2 is reduced,
<t and 0<9F =9 . (114)

then R R1 2(Q) is periodic and its characterzstzcs IT* are obtainable by (113)
and u}, uf, %} are pairwise relatively prime integers.

Proof. In R* we obtain m{=1 from (109°c) and R* is periodic with uf=
=us+x; by (111c). The assertions (II)—(III) of the Lemma 11 corresponds to
the statement of the theorem. [

With this theorem the only case not solved is the configuration Q€2 which is
reducible and its reduction Q* satisfies the relations .

<1t 9= 9L, (115)

_ If we know that R*=R, ,(Q*) is periodic, the Algorithm R}, can be used to de-
termine the characteristics IT*. This method does not answer the question whether
ul, u and "y are relatively prime integers wich fact was shown in all other cases.
In fact, uf and pf are relatively prime in every known periodicity case. Some further
specific cases of (115) can be solved by using Lemma 10. For example, it can be _
proved that my=m’—1 if (108d) hold and, under the conditions (115), R* is periodic
if and only if 87 —#3 and 1} —1} are rationally dependent. If

91 _4
T3 —‘El B’

{=

A, B>0 are relatively prime integers then the characteristics of R* are
I* = ((m +1)B+A; m’B+4; mB—1; 1)

with relatively prime yi and pj [4]. This assertion will not be proved here. This
result is interesting because it shows that R* can be non-periodic for non-defective
Q* as well. By another assertion [4], R* is always periodic and its characteristics
IT* is determined by a given coincidence problem type (110) if (108c) holds. u}
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and ui are relatlvely prime again. Similar assertions hold for non-defectlve con-
figurations Q€2 (not necessarily reduced) with n,=9, [4]. The proofs of these
assertions are lengthy and, therefore, we do not show them here.

For any Q¢ 2, independently of its periodicity, the efficiency y, , of the priority
~ schedule R, ;(Q) can be approximated by the P, -utility y; 5(n1, t) of its section
m=s=t defined by

At)—2A
T1,2(m, 1) = —(3_71("1) (116)
as t grows (see (1)). It can be proved [4] that
1,20, 1) ~ ¥V +yP = #28 Yy P12 an

if ¢ is big enough, where p,(¢) is the number of the completed and %,(z) the number
of preempting A,-tasks until ¢ in the schedule R, ,(Q). If R, .(Q) is periodic with
characteristics IT=(u;; Us; #5; &) then

Xyt &
e = v‘l_’+v‘2’——2-#1—2 y®y® (118)

' (Theorem 5.10 in [4]). The proof of these facts we omit as well.

)

6. Some c(;mments on the reduction methods

Theorem 3 in section 3 establishes relationships between the characteristics
of the priority schedule of Q and of any transform Q,=4"Q of it. The reduction -
operator A defined in section 2 is actually the A, from the two operators 4, and
4, defined for Q symmetrically in the job-flows 0®W and Q®. The operator 4,
is only usable in the investigation of the priority schedules R; ,(Q) and we know
nothing about the connections between the characteristics of R2 1(Q) and R, 1(2w),
for instance. In the investigation of R ,(Q) we can use the operator 4,. The §=4,0
can be defined as the 4,0 by (2) but the role of @ and Q® (the indices 1 and 2)
must be changed. The operation 4,Q is, therefore, equivalent to the operation
4,0=A40 with the conjugate conﬁguration Q of O defined in section 1. '

In a previous article [5] we defined other operators 2, and 2, for Q asreduc-
tions utilized in the investigations of non-preemptive schedulings. In the operation
20=92,0 only the parameters 3, and 3, are reduced versus operation AQ in
which also 7, is reduced. The 2-reduction is much simpler than the A-reduction
and is defined by (2b) and (2d) replaced (20) by the instruction fj,=n,. Q* is reduced
by 2 if [5] .

-9 <15 or 13=0 and 9F <1f or =0

which are exactly the conditions (5a) and (5¢) as part of conditions Q* to be reduced
by 4. This means Q* reduced by 4 is always reduced by 92 as well. The opposite -
is not true, of course. The conditions (5a) and (5¢) show that a configuration Q*
is reduced simultaneously by both 2, and £,. This is not true in respect to 4, and
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A,. Fig. 9 shows the domains of reduced configurations Q by the operatofs 9;
and 4;, i=1, 2 (refer also to Fig. 2). We distinguish the following domains:

(¢) 7,7,=0; Q is reduced by all operators

B mn,=0, 9,=9,=0; Q is reduced by all operators

) n=0, 0=m=%h=<17, 0=n=9, <1,; Q is reduced by all
operators '

(a) rjz >0, 0=np=% <1 <1n; Q is not reduced by 4, but it is
reduced by the other operators

®) =0, 0=n=39, <1,<n; Q@ is not reduced by 4, but it is
reduced by the other operators

) mn.=0, =0, 0=9;<mnz.;, i=1,2; Q@ is not reduced by 4,,
i=1,2, butitis reduced by &;, i=1,2.
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Domains of reduced configurations

_Let us introduce two simple operators 8, and 8, defined by 0 =6,0 as of para-
meters

Hs—i =

mo-—f ()8 i 8= 0

(119)
Ns-; otherwise

where f. (x) is the greatest integer less than x. Let 6=4,. Itis clear that f_(5,/%,)=
=k, in (2c) if 9,>0. The operator §; is effective for Q if n,_;>9,;>=0 and in-
eﬁ'ectwe for Q if §; ifla- ;=0 or ns_;=9;. Since the order of steps (2c) and (2d)
in the operation 4Q is indifferent, the operator 4 can be represented as the oper-
ators & and ¢ in succession:

= 092.

As 3,=7, implies n,= =9,, the operat'or o will be ineffective until Q is not reduced
by 2 and 2 is effective on Q. This means that the manifestation of 4 for Q is &
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until 20 will not be Z-reduced, i.e. 40=2Q. If 20Q is P-reduced, but not A-
reduced, then AQ=620=2Q. This means that the manifestation of 4"Q, n>0,
is the alternate series of operator-powers 2* and the operator o.

The manifestation is determined by the series (L) of q‘uotients or rather, by
the subseries (k) of (L), defined in section 2. The operator § in 4=69 is 1neffect1ve
whenever k, ,=0.

Define. vp=—1 and for i=0,vi=r if k,,>0 is the ith positive member
in the series (k), if such one exists, and v; is undefined if less than i positive members
in (k) exist. It can easily be seen that

—l=vy<vi=<.. and v;z=i—1

and for any integer. r=0 there exists a greatest v{ for which v/<r. Let this be

Vh(,.),le
h(r) = max: r=0,l,....

h(r) is the number of positive members in the series Ky o, ko1 -ovs Koy and vi,,
is the index of the last positive member if such one exists, and v;,,=—1, otherwise.
This means that . :

Vioy =—1, —1=v,y=r—1, r=0.

By means of the series (v) and function /i (r) the manifestation of 4" on Q can be
written as.

1
490 = @’ - vh(r)( Il _AV'J--V'J'-I)Q, r=0, o (120)
J=h(r)
and if the degree of compositeness v of Q is finite,
AQ =91~ vh(v)[ Il 69vi—i- l]Q r=v. (120"
J=h(v)

Here ]] )x _x,,(,)x,,(,) _1---Xx; and ]] x;=0 is the identity operator. The factor-.
J=h(r

izations (120) and (120%) depend of course on Q and, directly, on the series (L).

If" v<eoo, the series (v) is finite and, with J=|(v")|, the last positive member of

it is vj_,. Let us supplement (+") with the last member v;=v—1. Define the series

of integers _

Vi=Vi—=Vio, j=1,2,..,J

The @-reduction of Q is then
QW =240 =9""10 =0y,
and the 4-reduction of Q is

0" = 470 = 2 i som)e=0, (121)

j=J-1

The factorization (121) shows that the A-reduction of any configuration Q¢2
is equivalent to some alternate series of 2-reductions and J-operations. This fact
clearly shows the connection between the two kinds of reduction.

9 Acta Cybernetica
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The reduction operators 4y and 4, differ in both of their factors, 2; and §;:
4,=6,9,, 4= 6292 ’ (122)

but the manifestations (121) of the 4,- and 4,-reductions, if finite, are of similar
factorizations in structure. In the analogous to (121) of the 4 z-reductlon of O
the same operator 9 can be applied because a configuration Q™ is reduced by
both of 2, and 9, at once and the degrees of compositeness by 2, and 9, have
a known connection [4]. Nevertheless, the series (L) by ‘4, and 4, are different and,
consequently, the series (v) playing the central role in (121) are also different.
Though the data of 4,- and 4,-reduction are not independent of each other, the
interrelationships are likewise complicated and hardly provide a useful basis in
practice to avoid evaluation of one of the two schedules R, »(Q) and R, ,(Q). To
inspect the relationships between both schedules_the two reductions 4, and 4,
seem to be a usable basis. The results given here can provide a grounding to this
inspection by revealing the nature of the priority schedules in themselves. The method
of A-reduction is a useful tool to this.

We mention the connection of the A-reduction with the regular continued
fraction expansion. The Euclidean algorithm of .the expansion of the number
E=r1,/r, can be defined as the iteration [2):

Ty,0 =T, Too0=7Ty and for n=12, ..
Ty,n-1 = boy-sTo no1+1y,,, Where
bos—2 =0 is an integer and 0=1/, <75,y if 7,-1>0,

bs,—» and 7, , are not defined otherwise

Ton-1 = bon_1T1,nt7e,, Where
b1 =0 is an integer and O0=1,, <1, if 7,,>0,
b,,-, and 7, , are not defined otherwise.

Both components of the pair (t;,,-1,7»,.-1) are reduced by the step. This iteration
ends with a 1, ,=0, i=1 or 2, n=0 if £ is a rational number and is infinite if &
is irrational.

The definition (2) of the A-reduction differs from this iteration by 7, and t,
being decomposed into two parts: 7;=n;+9;, i=1, 2, and this parts are reduced
separately except 5, which is not reduced at all. The iteration can end not only
with a zero component but with conditions (5) of the reducedness. We have seen
that the A-reduction becomes continued fraction expansion if one of the parts
n, and 8, is zero. If, however, 8,=0, the reduction becomes the expansion of
3,/n, and not of 7,/3,.

The entities defined in section 2 in connection with A-reduction remind us
of those in connection with the regular continued fraction expansion [3]. The special
case of #=0 corresponds to the expansion of &=1,/t,.
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7. Summary

We review below the points Q of the configuration space 2 by our theorems
proved from the point of view of whether the Question of periodicity and evaluation
of the priority schedules R, , and R, , of Q is answered. See Fig. 10 as an illustra-
tion. Tx refers to the Theorem x in the Fig. 10. '
£
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By Lemma 3 any configuration Q is reducible to a 4,-reduced configuration
Q" or a defective configuration Q’ with y79;=0. This means that the questionable
part of 2 is reduced to the three-dimensional subspaces #7,=0, 7,=0, 9,=0, 9,=0
and to the four-dimensional domain of 2 the two-dimensional cuts by fixing
(11, np) of which are the domains (a), (b), and (y) in Fig. 9d. Lemma 3 (L3) is used
in Fig. 10 only when no other theorem answering the Question directly exists. In
the three-dimensional subspaces 7,9, =0 the Question of R, , is solved by Theorem 2
if 8,7,=0 and by Theorem 4 if 9,7,>0. These solve the Question of R, in
the subspaces 7,9,=0. The Question of R, ; in the space 3;=0 and of R, in
9,=0 is solved by Theorem 2 independently of n; and 7,_;.

If 7,=0 but #,9,3,=>0 the Question of R, , is answered by Theorem 7 and
this answers the Question of R,; if 1,=0 but 7,3,3,>0, too.

The Question is answered so for every defective configuration and, by Theorem
3, for every configuration reducible to a defective -one by any of the operators 4,
and 4,. By Lemma 3 all other configurations are reducible by both of 4, and 4,
to configurations Q* and Q**, respectively, which are in the. domains (b) and (y)
and domains (a) and (y), respectively, in Fig. 9d. Theorem 6 answers the Question
of R, . in the domain 9,<n, and of R, , in the domain 9,<n, without reduction.

As far as the configurations -Q reduced by both of 4, and 4, the Question of
R, , is answered by Theorem 5 in the domain 7,=1, and the Question of R, in
the domain 1,=1,. Theorem 9 answers the Question of R, , in the domain %, =9,
and the Question of R;, in the domain §,=39,.

In Fig. 10d the only questionable domain remained for R, ; -is

e = To—1y < 9y < 9.

This contains “absolutely” (by both of 4, and 4,) reduced configurations for which
m=9% <1, and n,=9,<7,. In general, the unanswered domain of 2, remaining
only if #,51,, is

O<=m=t—n_; <% ;<9 for R,,.; if y < Ha-i- (123)

Further parts from the domain (123) are answered by results based upon the Lemma
10 and mentioned after (115) but not proved here. These are found in [4]. A direct
answer is given by Theorem 6 for R, , in the domain 8,<n, and for R, , in the
domain 9,<n, which is the answer for both schedules in the domain 0<9;<
<’13—i’ l=1’ 2

The flow of evaluation of the priority schedules R, , and R, ; for a configura-
tion @ is illustrated on the flow-chart in Fig. 11. Tx refers to the Theorem x and in
| x1; 15 Xo3 2| Xi, yi refer to the schedule R; ;.;. x;=p means periodicity, x;=?
refers to unanswered Question and x;=other refers to the rationality of x; as the
condition of periodicity. y;=number gives the efficiency value of R, ;_;, y;=?
‘refers to the undefinedness of the efficiency or unanswered Question and y;=Tx
refers to the Theorem x as means of determination of the efficiency. (x;, y;)=4;
" refers to the application of the operator 4; iteratively until a configuration results
which is in a domain where the schedule R; ;_; is directly evaluable by one of the
Theorems 2,4, 5, 6,7, 9.

KEYwoRrDS: steady job-flow pairs, priority schedules, reduction method
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