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0. Introduction

Since context-free grammars are not able to cover all aspects which are of interest
(e.g. in the theory of programming languages), a lot of regulating mechanisms for the
derivation process have been introduced. However, mostly the generative capacity
of these mechanisms has been studied with respect to the generated set of words over
a terminal alphabet. Thus all the intermediate steps of the derivation are not contained
in the language, and therefore it often happens that the differences between the mecha-
nisms disappear. Hence — in order to contribute to a comparison of the mechanisms —
we shall investigate languages which contain also the words of the intermediate steps,
the so-called pure languages.

Let us also mention that these languages are of interest for themselves by the
following two facts :

— they form a sequential counterpart to the L systems (with regulation),

— the intermediate steps are important for the syntax analysis.

The first results on pure versions of grammars with regulated rewriting are pre-
sented in (1), (6), (2). However, besides (6) (where a different definition of the pure
language is used) the appearance checking mode is used in the derivation. One of the
purposes of this paper is to complete the hierarchy by the relations concerning pure
languages of regulated rewriting without appearance checking.

Usual languages (containing only terminal words) can be obtained from a pure
language by intersecting with the set of all words over the terminal alphabet. By the
results by Ehrenfeucht and Rozenberg it is known that for L systems there is a second
way, namely the application of a coding (letter-to-letter homomorphisms), if one is
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only interested in the generated family of languages (see (7)). This does not hold for
sequential rewriting. But in (3) it is shown that the hierarchy of families of languages
obtained by codings lies between that of pure languages and that of usual languages.
Again, here we shall add some results by consideration of grammars without ap-
pearance checking.

In this paper we shall restrict to the following three types of regulated devices:
matrix grammars, programmed grammars, and random context grammars.

Throughout the paper we assume that the reader is familiar with the rudiments
of formal language theory and has some information on regulated rewriting (e.g. see

(3): (5)).

1. Definitions

For the sake of completeness we give the formal definitions for the pure versions

of the above mentioned grammars,
In the following definitions, let V' be an alphabet, and let S be a finite subset

of ¥'*. (Usually in the theory of pure languages one uses a set of starting words,

however, as one can see by our proofs our results do not change if S consists of only
one word.)

A pure random context grammar is a triple G=(V, P, S) where P is a finite
set of productions of the form

(a—+w,R,Q), acV, weV*, RCV,QCV.

We say that x€V * directly derives y€V™* (written as x=y) iff x=zaz,, y=
=z:wz,, (a—w, R, Q)€P, z,z, contains all letters of R, and z, z, contains no letter
of Q. The language L(G) generated by G is defined as

L(G) = {y: z=y forsome z€S)}

where = denotes the reflexive and transitive closure of =.
A pure programmed grammar is a triple G=(V, P, ) where P is a finite set of
rules of the form
(b, a = w, E(b), F(b))

where b is a label of the production, a¢V, weV*, and E(b) and F(b) are subsets of
the set of labels. The language L(G) consists of all words y such that there is a deri-
vation

2= NG Ve 132 Y =Y

n

where z€ S, (b;, a;—w;, E;, F;) arerules of P, 1=i=n, and, for 1=j=n,

—_ pa— *
Yic1 = Zu@iZig, ¥i = Zaw;ziz forsome  z;, z€cV,

and bi+1€Ei (if i - n)
or :
a; does not occur in y;_;, y; = y;—;, and b; . € F; (again, if i < n).
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A pure mairix grammar is a quadruple G=(V, M, S, F) where M is a finite set
of finite sequences of productions,

M={m,m,, .. m},
m; = (a; = Wi, Qi > Wigs s Qi) —~ Wir(i))s

a;;€V, wi;€V*, 1=i=r, 1=j=r(i), and F is a subset of occurrences of rules in M.
Then, for 1=i=r, we say that x=>y iff

X=)Yo=2N=>)Ve=---2 Ny =Y
where
—_— _— *
or '

aij dOeS not occur in yj—l’ aij—’ WijEF, and y" = yj—l‘

The language L(G) generated by G is defined as the set of all words y which are obtain-
ed by iterated applications of matrices (elements of M) to words of S and all inter-
mediate words (y; in the above notation) of these applications of matrices.

These definitions are the most general ones, i.e. rules of the form a—A are
allowed and the appearance checking mode is used in the derivation process.

By Z(pRCL), ZL(pPR}), % (pM}) we denote the families of languages
obtained by pure random context, pure programmed, and pure matrix grammars,
respectively. We omit the upper or lower index or both indices if we.consider the
families of languages generated by grammars without erasing rules or without ap-
pearance checking (i.e. Q=@ and F(b)=@ for all productions, or F=) or without
both these features.

By Z(pCF) and £(pCS) we denote the families of pure context-free and pure
context-sensitive languages, respectively (the definitions can be given in an obvious
way, e.g. see (4)), and we add the upper index A if A-rules are allowed.

#,(w) denotes the number of occurrences of the letter a in the word w.

2. The hierarchy of pure language families

Let us consider the pure programmed grammar

G, = ({a’ b}5 {(1’ a— b?, {1}’ {2})’ (2, b —~ a3, {2}’ {1})}a {a})

The language L, generated by G, contains only words of {a, b}* which satisfy one of
the following conditions: '

)+ = 5,

(1)
3#,(w)
3

+#b(w) = 32"+1’
where n€EN.
Lemma 1. L,c4(pPR,.), L ¢ ZL(pPRY).
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Proof. By the construction of L; we have to prove only the second statement.
Let us assume the contrary, i.e. L,=L(G) for some pure programmed grammar
G without appearance checking. First we note that, for w, wé€L;,, w=w,
[I(w)—I(w")|=2 holds. Hence without loss of generality we can assume that G is
A-free. If there is a rule whose core production is of the form a-b or b—a then its
application to a word of L, produces a word which do not belongto L.

Fora production p: (h, x—~w, E(h), 9), we set

I(p) = I(w)—1,
I(G) = max I(p).

and we also define

Obviously, /(G)=2. Further, let t; be the number of productions in G, let ¢, be the
maximal length of a word in S, and let n be an integer such that 3">¢, -1,./(G). Now
we consider a derivation D of a3’"b3€Ll, especially the last (#,+2) steps of this
derivation which increases the length, i.e.

D. * * . b 32nb3
. S=’J’o=,f’ Nn=nh3> )’2=‘~’>J’2=>--~—:>,‘ V1= .V:1+1——“*->,t 1 a
1 1

where the derivation steps y;=»y;.; are obtained by application of the production
(l;, x;—w;, E;, 9) of G with /(w;)=2 and the phases y; =>y; contain only applica-
tions of rules with core productions a—~a or b—b. By the definition of n and ¢,, the
following facts are valid:

-——-#"3(}") +#,(0) =371 for 1=i=t,
— there are two integers k, jwith 0=k<j =1 suchthat /,=/;.

Let
#.00) = 37 =3r;, #00) =11,
#a(yj) = 32"—3"2’ #b()’j) =Ts.
Then 3">r,—r,>0. Further we have also the correct derivation
s——f:>y0—,—o~>y1—t—->...=>yk?> zj=*:» T2 L = T In
J n+1
where z;, ..., 7,4, are appropriate strings w1th
#a(zt1+1) =3"-3(r;—ry), #b(zt1+1) = 3+(ry—ry).

This contradicts (1) and thus z,,,¢L,. Since z,,,€L(G) we obtain the desired
contradiction to L(G)=L,. O

Now we consider the pure matrix grammar
G, =({a,b,c,d}, {(a—~a® b—b%c—~c), (a—a% b—~dc~ 3},
{abc}, {b—~ b% b~ d%).

Then the words of its generated language L, satisfy the following conditons:
If #,(w)=0, then w=a®**if"c¥*-1 or w=a¥+@*mc>+1 with 2n+1=3m,
n, méN.
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If #,(w)=1, then w=a®+w'c*+1 or w=a**w'c*~1 where
w'e{b, d®}*, I(w) =2n+1 or I(w)=2n-1.
Lemma 2. LZE.?(pM,,C), L. Z(pM?).

Proof. Again, we have to prove only the second statement. Lét us assume that
L,=L(G) for some pure matrix grammar G without appearance checking. As in the
preceding proof we can show that all core productions (besides x-x) have the form
x—w with /(w)=3. Let n be a sufficiently large number. We consider a derivation of
w=a2n+ld362n+ l, say

D:sZsp v, 2w

where (without loss of generality) /(v,)<I(v,)<I(w). By the structure of the words in
L, it is easy to prove that v,=a*~1d3¢®"~1, v,=a**+1d3c* -1, Iterating this argument
and taking into consideration that we can omit length preserving matrices we obtain

* 5
D: s=> uj= uzi._~> w
m

where the derivation u, =>w corresponds to the application of a proper initial part of
a matrix or u,=w, and the application of m increases the number of a’s and/or ¢’s
only. If it increases only the number of a’s ,then by its iterated application to u, we can
generate a word y with 3#,(y)— #.(¥)>2 which contradicts the structure of the
words in L,. Analogously, the matrix m cannot only increase the number of ¢’s.
Hence it has to increase both numbers. Now we consider a derivation D’ of w'=
— a2n+1b2n+lc2n+1. Again,

D:siz3w

where z<t>w’ is the initial part of a matrix application or z=w’ and z is generated
by iterated applications of matrices. Clearly, #,(z)=1. Then it is easy to show that
the correct derivation

s = Z=>Z)=> Zy=> 23
produces a word z; which is not in L,. '
Lemma 3. Let
L, = {a?b%c, ab®c, b*ab?c, b¥¢c, b1} U{a®"b®: n = 1}U
U{ba®+1b2: n = 1}U{a®*1b%: n = 1} i
Then L% (pRC,.), L.¢ Z(pRCH).
Proof. The pure random context grammar G,=({g,b, c}, {(c~b? 6, 9),
(a—a3 8, {c}), (a—~b? {c}, D)}, {a?b’c}) generates L,.
Assume that L,=L(G) for some pure random context grammar without
appearance checking. We consider a*'b® where n is sufficiently large. This word can be

derived only from a word a®"b® (without loss of generality we can assume that
m<n), and thus we have a production (a—~a*"~™*+, R,0) or (b—~a*"-™b, R, 0)
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with RS {a, b, ¢}. This rule is applicable to a®b% producing a word not contained
in L,

Lemma 4. Let
L, = {ca"b": n =2}U{ca"**b": n=2}U{a"b": n 2'2}.
Then L,c ¥ (pM?*), L, L (pM,,).

Proof. Clearly, L, is generated by the pure matrix grammar
G, = ({a’ b, C}, {(c ~c,a—~a%b~ bz)s (c—~ )‘)}a {Cazbz})'

Thus L, L (pM*).

Now assume L,=L(G) for some pure matrix grammar G with appearance
checking but without 2-rules. We consider the word a"b" where n is chosen such
that @"b” is not an axiom. Then there is a word z with z=4"b" and z=a"b". If z=
=a'b" for some r<wn {r>n is impossible by the A-freeness and r=n is already
excluded), then we have applied a rule of the form a—a**b* to thelastain z
or b—+a’b**! to the first b in z where s=1. Since r=2 we can apply this rule to the
first a or last b, too, and then we derive a word which is not in L,. Hence z is of the
form ca’b” or ca"+'b", and we have to apply a rule of the form c¢—z’ which yields
Z’a"b" or Z’a"t'b". In the first case z’=1 and r=n have to hold and this contra-
dicts the A-freeness of G. In the second case we do not obtain 4"b". Therefore L,=
= L(G) do not hold for all 1-free pure matrix grammars G.

Lemma 5. Let L;={d}UL,. Then Lic%(pPR?), L;c%(pPR,,).

Proof. 1t is easy to see that L;¢#(pPR"), and L4 %(pPR,.) can be proved
analogously to the proof of Lemma 4.

-Lemma 6. Let
Ly = {cab*d: n = 2JU{c’a™ b"d: n = 2JU{c’a"b"d’: n = 3}U
U{ca"b"d’: n = 3}U{a"b"d: n = 2}.
Then L4 (pRCH), Li¢ Z(pRC,). - '
Proof. The pure random context grammar
Gs =({a, b, c,d, ¢, &'}, {(c ~ ¢’a, {d}, 0), (d ~ bd’, {c’}, 0)
= e, @0, (@ ~d, (),9), (4 (@}, 9)), {eabrd))

generates L;. Hence L;€.%(pRC?).

Now let L;=L(G) for some pure random context grammar G (with appearance
checking) without erasing rules. We consider w=a"b"d with sufficiently large n.
As in the proof of Lemma 4 it can be shown that w cannot be generated from a word
of the form a’b"d. Hence z with z=w, zzw hasto be of the form ca"b"d or ¢’a+'b'd.
It is easy to see that a"b"d is obtained iff ¢—~A is applied to z and r=n holds, i.e.
we get a contradiction to the A-freeness.
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‘Lemma 7. Let
= {b2a}U{ba®**: n = 0}U{a®+*ba%+': m, n = 0}.
Then Ls€.€f(pRC) L % (pPRY), L§ &L (pM2).
Proof. i) Ly is generated by the pure random context grammar
Gs = ({a, b}, {(b ~ a*, {6}, 9), (a ~ a*, {a}, B}, {b%a}).

Thus LZ(pRC).

ii) Assume that Lg=L(G) for some pure programmed grammar G. Again, G
is A-free, and hence b%s has to be an axiom. Further, in order to generate ba®*3" for
a sufficiently large integer n we need a production with the core rule a—a®**! for
some m=0. Clearly, it can be applied to the axiom, and this gives b%a=b2g*"+1,
Therefore L(G) contains the word %"+ which is not in L.

iii) can be proved analogously to ii).

Fact 1. Let
= {a"b"c": n = 1}U{a" ' b"c": n = 1}U{a"*t'b"*1c: n = 1}.
Then Lv€$ (PM), L4 Z(pPRL), L¢Z(pRCE,).

Fact 2. If Lg={a, 5} U{a™*1%: n=0}U {a"1+1": n=0}, then L, Z(pPR),
Ley¢ £ (pRCY), Lt & (pMy.).

Summarizing all these results and taking into consideration the relations to pure
versions of the grammars of the Chomsky hierarchy which are already given in (1) we
obtain the following diagram. Instead of A& B we write A—~B, and if two families
are not connected then they are 1ncornparable

Theorem 8.
Z(pRCL) Z(pM}) < (pPR})
VRN /N , /N ZeCshH
Z(pRC,) Z(pRC*) £L(pM,) £ (pM*) £ (pPR,) Z(pPRY) t
N4 N /S , N S Z(pCsS)
Z(pRC) L (pM)- - %(pPR) :

AN /"
(pCF) =2 (pCF?)

3. Codings of pure languages
Let X be a family of grammars. Then we set € (X)={L: L=h(L’) for some
L'€Z(X) and some coding h} (i.e. h(a) has the length 1 for all letters a).
Lemma 9. 4(pM)=%(pPR).

Proof. G(pM)S¥(pPR) can be proved analogously to (3). Now let . G=.
=¥, P, S) be a pure programmed grammar. We set ¥V'={(a, b): ac¥, b is a label
of a production in P}. With the production (b, a—w, E(b), ) we associate the
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matrices

((a, b) ~ w, x — (x, b))
where x€V, b’€E(b). The set S’ is defined as the set of all words w,(x, b)w, where
wixwo€ S, (x, b)EV’. We consider the pure matrix grammar G'=(VUV’, M,S’, 0)
where M is the set of all matrices of the above introduced type. Then the correct
derivations have the following form (in the second row we note the applied rule):

s = wi (%, by)wa m’ WnZiWa 56007 Wiz (X3, ba) Ws...=
---=>W1n(xmbn)W2n’;ﬁ’w Z,W
(x,,0,) =z, Inén'"2n

—_— W X, b w =>....
Xpne1— CGns1:Pnsr) 1.n+1( n+1ls n+1) 2,n+1

Furthér we consider the coding h given by h(x)=x for x¢V and h((x, b))=x for
(x, b)€¥’. Then the image of the above derivation is
Wi X1 Wa1 3= WnZi Wy = WieXeWop 5.0

D Wi X Wor 5= Win ZWon = Wins1Xns1Wons1 570

where, by the definition of the matrices, b;, is in the success field E(b;) of b;. Thus

we have proved that
L(G) = h(L(G")).

Since the composition of codings is a coding again,
K (L(G)) = (hoh")(L(G")),
%(pPR) S ¢(pM).

Combining Lemma 9 with the results of (3) we obtain
Theorem 10. .

%(pRC)C 4 (pPR) = € (pm) € ¥(pM.) T¥(pPR,) = €(pRC.) E €(pCS).

_It is known (see (8), (5)) that for usual languages (i.e. sets of words over ater-
minal alphabet) the following hierarchy holds: : S

Z(RC)S Z(M)=2(PR) S £ (M,) =2 (PR,) = £(RC,) & £(CS)

(and that for X€{M, PR, RC}, a=ac or empty, all the families £ (X}) coincide
with the family of all recursively enumerable languages). Thus one sees that the
hierarchy of families obtained by codings of pure languages is situated between the
hierarchy of language families obtained by the use of nonterminals and terminals and
that of pure language families.

and.thus
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