Characterization of clones acting bicentrally and
containing a primitive group

LAszLS SzaBO

1. Introduction

For a set F of operations on a set A the centralizer F* of Fis the set of operations
on A commuting with every member of F. Iif F=F** then we say that F acts bi-
centrally. The sets of operations on A acting bicentrally form a complete lattice %,
with respect to &.

The clones acting bicentrally were characterized in [7] and [12). The lattice %,

_was completely described for |4|=3 in [3] and [4]. Some further propertles of %,
can be found in [5] and [13].

In this paper for finite sets the clones acting bicentrally and generated by permu-
tations and constant operations are characterized (Theorem 1) and the clones acting
bicentrally and containing primitive groups are described (Corollary 2 and Theorem
5). As a corollary a characterization for basic groups is obtained (Corollary 6).

2. Preliminaries

Let 4 be an at least two element finite set which will be fixed in the sequel. The
set of all n-ary operations on A4 will be denoted by 0% (n=1). Furthermore, we set
0,=UJ 0§. A set FSO0, is said to be a clone if it contains all projections and is

n=1
closed with respect to superposition of operations. Denote by [ F] the clone generated
by FEO0,. Let fand g be operations on A4 of arities n and m, respectively. We say
that fand g commute if for any elements ayy, ..., @,,6€ A we have f(g(ay, ..., Qs -,

e 8105 o> Cun) ) =& (f(G11s -+ O1)y o5 f(@puas -5 Gme))- Tt can e easily seen that f
and g commute if and only if f is a homomorphlsm from (4; g)" into {4; g) (or g is
a homomorphism from {4;f)™ into {4;f)).

- By the centralizer of a set FS0, we mean the set F*CS0, consisting of all
operations that commute with every member of F. The set F** is called the bicentra-
lizer of F. If F=F** then we say that F acts bicentrally.

The set of all projections, the set of all permutations on 4, and the set of all unary
constant operations. will be denoted by P,, S, and C,, respectlvely
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An operation f€0, depends on its i-th variable (1=i <n) if there are elements
a,, ..., a,, a;€A such that f(a,, ....a)Zf(@, ..., 81, @], Gy1s -.-s Q).

We adapt the terminology of [6] except that polynomials will be called term
Sunctions. Consequenltly, for an algebra U=(4; F) the set of its term functions and
the set of its algebraic functions will be denoted by T(2) and A4 (), respectively.
The algebra U is called complete ( functionally complete) if T(W)=0, (4(W=0,).
A is trivial if T(W)=P,.

Let A be a vector space over a field K. Then the algebra (4; I), where I is the
set of all idempotent term functions of the vector space A, is said to be an affine space
over K. By a linear operation over the vector space A we mean an operation of the

form 2’ A;x;+a where a€ A and the 4; are linear transformations of 4. It is easy

to check that 7* consists of all linear operations over 4. If a clone F&0, consists
of linear operations over a vector space with base set 4, then we say that F is a linear
clone.

For a natural number n denote by n the set {1, ..., n}. Let B be a nonempty set
and let m=2. An n-ary wreath operation w on the set B™ is associated to transforma-
tions p; of B (i=1,..,m) and maps r: m—n, s: m—m as follows. For x;=
=(Xi1, --s Xi)€B™, i=1, ...,n, let

w (xl [IRRRS] n) = (pl (xr(l)s(l))’ vees Pm (xr(m)s(m)))'

If ECO{Y then W, denotes the set of all wreath operations on B™ with p,€E.
Now a set of operations FS 0, is said to be a wreath clore if there is a set B, a natural
number m=2 and a transformation monoid EZO0LY containing idg such that
(4; Fy=(B™; Wg,m)-

For a permutation group'G acting on A a subset BC A is called a block of G if
for every g€G, either g(B)=B or g(B)ﬂB @. The one-element sets {a}(aEA)
and A are called trivial blocks. A transitive permutation group G is said to be primitive
if it has trivial blocks only. .

Followmg Salomaa [10] a permutatlon group G on a finite set A is basic if the
{4; GU{f}) is complete for every surjective operation f€0, depending on at least
two variables.

Two algebras (on a common base set) are equivalent if they have the same set of
term functions.

We shall use the following result from [8].

Theorem A. A nontrivial finite algebra with primitive automorphism group is
functionally complete unless it is equivalent to one of the following algebras:

(i) B™, where m=2 and B is a functionally complete algebra with primitive
automorphism group of composite order,
(ii) an affine space over a finite field,
(iii) {4; x+1), where {(4; +) is a cyclic group of prime order and 1€ A4\ {0},
(iv) {4; x—y+z+1), where (4; +) is a cyclic group of prime order and
1eAN {0},
(v) {4; xy+xz+yz), where {4; +, } is the two element field.



Characterization of clones acting bicentrally and containing a primitive group 139

We also need the following characterization of basic groups given in [9] (see also

1, 2)).

Theorem B. A permutation group G on A is basic if and only if G is primitive
and G is a subset of no linear clone and no wreath clone.

Results

Let G be a permutation group acting on 4, and denote by G, the stabilizer of the
element acA (thatis G,={g€G|g(a)=a}). For any acA4 let a={x€A|G,SG,}.
The next theorem describes the subclones of [S,UC,] acting bicentrally.

Theorem 1. Let FE[S,UC,] be a clone and put G=FNS,, C=FNC,.
Then F acts bicentrally if and only if C contains every unary constant operation
A—~{a} with a={a}.

Proof. For any acA let us denote by ¢, the unary constant operation with
value a.

Let FS[S,UC4] be a clone. First suppose that F acts bicentrally. Let
SEF* and choose an element a€A such that a—{a} If geG, then f(a, N E
=1(g(a), ....g(a)= g(f(a, ....d)) showing that f(a,...,a)€a and f(a,...,a)=a.
It follows that ¢, F**=F.

Now suppose that ¢,6C whenever @={a}. We have to show that F=F**,
In[11]itis proved that [S,UC,] acts bicentrally. Thus we have F**S[S,UC]"*=

- =[§,UC,].- Therefore it is enough to show that F**N(S,UC,)= -GUC. '

Let A={ay, ..., a,} and define an r-ary operation f as follows:

{xl if (X1, ... x) = (2(a), -, g(a,)) for some g€G,
X, otherwise.

Now fe(GUC)*=F* and if gcS,\G then g¢{f}". Itfollows that F**NS,=
For any a€A with c,4C and for any u€a define a unary operation h,,,,, as
follows:
) {g(u) if- x =g(a) for some gcG,

~ lx otherwise.

Remark that & is well-defined. Indeed, if g,(a)=g,(d) for some g;,2.€G then
grlog,€G, which implies gilog,€G, and g,(1)=g,(u).

We show that h, € F*=(GUC)* Let 1€G and x€A. If x=g(a) for some gcG
then (1, (x)) =1 (hy o(£(a)) =1{g(1)) =hy, (1(8(@)) =0t (®)). If x¢{g(@]ge
€G)} then t(x)¢ {g(a)|gcG), and therefore 1(h, ,( ))—t(x)—h,, (1(x)). Hence
h,,, commutes with 7. Now let ¢,€C. Then b({{g(a)]gEG} since b= g(a) implies
c,=8 *oc,€ FNC,=C. Therefore for any x€A4 we have ¢,(h, ,(x))=b=h, ,(b)=
—h‘z u(cy(x)). Hence h, ,€F*.

Finally let ¢ ECA\C By assumption there is an element u€a with u=a.
Now h, ,€F* and c¢,(h, ,()=a*u=h, (@=h, (c,(u)) showing that h,, and
¢, do not commute. Thus we have F*NC,=C and F*N(S,UC)=(F*NS)U
U(F *NC)=GUC, which completes the proof. O .
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Corollary 2. Let FE[S,UC,] beaclone such that G=FNS, is a primitive
permutation group. Then F acts bicentrally if and only if either FNC,=C,, or
FNC4=9 and G is a regular group of prime order.

Proof. Since G is transitive and F is a clone, we have either FNC,=C, or
Fn CA=@

Suppose that FNC, contains every unary constant operation c, with a= {a}.
If FNC,=0 then a={a} for any acA. Let acA and x€a with xsa. Then
G,SG,. Since the stabilizer subgroups of two distinct elements cannot coincide in
a primitive group of composite order (see [14; Prop. 8.6)), it follows that G has prime
order. Hence G is a regular group of prime order. ]n this case a=A for any acA.
Finally apply Theorem 1. O :

Next we prove two lemmas.

Lemma 3. If A=(4; F) is a functionally complete algebra then F*C
c{s,UcC,} and consequently F*=[End %].

Proof. Using the functional completeness of ¥, it is not hard to show that
(%) if 0 is a congruence on A" (n=1) then there exist 7y, ..., 4 (k=0, 1 =i<
<i,=n) such that

0 = {((a15 s @), (by, ..., bY)EAM: a;, = by ey @y, = b,.k}.

Clearly, then 0 has |A[* classes.

Now let f€ F* be an n-ary operation (rn=1). Then fis a homomorphism from
A" to A and therefore ker fis a congruence on A" If ker f=(A")? then fis constant
and therefore f€[CJS[S,UC,]. If kerf#(A™? then (since ker f has at most |A|
classes), by (), there exists an 7/ (1=/=n) such that

ker f={((ay, ..., @), (b, ..., b)) )E(A™?: a;=b;}.
From this it follows that f depends only on its /-th variable, and f€[S,]S[S,UC,). O

Lemma 4. Let A={4; F) be a functionally complete algebra and let m=2.
Then the centralizer of F on A™ coincides with W ,, where E=End 2.

Proof. Let f be an n-ary operation on A™ that is f: (A™"—~A. Let fi, ..., [
be the m - n-ary operations on A defined as follows: For any (a;y, ..., @;,)€ A™, i=1,
ey Ry let f((alls .. alm)’ . (an19 cr nm)) (.fl(alla hAE) nm)5 . fm(alla se nm))
Observe that f isa wreath operatlon if and only if each f; depends on at most one
variable, j=1,.

Now f€ F* on A"' if and onyl if fis a homomorphism from (U™)"into A™ which
is equivalent to that f, ..., f,, are homomorphisms from (A™)" into A. The latter
means exactly that f3, ..., f,,,E F* on A. Taking into consideration Lemma 3, this is
equivalent to that f;, ..., f,,€[End ™). This completes the proof. [J

The following theorem completely describes those clones acting bicentrally and
containing a primitive permutation group which are not contained in [S,UC,].

Theorem 5. Let FS0, be aclone acting bicentrally and containing a primitive
permutation group such that F E[S,UC,). Then we have for F one of the followm g
five Ppossibilities:
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(1) {4; F)= (B™; Wg,n» where B is a finite set, m=2, and E=GUCjy with
GES Sy a primitive group of composite order,

(2) F is the set of all linear operations over a vector space with base set A
(3) F={x+1)* where (4; +) is a cyclic group of prime order and 1€ A\ {0},

(4 F=[{x=y+z+1}] where {(4; +) is a cyclic group of pr1me order and
IEA\{O}
(5) F=0,.

Proof Let F satisfy the hypothesis of the theorem. If F*=P, then F=F**=
=P*=0, that is we have case (5). Let us suppose that F*=P,. Then {4; F*)
is a nontrivial algebra with primitive automorphism group. If {(4; F*). is functionally
complete then, according to Lemma 3, we have F=F**&{S,UC,] contrary to our
assumption on F. Hence (4; F*)is not functionally complete. Therefore, taking into
consideration Theorem A, we get for the algebra (4; F*) one of the cases (i)—(v).

If (4; F*)=(B™; H) where m=2 and B=(B; H) isa functionally complete
algebra with primitive automorphism group of composite order, then Lemma 4
shows that (4; F)=(4; F**)=(B™; W, where. E=End 8. In [8; Lemma 1]
it was proved that a finité algebra with primitive automorphism group of composite’
order has idempotent. term_functions only. Therefore all unary constant operations
on B belong to End B. Hence E=FEnd B=Aut BUC; and we have (1).

In case (i1) and (iii) F enjoys property (2) and (3), respectively. In case (iv) it is
easy to show that F=F"*={x—y+z+1}*=[{x—y+2z+1}], that is we have (4).

Finally for {4; F*) the case (v) cannot occur. Indeed, it can be shown easily
that if (4; +, -) is the two element field then {xy+xz+yz}*=[S,UC,] and
F=F*= {xy+xz+ yz}*=[S,UC,] contradicts our assumption on F. O

Combining Theorem 5 with Theorem B we get the following characterization for
basic groups.

Corollary 6. A permutation group G acting on 4 (|A|=3) is basic if and only if
(GUA**=0, for any operation f€0,\[S,UC,] \

Proof. If G is primitive then our statement follows immediately from Theorem 5
and Theorem B. If G is imprimitive then, by Theorem B, G is not basic. Let B be a
nontrivial block of G and choose an element a€B. Define a unary operation f and
a binary operation g as follows:

a if x¢B,
x otherwise,

f) = {

x if (x, y) = (t(u), 1(v)) for some 1€G and wu, v<B,
y otherwise.

g(x: y) = {
Then it is easy to check that GU {f}< {g}*. Furthermore, {g}*=0, sinceif u, v€B,
uz=v, and h€0 is such that h(u)€B and h(v)€AN\B then h¢{g}*. Therefore
GU{fp**c {g}*** {g}*=04, which completes the proof. O
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