Properties of the fuzzy connectives in the light
-of the general representations theorem

By J. DoMBr

Intrqduction

A number of papers deal with the operators of fuzzy logic. All of these publi-
cations assume associativity, isotonicity, continuity, and the validity of the perma-
nence principle. The representation theorem of the class of such operators: were
examined only under assuming strict isotonicity in the literature [2], [6], [7], [8].
‘Here we shall consider properties of the operator class supposing isotonicity only,
with conditions under which De Morgan identity holds; first for the case with
‘Archimedean properties, and ‘then for the general one. The properties of the limes
operators of operator series will be studied, too. Finally, the distributive class is
determined. ‘

Preliminaries and basic results

Concerning the conjunction: ¢(x, y) and disjunction d(x,y) featuring if fuzzy
logic, ‘we assume that the mappings c: [0, 1]X[0, 1]-[0,'1] and d4:[0,11X[0, 1]—
—[0, 1] are:

(i) associative:

e(x, c(y, 2)) = cle(x, »), 2), t)
d(x, d(y, 2)) = d(d(x, y), 2).

(i) isotonic, i.e. if x=x’, then for all y:

c(x,y) =c(x,y), d(x,»)=d(x’ ), Q@
c(y,x) =c(y,x), d(y,x)=d(y,x). 3

(iii) the principle of permanence holds:
¢(0,0)=c(0,D)=¢(1,00=0, c(1,1)=1, )
d(1,1)=d(@0,1)=d(1,0)=1, d(0,0)=0. )

(iv) continuous.
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Since the theorems related to the conjunctive operator can be proved in an
analogous way as those related to the disjunction, the theorems below are proved
only for conjunctive operators.

Theorem 1. For a conjunctive operator (disjunctive operator) satisfying con-
ditions (i—iv) it holds that .
cx,D=c(,x)=x, d(x,1)=d(,x)=1, )
c(x,00)=c(0,x)=0, d(x,0)=d(0,x)=x. @)
Proof. [3).

Definition. The conjunctive operator c(x, y) (disjunctive operator d(x,y)) is
Archimedean if c¢(x,y)<x and d(x,y)>x for x€(0, 1).

Definition. The pseudo-inverse of a strictly monotonously decreasing function

f:la, B]~[f(a), f ()] is

b if x=f(0b),
fEVE) =171 it f(b) = x =f(a), ®)
a if f(a) = x. :

Theorem 2. For an Archimedean conjunctive operator (disjunctive operator)
with properties (i—iv) there always exists a strictly monotonous function f, (fy),

for which
=0, f,@=0, 9)
f;:(O) = Te, f;!(l) =Ty, (10)

where r, and r; may be +o or —e<e, and is such that

c(x, y) =fEP(LDHLON): dlx, ») =fE(fux) +40)

where, apart from a factor a0, f,(x) (fi(x)) is uniquely defined.
. The function f,(x) (f3(x)) will be called “‘the additive generator of the function
c(x, ) (d(x, y))”. .

Proof. [9].
Consequence. All such operators are commutative.

Definition. The operator ¢(x, y) (d(x, y)) is reducible with respect to both sides
if, in the case (£, w]€ (0, 1] ((z, wl€[0, 1)) c(t, u)=c(t, v) or c(u, wy=c(v, w) (d(t, w)=
=d(t,v) or d(u,w)=d(v,w)) holds if and only if, u=v. If c(x,y)(d(x,y)) is
continuous, then the reducibility is equivalent to the strict isotonicity. '

In the particular case when the operation c(x, y) (d(x,y)) is strictly isotonic,
we may obtain from Theorem 2 the theorem of Aczél [1}, and then r.=— or
r,=-co.

A consideration of this special case is to be found in [3]. Let us subsequently
assume that 7,74 3 oo, ry# 0.

Theorem 3. For the monotonously decreasing additive generator f(x) ( f3(x))
of c¢(x,y)(d(x,y)), there always exists a strictly monotonously increasing additive
generator of c(x, y).
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Proof. Since the additive generator f(x) is determined up to a constant multiple
factor a0, let us select «=—1 and define

fe®=—f(x);

this f, will then satisfy the statement of the theorem.

We restrict our considerations below to monotonously decreasing generator
when we are speaking on conjunctions, and to monotonously increasing additive
one in the case of disjunctions, that is, we shall suppose that :

O<r,<o (0<rj<oo)
Theorem 4. For the additive generator f.(x) (fi(x)) of the operation c(x, y)
(d(x, y)) we can give a multiplicative generator f.(x) (fa(x)), where f,(x):[0, 1]~
y ¥
\ Jax)

1 fc(x) 14 -fd(_l) (x)

f;_(—l)(x)
>y > X . Y —tp X
0 1 0 1

Fig. 1
Generator functions of coujunctive and disjunctive operators for the additive representation case

J .
ead - Fi(x)
j;(—1) (x)
14 .
x { — X
O 1 e’s
Fig. 2
Generator functions of conjunctive and disjunctive operators for the multiplicative representation
case
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~[ere, 1), fu(x): [0, 1] —~[1, €],
c(x ») =fEF0L0), dix, ) = £ (J () L)) an
Proof. The proof is obvious if we put
and Je ) = exp (/. (x)) so: £V (x) = £ (In (x))

JE ) o) = £ (n(exp (. (49)) - exp (. () = L2 (1 ) +fc(y))

3. The De Morgan class of fuzzy operators

For investigation of De Morgan identity we need a mapping, the so called
negation n:[0, 1]1-[0, 1]. We shall assume the usual properties:

(1) n decreases strictly. monotonously,
(2) nis continuous, .
(3) the principle of permanence holds for n

. n(1)=0 and n(0)=1
Below, we dlstmgulsh two “forms of De Morgan identity, the - con]unctlve form

'n(c(x,y)) dn(), () )
n(d(x ) = e(n(®), n(). : (13)

The theorems wﬂl be stated and proved only for the conjunctive form.

and the disjunctive form

Theorem 5. For a given conjunctive (disjunctive) operator c(x, v) (d(x, y)) and
a negation operator n(x), it is possible to construct a disjunctive (conjunctive) ope-
rator satisfying the conjunctive (disjunctive) De Morgan identity.

Proof. Let f.(x) be the generé'to‘r function of c(x, y). Let us define
n~1(x S
f() AU oy
where a>0 is an opt10na1 real number The function d(x, y) generated by f;(x)

will in fact be a disjunction, .since f;(x) satisfies the conditions which ‘ensure that
-f1(x) is a generator function of. a d1s1unct1ve operator. Furthermore,

(e, ) =MD ) o)) = n{f< b (LLZ0E) | L l(n(y))))]

= n(ff Y a(fs(@m () +fa(n () = £ 1’(f,:(l'l(x))+fa(n(y))) d(n(x), n())

where we have made use of the fact that n( £~ (ax))=f =" (x), and thus the theo-
rem is proved.

Theorem 6. Let c(x, y) be a conjunction, and d(x, y) a dls_]unctwn A negation
n(x) can then always be given :such that the conjunctive (disjunctive) De.Morgan
identity holds.
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Proof. Let
n =5 (B 1.0 = 70 (2 £10) =i )

As concerns the n(x) defined in this way it can be seen that

a) it is bimorphous, since _r’i Je(x)€[0, v,

c
b) it decreases strictly monotonously, because of the monotonicity of f£,(x) and

VARG
¢) n(x) is continuous, since f,(x) and f;*(x) are such too,
d) it satisfies the conjunctive De Morgan identity.

From the substitution x=n"1(y) we obtain

L) = f‘"'(n Ln0)

from which the statement follows.

Theorem 7. Let ¢(x, y) be a conjunctive, d(x, y) a disjunctive operator and n(x)
a negation. The conjunctive De Morgan identity holds if and only if

Jn71 (%)) n~i(x
Proof. The sufficiency has already been seen. From the conjunctive De Morgan
identity we have
d(x, y) = n~c(m™(x), 17 ())- (15)

The conjunctive operator is associative
c(c(x, y)a Z) = c(x, c(y, Z)),
n(e(e(, y), 2)) = n(e(x, c(y, 2)).

Using the conjunctive De Morgan identity
d(n(c(x, »)), n(2) = d(n(), n(c(y, 2))).
Using again the conjunctive De Morgan identity
d(d(n(x), n), n(2) = d(n(x), d(n(»), n(2).
Replacing n(x), n(y), n(z) by x, y, z, we find that d(x, ) is associative.

and so

d(x,y) is isotonic. If y=y’, then n(y)=n(y"), c(x, y) isisotonic, hence

e(n(x), n(») = c(n(x), n(»").

As n—1(x) is strictly monotonous

d(x, y) = n7(c(r(®), n()) = n7Hc (1), n(yN) = d(x, ¥)
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The continuity of d(x, ¥) is a consequence of those of ¢(x, y) and n(x).
d(x, y) is Archimedean since

c(n(x), n(x)) < n(x) x€(0, 1),
d(x, x) = n7(c(n(x), n(x))), n~Y(n(x)) = x.

d(x, y) satisfies the permanence principle:
c(x, 1) =c(, x) = x,
c(x,0) = c(0, x) =0,

d(x, 0) = n™*(c(n(x), n(0))) = n~(n(x)) = x,
d(x, 1) = n=Y(c(n(x), n(1))) = n71(0) = 1.

Thus, for d(x, y) there exists a generator function f;(x) which is determined uniquely,
apart from a constant factor. We have seen that (14) is a generator function, and
since its constant factor too is of such a form, we have proved the theorem.

If n(n(x))=x- holds, then the conjunctive and disjunctive De Morgan identities
are the same.

Let us now consider the non-Archimedean case. On the basis of the represen-
tative theorem of [9], there exists a finite or (uncountably) infinite series of discrete
intervals M;=(a;, b;) such that

c(,i_l)(f;:,i(x) +fc,i(y)) X, yE(ai, bi)5
min (x, y) x, y€[0, INU M..

and so

and so

c(x, y) ={ (16)

The De Morgan class is constructed so that the conditions required in the
Archimedean case hold for the generator functions in the corresponding (a;, b;).

4. Limes operators of the operator class

An important role is played below by the following definition [6).
Definition: Let

x if y=1, - x if y=0,
t.(x,y)=4y if x=1, i(x, » =1y if x=0, a7
0 otherwise, 0 otherwise,

be a non-continuous conjunctive or disjunctive operator.

Theorem 8. All conjunctive (disjunctive) operators satisfying conditions (i—iv)
have the following properties:

t.(x,y) = c(x,y) =min (x, y); max(x,y)=d(x,y)=t(x,y). (18)

Proof. By definition we have 7.(x, y)=0, c(x,y)=0 provided that x, y€[0, 1)
and 1.(1, x)=t.(x, )=c(l, x)=c(x, D=x, thus

(%, y) = c(x, y).
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Moreover, let us assume that x=y. Utilizing the fact that f,(x) and £~V (x) de-
crease strictly monotonously, we have

e(x, ) =LV (L@ +HLW) = LV(fo () =x = min (x, y).
Theorem 9. Let 1>0 be a real. If £,(x) (f;(x)) is the generator function of a
conjunctive (disjunctive) operator ¢(x, y) (d(x, y)), then
f2) (i (%) 19)
are also the generator functions of some conjunction and disjunction denoted by
(6 ) (dilx, »). ‘

Proof. If f.(x) is the generator function of the conjunctive operator, then
f.(x) too satisfies the properties of the generator function. Thus

e (%, ) = fEO((FE @) +HEONYH);
d; (x, y) = {2 )+ D).

Theorem 10. Let 4, ¢;(x, ¥), d,(x, y) be the same as above. Then the following
relations are true.

L lim¢;(x, y) = min (x, ), lim d; (x, y) = max(x, y), (20
2‘~ }‘l_{lg C;_(x, y) = tc(xs J’), 11_{13 dl(x, y) = td(x, y)y (21)

Proof. 1. Let us assume that x=y; then min (x, y)=x. Since it holds that
ci(x, y)=min (x, y), we have

min (x, y) = lim ¢,(x, ) = lim £ (@2 @) = Jim V@V (f,() =
= x = min (x, y).

2. If y=1, then c;(x, 1)=x. Similarly, if x=1, then ¢(l, y)=y.
Let us assume that x<1, y<1 and x=y. Since

0= }133 c;i(x, y) = }11113 SENSAE) 200 = }lirr(} fEP 2% £.(0) =0,
we have
’ Co(xa y) = tc(x’ y), do(xs }’) = td(xs y)’
Cwl(X,y) =min (x, y), du(x,y) = max(x, y).

Example. Let f,(x)=1—x. We then obtain the operator of Yager [10] by
constructing c(x, y).

Definition. c(x, ) (d(x,y)) has the classification property, if c(x, ﬁ(x))=0
(d(x, n(n))=1) for every negation n(x).

Theorem 11. Let c(x, y) (d(x, y)) be any mapping such that it is isotonic,
and satisfies ¢(1, x)=c(x, )=x (d(0, x)=d(x, 0)=x).

(i) c(x,»)(d(x,)) is idempotent if and only if
¢(x, y)=min (x, y) (d(x, y)=max{x;)),
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(ii) ¢(x,y)(d(x, y)) has the classification property if and.only if.
c(x, y) = t.(x,»), d(x, )= 1,(x, )
Proof. The sufficiency is obvious.
(i) Let us assume that ¢(x, y) is idempotent and x=y. Then
- x=cx,x)=c(x,y))=c(x,])=x ie.
¢(x, y) = x = min (x, »).

(i) If x=1 or y=1, then the statement is obvious. If x,<1, y,<1, then
there is a negation n(x) for which x,=n(y,). Since c(x, y) has the classification
property we have ¢(xy, 6)=¢ (o, 1(x0)) =1 (ks %0 ,

Hence, we have characterized the operators c¢,(x,»), C.(x,y) algebraically,
too.

5. The distributive operator class

We wish to describe operators satisfying properties (i)—(iv) which are distributive
with respect to each other, i.e.

c(x,d(y,2))=d (C~(x, ) c(x, 2)), (22)
d(x, c(y, 2)) = c(d(x, ), d(x, 2)). 23)

Theorem 12. The oSerators c(x,y) and d(x, y) are distributive with respect to
each other if and only if:

¢(x,y) =min(x, ), d(x,y)=max(x,y). 29
Proof. On the basis of theorem 1, boundary conditions (6) and (7) hold. Utilizing
the distributivity:
x=d(x, 0)=d(x, c(0, 0))=c(d(x, 0), d(x, 0))=c(x, x)

we have that is c¢(x,y) is idempotent. On the basis of theorem 11, for an
idempotent, isotonic conjunctive (disjunctive) operator satisfying the boundary
conditions

¢(x, y) = min (x, ).

6. Discussion

The properties of monotonous fuzzy operators (interpreted on sets) satisfying
associativity have been examined.

A, Strictly monotonous operators,
A, Archimedean operators,
A; Monotonous operators

A necessary and sufficient condition on generator functions was formulated
which ensures that De Morgan identity is true. The distributivity holds if and only
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Ayt t.(x,y), min{x,y)

At max (0, x+y-—-1)

Ay x-y

Fig. 3
Hierarchic order of operators

if the operator is the min or max. By means of operator series associated to the
operators we obtained lower and upper limits of the operators, as limes. The algebraic
characterization of these operators was also given.

A further examination is mecessary to establish the classification property of
the operators and the relation of the (not strictly monotonous) negations.
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