On the hierarchy of v,-products of automata

P. Domost and Z. Esik

In order to decrease the feedback complexity of the Gluskov-type product of
automata, a hierarchy of products was introduced by F. Gécseg in [6]. This hier-
archy, referred to as the «;-hierarchy, contains one product concept for each nonne-
gative integer i. The oy-product is also known as the loop-free product, the series-
parallel composition or the cascade composition [11, 1, 13]. Another hierarchy, the
v;-hierarchy appears in [2], where i is any positive integer. Using the main result of
[3] it has been shown in [5] that for homomorphic realization the o;-hierarchy col-
lapses at i=2. One of the aims of the present paper is to show that the v;-hierarchy
is strict. For some classes of automata even the v,-product has a surprising power.
This has been demonstrated in [2] for the first time and then in [7, 4). In fact there are
classes of automata for which the v;-product is much stronger than the «,-product.
- In this paper we prove that the opposite can also be true for some classes.

An automaton is a system A=(4, X, §) with finite nonempty sets 4 and X,
the state set and the input set, and transition é: AX X— A. The transition is also
used in the extended sense, i.e. as a map 6: AX X*~A where X* is the free monoid
of all words over X. Let A;=(4;, X;,d;) (j=1,...,n,n=0) be automata, and
take a family of feedback functlons

0;: A1>< XAXX ~ X;
(j=1, ...,n), where X is a new finite nonempty set of input letters. The Gluskov-

type product (cf. [10]) of the automata A; with respect to the feedback functions ¢;
is defined to be the automaton .

Ay X XA(X, @) -
with state set A=4;X...X 4,, input set X and transition  given by
pr,(5(a, x)) = 8,(pr;(a), ¢;(a, %)),
for all acA4, x¢X and 1=j=n. The Gluskov-type product is also called the general

product, or g-product, for short. Let i=1 be any integer. Following {2], the above
defined g-product is called a v;-product if for every integer j=1, ..., n there is a set
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v(j)EAL, ..., n} with cardinality not exceeding i such that each feedback function

(pj(ah cery Qps x)

is independent of any state variable @, with k({v( /). For the definition of the «;-
products see [6, 8].
Let 2 be a class of automata. We shall use the following notations:

P,('):=all g-products of automata from %"

P, () :=all «;-products of automata from %",

P, (o) :=all v;-products of automata from %"
S(o¢):=all subautomata of automata from J¢;
H(¢"):=all homomorphic images of automata from 7.

In the sequel we shall also make use of a few simple facts.

Lemma 1. For every class ¢, HSP, () is the smallest class containing 2" and
under the operators H S and I’ i
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The proof of Lemma 1 can be found in [8]. We note that a similar statement is
true for the g-product.

LemmaZ Let A=A;X...XA,(X,9) be a v;-product of automata A~—'

=(4;, X;, 3;). Let n be a permutation of the set {1, ..., n}. There exists a v; -prod-
uct A =A,1)X ... X Army(X, ¢”) which is isomorphic to A, an isomorphism A—A’
is the map (a1, ..., @)>(Gzays s Gum) (@15 ..., @IEAX ... X A4,).

Lemma 3. Let A=A;X...XA,(X, ¢) be a v;-product with n=1 and compo-
nents A;=(4;, X;, ;). Let B=(B, X, d) be a subautomaton of A, j,€{l, ..., n}
a fixed integer and a€4;,. If pr; (b)=a for all b€B then there is a v;-product
A=A X ... XA _ IXAJOHX XA,,(X (p’) such that A’ contains a subautomaton ’
B’ isomorphic to B, an isomorphism B~B’ isthe map (a;, ..., @j,—1, @, Gjy415...5 G}
»—»(al, ooy Qjom1s Qjgars oes Q)

We are now ready-to state.our main result

Theorem. There exists a class o of automata such ~ that "HSP, (o )C
CHSP, , (#)<HSP, () holds for all i=1..

Proof. Let p be a prime number. We deﬁne an automaton D,=(D,, {x,y}, 9)
as follows: :
D,={0, ..., p},

. j+1 mod if j<p,
5(”x):{1 ? if §=§

8(,y)=p, JED,.
Let A= {Dpl p is a prime}. We set out to prove the followmg properties of J¢".
(1) HSP,(A")SHSP, (1),
(2) HSP, (X)cHSP, (&) for all. i=1.
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Supposing (1) and (2) have been shown, the proof is easily completed. Since
HSP,, (#)& HSPg(Jif ) holds obviously, from (1) we have HSP, (X)S
CHSP, (%), which in turn implies HSP,(#)CcHSP, (X) by (2). Thus
HSP, (.%’)CHSP () for all i=1.

Proof of (1). For every prime number p, define Cp='(C,,, {x}, 6) by
C,={0,..,p-1},
6(j, x) = j+1mod p, jeC,.
Moreover, let E=(E, {x,y},6) with E={0,1}, 6(0,x)=0, &(0,»)=6(l, x)=
=6(1, y)=1. Thus C, is the counter with length p and E is the elevator. Set
H"={C,lp isaprime}U{E}.

From the proof of the main result of [5] we have HSP,(:#)=HSP, (4~ ). To énd
the proof, by Lemma 1, it suffices to show that /& HSP (). 'lhat is however -
obvious for we have CPES({DP}) and E€H({D,})), each prime number p.

Proof of (2). Let i=1 be any integer and m= [] (p;| j=1, ..., i+1), where p; is
the j-th prime. Define M=(M, {x, y}, 6) to be the automaton with
M={,..,m},
j+1mod m if j<m,
00, %) = { if j=m,

j+1modm if O<j<m,
Y )_{ if j=0 or j=m,
for all je M. We prove that M¢ HSP, (") while McHSP,, (X').

Assume that, on the contrary, McHSP, (X). Let
D, X...XD, ({x, ¥}, ¢)

be a v;-product of automata from " that contains a subautomaton A=(4, {x,y}, 6)
which is mapped onto M under a suitable homomorphism 4. We may choose n'to be
the least (positive) integer with the above property, i.e. if a v;-product of automata
from o contains a subautomaton that can be mapped homomorphically onto M
then the number of factors of that product is at least n. Also, the subautomaton A can
be chosen such that none of its proper subautomata is mapped homomorphically
onto M. :
Let us write A as the disjoint union A=A4,U4, where A,=h~Y(M—{m})
and A,=h 1({m}) Let a€A, be a state. Since a is a generator of 4, if pry(a)=gq;
for an integer j=1, ..., n, then pr;(b)=gq; for all b€ 4. By Lemma 3, there exists
a v;-product
quX XD‘IJ-I-XDQAH-LX Xan({x, y}’ (P,)

that contains a subautomaton 1somorphlc to A. This contradicts the minimality of ».
Thus pr;(a)#=q; forall aEA0 and j=1, ..., n. Suppose now that thereis an ac4,-
such that for all Jj=1, ..., n we have pr; (a);:fqJ Let beA, beastate and u€ {x, y}*
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a word with 6(b, ¥)=a. Let v=x* where k denotes the length of . We have c=
=6(b, v)€ Ay, henceforth pr;(c)>q; for all j=1, ..., n. The special structure of the
automata D, guarantees that a=c. This contradlctlon yields that for every a€ A4,
there is an 1nteger J(1=j=n) with pr;(a)=g;.

Let ay=(ag,15 ---» Go,n)s -++> Gq— 1_(aq ~1,15 -+-» Gg—1,,) be all the states in A4,, so
that q, ;#g;, 0=1= q-—1, 1= j=n. By the mlmmahty of A and the special structure
of the automata D, it follows that the letter x induces a cyclic permutation of the
states a,, say 6(a,, X)=0,41moaq- Also g is the Le.m. of the primes ¢, ..., g,.
Since h is a homomorphism of A onto M, we have ¢=0mod m. Without loss of
generality we may suppose 8(a,, ¥)=a€ A,. Thus pr;(@)=gq; for some;j. By Lemma
2, we may take j=1. Since pr,(@)=¢, we must have ¢,(qy,y)=y. Let v(l)=
={ji1,.--»Ji}» so that k=i. Define g to be the Lc.m. of the primes on the list
djys s 4j,- Obviously then g=0 mod g. Since m is the product of i+1 distinct
primes and q is the product of at most i distinct primes, from q =0modm and ¢g=0
~mod g we obtain g<gq. Let us now consider the state a,=(a; 4, ..., d;,). For every
I=1, ...,k wehave é(a, ;,, x0)=ay, ;#q;,- Since g= 0'mod q,, we see that a; ;=

ao j;- Since we have a v;-product it follows that ¢@,(a;, y)=¢1(a,, y)=y. We
conclude d(a, y)EA1 Since h is a homomorphism of A onto M we see that g=0
mod m. This is however clearly impossible for m is the product of i+1 distinct
primes and g is the product of at most i distinct primes.

We still have to show that McHSP,  (%"). For this define the g-product

. A=(4,X,6) =D, X..XD,,,.({x, ¥}, 0)
y
‘Pj(ala s Qg1 X) = X,

_y if aa=..=a;,,=0,
@;(@rs sy 415 ¥) = {x otherwise.

Since the number of factors is i+ 1, this g-product is also a v;,,-product. Define
Ao = {acAlprj(a) # p; forall j=1,..,i+1},
Al = A "'Ao.

Foran a=(ay, ..., a;41)€ 4, let h(a)=t bethat mteger O=t<m with t=a; modp;,
j=1,...,i+1.If ac A, put h(a)=m. The mapping k is easily seen to be a homo-
rnorphlsm ofAontoM. O

. Remark. It is said that an automaton A=(4, X, §) satisfies the LetiCevskii
- criterion if there exist a state a€ A, input letters x,, x,€ X and words u,, u,€ X*
with -6(a, x;)#d(a, x;) and d(a, x;u)=0d(a, x;u,)=a. If only 6&(a, x,)#d(a, x,)
and é(a, x;u)=a hold for some a€Ad, x;,x,€X and u€ X}, we say that A satisfies
the semi-Letievskii criterion. The above definitions extend to classes of automata:
a class o satisfies the LetiCevskii criterion or the semi-Letievskii criterion if one
of its members satisfies it. By a classical result in [12], HSP, (") is the class of all
automata if and only if o satisfies the Leti¢evskii criterion. It has been shown in
[3] that the same is true for theé a,-product. If 2 does not satisfy the semi-Leti-
Cevskii criterion then, by the proof of the main result in [5], HSP,(4)=HSP, (X).
Also HSP, (4 )=HSP, (/) in this case as shown in [9]. Suppose now that %
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satisfies the semi-Letidevskii criterion but does not satisfy the Leti¢evskii criterion.
In [5] it is proved that for every such 5 we have HSP,(#)=HSP, (X). The v;-
products behave quite differently. The class 2" given in the proof of our Theorem
satisfies the semi-Letidevskii criterion but does not satisfy the Leti€evskii criterion,
moreover, there exists no integer i=1 with HSP, (4)=HSP, (o).

Open problems. (1) Suppose that & satisfies the Letievskii criterion. Does
there exist an integer i=1 with HSP,(#)=HSP, (:)? (2) Does there exist an
integer i=1 such that HSP,(X)= HSPW(J( ) whenever A satisfies the Leti-
Gevskii criterion? What is the least such i, if it exists?
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