Definition of global properties of distributed computer systems
by the analysis of system components method

By J. R. Just

1. Introduction

A distributed computer system (abbr. DCS) consists of a number of distinct and
logically connected communicating asynchronous sequential processes. A task reali-
zation in a DCS is the result of these process activities. During the task realization
a user of a system creates a virtual network of processes. The virtual network of
processes consists of a set of logically connected coprocesses. Each of the coprocesses
for a given virtual process is executed in another processor of a DCS.

To gain a theoretical understanding of such systems, it is necessary to find a
mathematical model which reflects essential features of these systems while abstract-
ing irrelevant details away. Such the model allows problems to te stated precisely
and make them amenable to mathematical analysis.

In the papers Just [3, 4] it has been introduced a mathematical model of a dis-
tributed computer system and a mathematical model of their input/output behaviour.
We use the concept process as a basic unit in our description of a DCS, and by a
mathematical model of the process we shall mean a finite-control (FC-) algorithm
of MAZURKIEWICZ, PAWLAK [5]. Formally, our model is based on a notion of so
called vector of coroutines. This notion has been introduced by Janickr [I, 2], in
order to describe the semantics of programs with coroutines.

The main purpose of this paper is to define the global properties of distributed
computer systems by the analysis of system components (coprocesses). We would
like to answer the following questions. What can we say about all possible behaviours
of the whole system, if we only know the local behaviour of all particular components
of a DCS? Is it possible to analyse each component independently, and then to
assemble all local properties in order to get the global semantics of the virtual proc-
ess executed in a DCS?

To solve these problems, we extend the theory in JusT [4), and adapt some ele-
ments of the theory from Jawickr [1}.
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2. The model of a distributed computer system

The mathematical model of a distributed computer system has been introduced
in the paper JusT [3). In this chapter basic facts, important to the problem examined
in this paper, will te presented. For more details the reader is advised to consult
Just [3, 4].

Forevery n=1, 2, ..., let [n]={1, 2, ..., n}. For each alphabet Xlet *= UZ‘

=%z r=3U {s} where ¢ is the empty word. The remaining notation of the
paper is standard.
By a model of a DCS we shall mean a 3-tuple

DCS = (5, MP, AL)
where .
S is the structure of the system, -
MP is the set of processes in the system,
AL is a mapping AL: MP-S.

2.1. Structure of DCS. By -the structure of DCS we mean a directed graph

: S = (N, ny, LT)
where
N is the set of nodes (interpreted as stations of computer network),
ny€ N is the initial node,
LTENXN is the set of edges (mterpreted as transmission lines).

2.2. Processes in DCS. In order to describe the set of processes in DCS we shall
introduce a mathematical object, called a matrix of coprocesses.

2.2.1. Matrix of coprocesses.. By a matrix of coprocesses we mean a system

MP = (o, I,)
where
= {Aij}geim], Iye[m]X[n}.

A;; is a coprocess, and I indicates the start process The set of can be interpreted as
a matrix .

Ay eos Arn
o = .
Aps s Apn
Each lme in the above matrix represents one process. 4;; is a 4-tuple which repre-
sents the j-th coprocess in the i-the process.

- (ZU: V|]3 al]’ Pu) or Aij = (@, 03 {8}3 ﬂ)
where
1) Z;; is an alphabet (of action symbols),
2) V;; is an alphabet (of control symbols of 4;)),
3) oy;€V;; is the start symbol of 4;;,
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4) P;; is a finite subset of the set
{GIXAmIX[Y X P XV )X Zy;.

This means that P;; is a finite set of 4-tuples of the form (i—r, j—s, a—~b, R) where
i~re{i}xX[m), j-se{j}x[nl, a—-becVXV-, RcZ;). P is called the set of instruc-
m n
tions of 4;;. Let P=J U P;;.
i=1j=1
Each instruction consists of four varts:
1) i—r indicates the process which wiii be active after the execution of the
instruction (the r-th process will be active);
2) j—s indicates the coprocess which will be active after the execution of the
instruction;
3) a—-b indicates the way of execution of the component 4;,. This part of the
instruction indicates the current and next point of the component 4;;.
4) R is the action of the instruction. It is an action name. R — because of its
abstract character — will mean the program, the part of the program or an activity of
the opertating system.

Every matrix of coprocesses can be represented graphically by means of graphs

i,Jj
a—»ba:>b a-— b -
R R R

to denote instructions (i—i,j—j, a—~b, R), (i—i,j—s,a~b, R) and (i—r,j—s,
a—b, R), respectlvely

Put = U Z;;. The set X is called the set of action names of the matrix MP.
1 11 1

Let ms = )( )( Vi (X is the cartesian product) The set MS = [m]X[n]Xms
is called the set of control states of MP.

Let co:[m]x[n] Xms— U U V;; be the function such that, for a€ms and
i=1j=1 ,

@€V, co (i, j, m)=ay;.

Each (i—r,j—s, a—b, R) can be regarded as a relation on the set Rel(MS)
defined in the following way

yl(i_’raj_»sa d-'b, R) yZQ(Ea’ BEmS) M = (i’j: (X), Yo = (r5 S, ﬁ)

and co (i, j, ®)=a, co (r, s, B)=b.

The set MT={(, j, x)eMS| co (i, j, ®)=¢} is called the set of terminal control
states of MP. The set ST=MSX X* is the set of states of MP..

Let TS STXST be the relation defined by the equivalence

(1, u) T (32, uz)@[(a(i*r,jés, a—b, R)EP) (1, ¥)EMS & u2=u1R].
We put yo=(o,Jo, %), Wwhere "

o;; for A;;,=0,
co(ijcx):{ Y !
7o ¢ for 4;;,=0

(0 denotes the empty coprocess of form (9, 9, {e}, 9)).
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Put
LMP) = weZ*|(3yeMT)(y,, &) T*(y, w)}.

L(MP) is called the language generated by the matrix of coprocesses MP. The lan-
guage L(MP) represents the structure of a virtual network of processes, whereas
each Z;; represents a set of names of actions (procedures) that should be executed
in the framework of the (7, j)-th component of the system. This language is interpreted
as a description of the semantics of the matrix MP.

Proving properties of the system of processes (in our model) is the same as
proving properties of the language L(MP). Properties of this language can be ana-
lysed by means of fixed-point methods (see Just [3]). These methods of analysis of
the matrix of coprocesses need the knowlage about the form of all components prior
to the analysis. All components must be analysed together. There is a question if it
is possible to analyse each component independently, and then to get the global
semantics of the matrix of coprocesses. We are going to discuss this main problem
of our paper in section 3.

ExampLE 1. Consider the system which consists of two processes, and the
first process consists of two coprocesses. Let this system be represented by the follow-
ing flowdiagram. .

on (%! Gy
E

H
F

[
&

4 1,2 l
l

It can be proved that L(MP)=ABCD((EFUGB)D)*EH. (A method is given in
Just [4)]).

2.3. Mapping AL. The mapping AL specifies an allocation of a process.

3. From local to global properties of DCS

Proving properties of a system of processes (in our model) is the same as prov-
ing properties of the language L(MP). But the language L(MP) does not contain
much information about the structure of the matrix of coprocesses. If we know this
language only, we do not know anything about the number and the form of compo-
nents. Now we define a language which gives L(MP), the number of components,
and sublanguages defined by components. Note that every component can be inter-
preted as certain right-linnear grammar.
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Let MP=(«, I,), where
o = {A;j}icim > Lo € [m] X [n]
jemn

and
Ay =Zy, Vijyoi, Py) (=1, ... .mj=1,...,n)

is the matrix of coprocesses.
We define the following alphabets

A = {has > A b — {Aads Al’c = AU{4}
i,r€[m], j,s€[n] and k=(,j), 1=(s).
4= U 44U {}*ko}9 A= U A& (ko = (imfo))-

k& [m]Xin] k€lmix[n]

for

Let

The set A in our model represents the set of names of actions of transmissions.
Let A(MP) be the matrix of coprocesses defined as follows

.)‘(PM) = ("dl’ ]0), Where M {Au}l€[m]a IOE[m]X[n]

Ai):i = (ZijUAijsI/ijU{a;j}s o}, Pf'j
and
Ph={i—-rj—s,a—bRy|i—~rj—~sa—~b REP;&k = I}U

U{i—-r,j—s,a=b,RI|i—rj—sa—~b REP;&k=1U
UG =i, j—=j, 01~ 0 if G, j)=1, then p=27, elsewhere p=e}.

The language L(A(MP)) contains all the necessary informations about the
structure of the matrix MP.
Let h : (ZUAY* >Z2* be the following homomorphism

if ReZ,

R
(YReZUAY R (R) = {8 if R¢Z.

Corollary. L(MP)=# A(L(A(MP)))
For arbitrary i=1,...,m,j=1,..,n and k=(i,j) let

)~(Aij) = (ZijUAl’cs V.{_,', Ufja Qij):
where
V”.I = V’lU {G:j}’ l]& ijs
={a—~Rb|3(—~r,j—~s, a~b, R)GP{IJ- U {0';{,- g )'kaij}-
Note that A(4;)) is a right-linnear grammar.

ExampLE 2. These grammars for our matrix of coprocesses (see Example 1)
can be described by the following graphs.

7 Acta Cybernetica V/4
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Let L(A(4;;)) denote the language generated by these grammars. Note that the lan-
guage L(A (4;))) not only contains an information on “‘actions” (elements of X))
of the component 4;;, but also on points of resumptions of another components, and
an information on ‘“‘actions of transmissions” as well.

For arbitrary i, r€[m], j, s€[n] and (i—r, j—s, a—b, R) let num: [m]X[n]—
—~[m-n] be defined in the following way: num (i, j)=(@—1)-m+j and for A,¢cA,
k=num (i, j), I=num (r, s). Let g=m-n.

ExaMmpLE 3. Languages L(A(4, ;) generated by grammars given in Example 2
are the following - '

L(MAp)) = M ABMy((heUho B) hyo)* Das,
L (/1 (Alz)) = /12 CD}*m ((Glm U 223 221) Dly )* /123 s
L(l(Azl)) = 13(EF232 U 8)* EH.

Let 4y, ..., 45 Ty, ..., T, be sets defined in the following way
(VkelgD) 4= {Alk: Y PREPTAY PTIRI /14},

q
r,= U @UA4)-4,.

t#=k,1=1
For arbitrary k,l€[g] and k#l let I';; be the following set
Iy = Zf (A=) T (4 U {eH U 2] 4, U ST

Let : (ZUA)—~2@UaY be the substitution of languages defined in the following
way
R if ReXU{4,},
(VReZUAYR) = 4,54, if R=2 & ke[g]—{ko},
‘lel lf R = )‘kl & k # l.
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The function ¥ is called the basic semantic function. This function has been defined
by Janicki [1] in order to describe the local semantics of a vector of coroutines.

A component A4;; of MP is called final if there exists an instruction (i-r, j—s,
a—b, R) such that b=¢. The set of all final components of MP will be denoted by

FIN;. We restrict our attension to the matrix of coprocesses with the property
card (FINyp)=1.

Theorem. For every matrix of coprocesses (of form defined in this paper)

LGMP) = () ¥ (4 LGAD),
where
Ak = Anum(i,j) (Aij is in MP: ’E[m]aJE[n])

The proof of the above theorem follows from considerations which have been de-
scribed in [1, 2].

ExaMmpLE 4. Let us consider the distributed computer system which consists
of three processors, connected over a communication system. These processors
execute particular parts (coprocesses) of the virtual process. We know these coproc-
esses only. In our model they are given in the form of components of the matrix
of coprocesses (see Example 1), and can be interpreted as certain right-linear gram-
mars (see Example 2). The languages generated by these grammars, are given in
Example 3.

On the basis of these languages and by taking into consideration the Theorem,
we can obtam the following language

L(A(MP)) = 2, AB21gCD2g; (Agz Ao EF gy Ry U Ay GAgy B) 2y Dy )13 A EH.

This language describes all possible behaviours of our distributed computer system
— both computations and transmissions.

From this and from Corollary 1 it follows that L(MP)=h,(L(A(MP)))=
—ABCD((EF U GB)D)*EH In our model this language is interpreted as a descrip-
tion of the semantics of the matrix of coprocesses (the semantics of the virtual net-
work of processes).

4. Final comment

Treating distributed systems as the superposition of sequential subsystems is
the natural way of analysis and synthesis of systems. This paper is an attempt to
give a formal approach to this problem. Similar problems are considered in [1, 2, 3, 4],
and from a different point of view in [6].
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