On a problem of Adim concerning precodes assigned
to finite Moore automata

Masasal KATSURA

To investigate the structure of finite Moore automata, the concepts of code,
precode and complexity are introduced by Adam [1] and investigated in [1—S8].
Main motivation is the following.

Basic Problem [1]. For arbitrary finite X, let a constructive description of
all reduced finite Moore automata, whose input set equals to X, be given.

Relating to this problem Ad4m raised four open problems, one of which is the
following.

Problem 3 [1]. Consider all pairs (D, D’) of precodes with finite com-
plexity such that D <D’ holds. Either determine the maximal value of Q(D")—
— Q(D) (as a function of the cardinality of input set) or prove that the set of
these differences is unbounded.

In autonomous case, this problem is solved in {8]. The answer is that the difference
is unbounded. However, we show in [8] that the quotient Q(D")/R2(D)

(D < D', 2(D) =0, QD) < =)

is bounded by 2. In this note, it is shown that, in multiple-input case, not only the
difference but also the quotient is unbounded.

For the background and fundamental facts concerning codes, precodes and
complexity, see [1} and [2].

L

N and N, mean the sets of positive integers and of nonnegative integers, respec-
tively. For ¢, k€N,, we denote [t:k]=(ENy|t=i=k). For n,meN, we write
X(,,)—(xl, .y X,y and Y(,,,)—( Vis s Ymp- A partial automaton is a 5-tuple

( D], X(,,), Y(m), 5 }») here:

(1) v, n and m are positive integers. [1:v), X, and Y, are called the state set,
the input set and the output set of 4, respectively.
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(2) disa partlal mapping of [1:v]X X, into [1:v] called a state transition func-
tlon (6 is extended as usual to a partial mapping of [1:v]X(X(;)* into [1:v]):

(3) Zis a mapping of [1:v] onto Y, called an output function.

(4) For any a€[l:v] there exists a p€X* such that §(1, p)=a.

If 6 is defined for any element of [1:v]X X{,, then 4 is said to be an (initially
connected finite) Moore automaton.

Let A=([1:0], X(n), ¥(m), 6, 4) be a Moore automaton. If 1(5(a, p))=A((b, p))
holds for a, be[l:v] and pe X*, * “then we say that p distinguishes between g and b.
w(a, b) is the minimal length of p which distinguishes between a and b. If there
is no word which distinguishes between a and b, then we denote w(a, b)= . Espe-
cially, a=b implies w(a, b)=-c. The complexity £2(A) of A is defined by

Q(A) = min{w(a, b)la, b€[1:v),a # b).

If v=1 then Q(A)=O.

The notions of codes and precodes were introduced in {1} as tools tc describe
Moore automata constructively. The following definition is from [6, 7]. It is of
course essentially equivalent to Ad4m’s definition in [1].

Let néN. A 6-tuple D=(r, s, B, 7, ¢, ) is said to be an n-input precode 1f
the following eight postulates are fulfilled:

(A) r, sare nonnegatxve integers.

(B) B and ¢ are mappings of [2:r+s+1] into [1:r+1].
7 is a mapping of [2:r+s+1] into [1:n].
4 is a mapping of [1:r+1] into N.

(©) B(a)<a for any ac[2:r+1].

(D) For. a, be[2:r+1], if a<b then (B(a), y(a))<(B (1), (b)) in the lexicographic
order.

(E) For a€l[r+2:r+s+1], (ﬂ (a), y(a)) is the lexicographically smallest element in
((1zr+1]X[L:n])— (B(B), y(B))IbE[2:a~ 1]).

(F) For a¢2:r+1), p(@)=a.

(G) For a€[r+2:r+s+1], p(a)=1 or (B(e(a)), y(go(a)))<(ﬂ(a),y(a)) in the lexi-
cographic order.

(H) p(@)e1YU(u(b)+11bel1:a—1).

We denote u(D)=max {(u(a)lac[l:r+1]). If m=u(D) then D is said to be an
m-output precode.

It can be easily be seen that r+s=n(r+ 1) ie, s=nr+n—r. If s=nr+n—r,
then the precode is said to be a code.

Let D=(r,s,8,v, 0, 1) and D'=(", 5", B, 7, ¢’, ') be n-input precodes. If
r+s=r'+s" and f,y', ¢’, @ are extensions of §, y, ¢, p then we denote D=D’.
We denote D<D’ if D=D’ and r+s<r’+s’. If D<D’ and r’+s'=r+s+1
then we write D—<D’. '

It can easily be seen that, for any precode D, there exists a code C such that
Db=cC.

Let D=(r,s, 8,7, ¢, ) be an n-input m-output precode. Deﬁne a partial
mapping dp of [1:r+1]X X, into [1:r+1] by

op(B(a), X)) = @(a) for any a€[2:r+s+1].
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Define a_mapping Ap of [1:r+1] onto Y(!,) by
Ap(a@) = ypa for any ac[l:r+1].

Then it is easy to verify that ¥(D)=([1:r+1], X(»), ¥Y(m) Op, Ap) is a partial auto-
maton. ¥ (D) is an automaton iff D is a code.

The complexity Q(D) of a precode D is defined by
(D) = min (Q(¥(C))IC is a code such that D= C).

2.

Let n, w, t be positive integers such that n=2 and wx=2. Define an n-input
precode D=(r, s, B, y, @, p) as follows:

(1) r=4+4w~-2 and s=nr+n—r—1. .
(@ (B@b), y(2b), p(2b)) = (b, 1,2b) and (B(Qb+1),y(2b+1), p(2b+1)) =
=(b,n,2b+1) for any be[l:2t+2w—1].
(3 up(a)=a for any é€[1:3t+3w—1].
u(@) =a—w—t for any a€[3t+3w:dt+4w—1].
(4) For each a¢[r+2:r+s+1], the a-th row is determined as follows:
(a) B(a), y(a) are determined uniquely by Postulate (E).
(b) If B(a)€[2¢+2w:3¢4+3w—2]U[37+3w:44+4w—2] and y(a) =1 then
pl@)=a+l.
If (B(a),7(a)) = (3t+3w—1,1) then ¢(a)=2t+2w.
If (B(a),y(a)) = (4t+4w—1,1) then ¢(a)= 3t+3w.
© If ﬁ(a)€t2t+2w:3t+2w—l] and y(@) =n then ¢(a) =3¢+
+3w—1L. '
If B(a)e[3t+3w:4t+3w—2] and y(a)=n then ¢(a)=4t+
+4w—1. ' ] '
(d) Otherwise, ¢(a)=1:
It is easy to verify that D satisfies Postulates (A)—(H).

The state transition function and the ouiput function of the partial automa-
ton ¥(D)=([1:4t+4w—1), X(), Y (mys Op, Ap) 1s shown in the following table:
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do(a, x;)
a do(a, x DA™ 24 d " Apla
PN 1) (ER: n—1)) o(a, x,) (@)

1 2 1 3 1

2 4 1 5 2

? 6 1 7 3
2t +2w—2 4t +4w—4 i 4t +4w—3 2t+2w—2
2t+2w—1 4t+4w—-2 1 4t4-4w—1 2t+2w—1
2142w 2t42w+1 1 3t4-3w-1 2t 4+ 2w
21+?w+1 2t+2'w+2 1 3t+3w—1 2t+2w+1
3t+2w—2 3t+2w—1 i 3t+3w—1 3t+2w—2
31+2w—-1 3t+2w 1 3r+3w-1 3t+2w—1
3¢42w 342w+ 1 1 1 3t+2w
3t+;w+1 3t+2_w+2 1 1 3t+2w+1
3+2w—2 3t+3w—1 i i 3t+3w—2
3t+3w—1 2t4+2w 1 1 3t+3w—1
3143w 3t+3w+1 1 dt+4w—1 2142w
3t+§w+1 3t+3_w+2 1 4t+4w—1 2t+2w+1
at+3w—2 at+3w—1 i 4t +dw—1 3t+2w—2
4r+3w—1 4r4 3w 1 1 3t+2w-—1
4143w 4t+3w+1 1 1 3t+2w
41+3w+1 41+3w+2 1 1 314+2w+1
4t +4w—2 4t+4w—1 i 1 3t+3w—2
4t +4w—1 3t+3w 1 — 3t+3w—1

Let D'=(r,s+1, B, 7, ¢, 1) be a precode such that D <D". Then D’ is a code,
i.e., ¥ (D) is a Moore automaton. We have (B(r+s+2), y(r+s+2))=(4t+4w—1, n)
and D’ is determined only by the value ¢(r+s+2). It can easily be seen that arbi-
trary choice of @(r+s+2)€[1:4w+4t—1] makes D’ to satisfy the postulates for
codes. We shall show that ¢(r+s+2)#1 implies Q(D)=w, and ¢ (r+s+2)=1

implies Q(D)=t+w.

Case 1: ¢(r+s5s+2)#1, ie., op(dt+dw—1, x,)=1.

Let a,b€[l:4t4+4w—1] such that a<b. We have w(a, b)=0 iff Ap(a)=
=Ap(b) iff a=2t4- 2w+, b=3t+3w-tifor some i€[0:t+w—1]. Let i€[0:t+w—1].

Since

Op (2t +2w+i, x;) = 0p (3t+3w+i, x;) for any je[2:n—1],
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we have
oQ2t+2w+i, 3t+3w+i) =
= min {@(Sp (2t +2w+i, x,), 6p. (3143w +i, X))+ 1,
0(8p 2t +2w+i, x,), 6p 3t+3w+i, x))+1).

Thus we have
o@t+2w—1,4t4+3w-1) =

= min{w(3t+2w, 4t+3w)+1, 0Bt +3w—1, D+1) = 1.
o@Bt+3w—1,4t+4w—-1) =
= min (@ (2t+2w, 3t+3w)+1, o(1, 6p. (42+4w—1, x,))+1) = 1.
For ic[0:1—2],
oQt+2w+i, 3t4+3wti) =
= min{(@Q2¢+2w+i+1, 3t4+3w+i+1)+1, 0Bt +3w—1,4t+4w—1)+1) = 2.
For ic[0:w—2],
oB3t+2w+i, 41+ 3w+i) = 0(Bt+2w+i+1, 41 +3w+i+ 1)+ 1.

Hence,
o(3t+3w—2,4t+4w-2) =2,

w@Bt+3w—3,4t+4w—-3) = 3,

0 (3t+2w, 4t+3w) = w,
Consequently, Q(D')=max(0, 1,2, ..., w)=w.

Case 2: ¢(r+s+2)=1, ie., 6p(dt+4w—1, x,)=1.
Let a, b¢[1:4t+44w—1] such that a<b. Just as in Case 1, we have

w(a,b) #0 iff a=2t+2w+i, b=3t+3w+i for some ic[0:t+w—1].
w(@t+2w—1, 4t+3w—1) = min (@ (3t+2w, 41+ 3w)+1, 0Bt +2w—1, )+1) = 1.
o@t+2w+i, 4t43w+i) = 0(3t+2w+i+ 1,414 3w+i+1)+1 for any i€[0:w—-2].

We have
o@Gt+3w—1,4t4+4w—1) = 0 (2142w, 3t+3w)+1.

For ic[0:¢—2],
0 t+2w+i, 3t4-3w+i) =

= min{(@QRt+2w+i+1, 3t+3w+i+1)+1, 0o(3r+3w—1,4+4w—-1)+1) =
=min (@2t +2w+i+1, 3t+3w+i+ 1) +1, o (242w, 3t+3w)+2).
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It follows that
oGt+2w—1, 41+ 3w—1) = 1,

o(3t+2w—2,4t+3w—-2) =2,
w(3t+2w—3,4t4+3w—3) =3,

o(2t+2w, 3t+3w) = ¢,
oBt+3w—1,4t+4w—1) = t+1,
oGt+3w—2,4t+4w—-2) =142,

o(3t4+2w, 41+3w) = t+w.

Consequently, Q(D)=max{0, 1,2, ..., t+w)=1+w.

We have shown that @(r+s+2)#1 implies Q(D)=w and @(r+s+2)=1
implies Q(D)=w+t. It follows that Q(D)=min {w, w+ t)—w We have shown
the following.

Theorem 1. For any n, w, t€N with n=2 and w=2, there exist n-input pre-
codes D and D’ such that D<D’, Q(D)=w and Q(D)=t+w. 0O

In autonomous case, Problem 3 of Ad4m is solved in [8] as follows:

Proposition 1. The set

(Q(D)—Q(D)|D and D’ are 1-input precodes such that D<D’ and Q(D")< )
coincides with all nonnegative integers. O

In multiple-input case, we have the following similar result which is an immediate
consequence of Theorem 1. :

Corollary 1. For any n€N with n=2, the set
(Q(D’)—Q(D)ID and D’ are n-input precodes such that D<D’ and Q(D")< <)
coincides with all nonnegative integers. O

Consider the quotient 2(D’)/Q(D) instead of the difference Q2(D)— 2(D).
In autonomous case, we have the following result [8].

Proposition 2, The set
(Q(D")/Q(D)D and D’ are l-input precodes such that D<D’, Q(D)0 and
QD)<=
coincides with all rational numbers between 1 and 2. O

Though the quotient is bounded in autonomous case, it is unbounded in multi-
ple-input case. The following is also immediate from Theorem 1.
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Corollary 2. For any n€N with n=2, the set
(Q(D")/2(D)ID and D’ are n-input precodes such that D<D’, Q(D)#0 and
QD)<=
coincides with all rational numbers not less than 1. O

Contrary to expectation, the solution of the problem does not contribute to
our investigation, especially to the Basic Problem. If we wish to proceed further in
this line, we should make refinements of the problem, e.g., not only n but also r, s
and/or m should be taken into account.

3.

In this section, we consider a modification of our problem in the sense that,
instead of the cardinality n of the input set, the cardinality m of the output set is
taken into account. Analogous to Theorem 1, we have the following result:

Theorem 2. For any m, w, t€eN with m=2 and w=2, there exist m-output
precodes D and D’ such that D<D’, Q(D)=w, Q(D)=t+w.

Proof. Define a (2¢+2w)-input precode D=(r, s, B, 7, ¢, ) as follows:
(D) r=2+2w+m—2 and s=2r+2w)r+Q2t+2w)—r—1.
2 (B@),y@), 9@)=(a—1,1,a) for any a€[2:m—1].
3) (B(@), 7(a), p(a)) = (m—1,a—m+1,a) for any a€[m:2t+2w+m—1].
4 p@=a for any a€[l:m-—1].
u(@=m for any a€[m:2t4+2w+m-—1].
(5) For each ac[r+2,r+s+1], the a-th row is determined as follows:
(@) p(a), y(a) are determined uniquely by Postulate (E).
(b) If B(a)elm:t+w+m—-2]U[t+w+m:2t+2w+m—2] and
y(@) =1 then ¢(@)=a+l.
If (B(a),y(a)) =(t+w+m—1,1) then ¢(a)=m.
If (B(a),7(@)=Qt+2w+m~1,1) then ¢(a)=1+w+m.
(© If B(a)—-(m—2)=y(a)€[2:t+w+1] then ¢(a)= p(a).
If Bla)—(t+w+m—2)=y(@)€[2:t+w+1] then ¢(a)= B(a).
(@ I Ba)elm:t+m—1] and y(a) =2t+2w then ¢(a)=1t+w
+m—1.
If Bla)e[t+w+m:2t+w+m—2] and y(a) =2¢+2w then
¢(a@) =2t+2w+m—1.
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(e) Otherwise, p(a)=1.
Let D'=(r,s+1, B, 7, ¢, u) be a precode such that D<D’. Let
a, be[l1:2t4+ 2w+ m—1]

such that a<b. If a€[l:m—1] then Ap(a)#Ap(d) and thus w(a, b)=0. If
a€[m:2t+2w+m—1] then there exist 7, j€[0: t+w—1] such that

a=m+i or a=t+w+m+i,
b=m+j or b=t+w+m+j.
If i#j then Ap(@)=m=2p(b) and
2p:(Bp (@, x142) = Ap(@) = m # 1 = 25, (1) = Ap:(Jp: (b, X;40)-

Hence w(a, b)=1. Consequently w(a, b)=2 implies that a=m+i and b=t¢+
+w+m+i.
Similarly as in Theorem 1, we have, for any i€[0:t+w—1],

o(m+i, t+w+m+i) =
= min (@(8p. (M +i, xp), Sp- (t+w+m+i, x))+1,
o(8p(m+1i, x,), 6p (t+w+m+1i, x,))+1).

Since 8p (t+m—1, xp40,)=t+w+m—1 and Sp.(t+w+m—1, x5 ,2,,)=1, we have
o(t+m—1, t+w+m—1)=1. In a similar way as in Theorem 1, we can verify the
following:

If e(r+s+2)#1 then QD) =ow(t+m,2t+w+m)=w.

If o(r+s+2)=1 then QWD) =w(+m,2t+w+m)=t+w. O

The folloWings results are immediate from the above theorem.

Corollary 3. For any meéN with m=2, the set

{Q(D")—Q(D)|D and D’ are m-output precodes such that D< D’ and Q(D") < )
coincides with all nonnegative integers. 0O

Corollary 4. For any meN with m=2, the set

(Q(D)/Q(D)ID and D’ are m-output precodes such that D<D’, Q(D)»0 and

(D) <)

coincides with all rational numbers not less than 1. O

DEPT. OF MATHEMATICS
KYOTO SANGYO UNIVERSITY
KYOQTO 603

JAPAN



On a problem of Ad4am concerning precodes assigned to finite Moore automata 151

References

[1] ApAMm, A., On the question of description of the behavior of finite automata, Studia Sci. Math.
Hungar. 13 (1978), 105—124.

[2] Apim, A., On the complexity of codes and pre-codes assigned to finjite Moore automata, Acta
Cybernet. 5 (1981), 117—133.

[3] ApAm, A., On the simplicity of finite autonomous Moore automata, Studia Sci. Math. Hungar.,
16 (1981), 427—436.

[4] Ap4m, A., On certain partitions of finite directed graphs and of finite automata, Acta Cybernet.
6 (1984), 331—346.

[5] KATSURA, M., On complexity of finite Moore automata, Acta Cybernet. 7 (1986), 281-—292.

[6] KaTsura, M., Finiteness of complexity for precodes assigned to finite Moore automata,
Topics in the Theoretical Bases and Applications of Computer Sci. (Proc. Conf., Gyér, July
1985), Akadémiai Kiad6, Budapest, 1986; 91—102.

[7] KaTtsura, M., Leaves of precodes assigned to finite Moore automata, Studia Sci. Math. Hungar.
(To appear)

[81 KATSURA, M., On the complexity of finite autonomous Moore automata. Periodica Math.
Hungar. (To appear)

( Received June 8, 1986)

3 Acta Cybernetica VIIIf2



