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Introduction 

In bin packing, we are given a list 

L = fa, s2, ...j J„) 

of items (elements) with a weight function on items and a sequence of unit-capacity 
bins Bt, B2, .... In this paper, we assume that the item weights are real numbers in 
the range (0, 1] and that the list is given by the weights. The problem is to find a 
packing of the items in the bins such that the sum of the items in each bin is not grea-
ter than 1, and the number of bins used is minimized. 

This problem is NP-hard [GJ] and therefore heuristic algorithms which give 
"good" solutions in an acceptable computing time are investigated [J], [JDUGG]. 
We are interested in the worst-case behaviour of the Next-k Fit' (NkF) algorithm. 
For this, an upper and a lower bound were given in Johnson's paper. We shall im-
prove both bounds. 

For a list L, let OPT(L) be the number of bins in optimal packing. For a givea 
heuristic algorithm A, let A(L) be the number of bins used by A to pack L. Let 
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The asymptotic worst-case ratio of A is then defined as 

Ra = l imsup R.%. 
Let 

s(L)= 2 si 
i=1 

and let s(Bj denote the sum of the weights of the items in B-,. 
We investigate the NkF algorithm, which is defined as follows: we always use k 

bins at the same time. If the next .element, aJ} is coming, we place it into the first of 
the k used bins which has enough room for it. If no such bin has enough room, we 
close the first (oldest) of these k bins, open a new one, and put a, into this bin (this 
will now be the k-th or youngest bin). 

Johnson has proved for the asymptotic worst-case ratio of NkF that 

In this paper we prove that 
^N2F = 2 

and that for 
3 7 

L 7 + 1 0 ( * - 1 ) lJ5+4(2k+3)-

However, vhe exact worst-case ratio is not known for 

Results 

First we give an upper bound on RNkF for k^3. Let L be an arbitrary list and 
let us pack the elements of L by means of NkF. Let Bt, Z?2,.,., Br denote the sequence 
of bins used and let m be a fixed nonnegative integer. For any positive integer i.s 
S r + 1 — m the sequence of the bins 5 , , Bi+l, ..., Bi+m_i is called a parcel consisting 
of m bins if the following conditions hold 

( ; 0 s ( B , ) > l / 2 (f = / , . . . , i + m - 1 ) , 

(b) i+m-l = r or i+m-1 < r&s(Bi+m) S 1/2. 

We classify the bins of a parcel consisting of m bins with respect to their contents as 
follows: 

(A) Is, S 2/3 & (31) (st > 1 / 2 ) , 

(B) I s , ^ 2/3&(W)Cy,S 1/2), 

(C) Is, < 2/3&(3/)( j , > 1/2), 

( D ) l i t < 2 / 3 & ( V / ) ( J , S 1/2), 
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where t runs through the set of indices of the items contained in the considered bin. 
Obviously, we obtain a partition of the bins B i t ..., B t + n ^ . We shall use the termi-
nology X-bin for a bin which is contained in the class determined by the property X, 
where X£ {A, B, C, D}. It may be observed that any D-bin contains at least two 
items; moreover, it contains an item with s , ^ 1/3. 

For the D-bins, the following statement holds. 

Lemma 1. There are at most two D-bins among any k+l successive bins of 
any parcel consisting of m S i + 1 bins. 

Proof. Let B*, B%, ..., B%+1 denote the considered bins. Let and 
let us suppose that B* is the D-bin with smallest index and that BJ is the D-bin with 
second smallest index. If j=k+1, then the statement obviously holds. Now let us 
assume that j^k+1. After the packing of L the empty room in Bf is greater than 
1/3. Accordingly, the empty room in it is greater than 1/3 when the first item is packed 
in BJ. Therefore 1/3<5X holds for this item. By our assumption, BJ is a D-bin; 
thus, j ^ l / 2 and during the further packing at least one item with weight less than 
1/3 will be packed in Bj. Let us investigate the circumstance of the packing of the 
first such item. It should be observed that the bin Bf contains enough empty room 
for this item. Therefore, the packing of this item in BJ implies that at this time the 
bin B* is already closed. This results that, up to the closing of Bf the content of BJ 
is not greater than 1/2. But then, the weight of the first packed item in BJ+U is greater 
than 1/2 if «€ (1, ..., fc+1 —7'}. This means that BJ+1, ..., B£+1 are of types A or C, 
which yields the validity of our statement. 

Lemma 2. For any k+1 successive bins of any parcel consisting of m^k+l 
bins if there exists a C-bin among the considered bins and if there exists a Z>-bin 
among the bins succeeding the C-bin, then the bins succeeding the D-bin are of 
types A or C. 

Proof. In the proof of Lemma 1 we only made use of the fact that Bf has empty 
room greater than 1/3 and this property holds for any C-bin, too; thus, by repeating 
the proof of Lemma 1, we obtain the validity of Lemma 2. 

Any k+2 successive bins of a parcel consisting of m S i + 2 bins is called a 
block. We classify the blocks as follows: 

(1) it contains at most one D-bin, 
(2) it contains two D-bins or it contains three D-bins and at least one Z?-bin, 
(3) it contains three D-bins and at least one ^4-bin; moreover, the remaining 

k—2 bins are of types A or C, 
(4) it contains three D-bins and k— 1.C-bins. 
From Lemma 1 it follows that any block contains at most three D-bins, and so 

the above classification induces a partition of the blocks. We shall use the terminology 
j-block or block of type j if it has the>th property for some {1, ..., 4}. 

Now let us consider an arbitrary block of a parcel consisting of m ^ k + 2 bins.. 
Let s denote the sum of the weights of the items contained in the bins of the block and 
let q' and q be the numbers of its .¿-bins and C-bins, respectively. 

The following statement then holds. 
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Lemma 3. For any r€{1, ..., 4} if a block is of type r, then the r-th assertion 
holds for it among the following ones: 

(1) j S № + 2 ) y - ( i + l ) i , 

( 2 ) 5 S ( * + 2 ) y - ( i + 2 ) I , 

(3) s £ {k+2)\-(q + V^&q + q' = k-l&q' > 0, 
J o 

( 4 ) i £ ( H 2 ) y - ( i + 3 ) i | l ? = fc-l. 

Proof. In the cases r = 1, /-=3 and r = 4 the statement follows from the defi-
nitions. If r=2 and the block contains only two D-bins, then the assertion is again 
obvious. 

Now let us suppose that the considered block contains three Z>-bins and at least 
one £-bin. Let B f , ..., B%+2 denote the bins of the block. Since it contains three D-
bins, by using Lemma 1 twice, we obtain that and B%+2 are D-bins. Let us assume 
that BJ is the intermediate D-bin for some + By our assumption, the block 
contains a £-bin. Let B* denote this bin, where 2 s / « A : + l and l ^ j . We distin-
guish the following two cases. 

Case 1. Let us suppose that /</". Then l^k, and so, at the time of opening of 
B*, the bin B* is open. On the other hand, B* is a D-bin, and so, after the packing of 

all elements of L, the bin B* contains empty room with weight y + ^ > where 

But then B* contains empty room with weight at least when the first 

item is packed in the bin B*. Therefore, y - j - J - c ^ holds for this item. Moreover, 
since B* is a fi-bin, 1/2. We now distinguish two subcases. 

If at the time of the packing of the second item of B*, the bin B* is open, then 

for the weight s2 of this item y a g a i n holds. But then 

and so 
s = s(Bt)+s(Bt)+ 2 t^l.t^l J J o 

which yields the validity of our statement. 
If at the time of the packing of the second item of B* the bin B* is closed, then 

up to the closing of B\ the content of B* is not greater than . This results that the 
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weight of the first packed item in B*+u is greater than 1/2 if H£{1, 1—/}. 
This means that the bins B*+1, ..., B%+1 are of types A or C, which contradicts our 
assumption on B*. Therefore, this case is impossible. 

Case 2. Let us suppose that /«=/. Then and so, at the opening 

of B* the bin B* is open. Next, in the same way as in Case 1 we obtain that y 

< j j S l / 2 holds for the first packed item in B*. 
If at the time of the packing of the second item of B* the bin B) is open, then, 

similarly as in Case 1, we obtain the validity of (2). 
If at the considered time B*} is closed, then up to the closing of B* the content 

of B* is not greater than 1/2. This yields that the weight of the first packed item in 
B*+u is greater than 1/2 if {1, ..., k+2—/}. But then, B*+1,..., B%+2 are of types 
A or C, which contradicts our assumption. Therefore this case is impossible, which 
completes the proof of Lemma 3. 

Lemma 4. For any parcel consisting of m bins, the following assertions hold: 
(I) there exists at most one D-bin among the last z=min {k, m) bins of the 

parcel; 
(II) if m^k+2, then the type of the block consisting of the last k+2 bins of 

the parcel is less than 4; 
(III) if the first block among two successive blocks of the parcel is of type 4, 

then the type of the second block is 1 or 2, and in the last case the block contains at 
least one ¿-bin. 

Proof. For assertions (I) and (II), we have to distinguish two subcases according 
to the definition of the parcel. 

Case IIa. Let us suppose that the last z bins of the considered parcel are the last 
z bins of the packing of L. Then, these bins are all open at the packing of the very 
last item of L. Let B\, ..., B* denote the considered bins and let us assume that Bf 

and Bj are Z>-bins, where 1 Then Bf has empty room with weight - i -+A, 

where J > 0 . Therefore, y + J c ^ ^ l / 2 holds for the first packed item (s,) in B*, 

and so 1/3 holds for the weight s2 of the second item of Bj. At the time of the 

packing of this item, the bin B* is open and has empty room with .weight y +A; 

thus the NkF algorithm places this item in B f , which is a contradiction. Therefore, 
there exists at most one D-bin among the considered z bins. 

Case I/b. Let us suppose that the considered B*, ..., B* bins are not the last z 
bins of the packing of L and that i(B*+i) —1/2 holds for the following bin B*+1 of 
the packing. Now let us assume that Bf and Bj are Z)-bins, where 1 Then 

B* has empty room with weight where A>0. Therefore, y - M < i i S l / 2 

holds for the first packed item (Jx) in B*, and so 1 /3 holds for the weight s2 
of the second item of Bj. Thus, at the time of the packing of this item the bin Bf 
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is closed. This yields that, up to the closing of B* the content of B* is not greater 
than 1/2. But then, the weight of the first packed item in B*+u is greater than 1/2 if 
H£{ 1, ..., z—7 + 1}. This contradicts our assumption on B*+1. Therefore, there is at 
most one D-bin among the considered z bins. 

Case Ilja. L e t u s assume that the bins of the considered block are the last k+2 
bins of the packing of Z, and that the block is of type 4. Let us B*, ..., B%+2 denote the 
considered bins. Then, by using Lemma 1 twice, we obtain that B* and are D-
bins. Now let us suppose that B* is the intermediate D-bin for some + 
If 2, then B% is a C-bin, since the block contains only D-bins and C-bins. But then, 
by Lemma 2, we obtain that the bins B*+1,..., B%+ 2 are not of type D, which is a 
contradiction. Thus, j=2 and ..., Bl+l are of type C. Since the considered k+2 
bins are the last k+2 bins of the packing, the bins ..., Bf+2 are all open 
when the second item is placed in B%+ 2. On the other hand, is a C-

bin, and so it has empty room with weight y + A , where A > 0 . Thus, + ^ < ^ g 

=s1/2 holds for the weight ^ of B%+2 and s 2 < 1/3 holds for the weighty of the second 
item of B%+2. But, at the time of the packing of this item, is open and it has empty 

room with weight y J thus the NkF algorithm places this item in Bt, which is a 

contradiction. Therefore, the type of the considered block is less than 4. 

Case II/b. Let us suppose that the considered m bins are not the last m bins of the 
packing and that s(B')~l/2 holds for the bin B' immediately succeeding the last 
bin of the parcel. Moreover, let us assume that the block is of type 4. Let B*, ..., B%+2 
denote the bins of the block, and let B%+3 denote the bin B'. Then, by our assumption, 
s(B%+3)^\/2. Now, in the same ways as in Case Il/a, we obtain that B*, B2, B%+2 
are D-bins and ..., B%+1 are C-bins. Since B% is a C-bin, it has empty room with 

weight y + J , where 0. Thus, y 1 / 2 holds for the weight of 

the first packed item in B%+2. On the other hand, B%+2 is a D-bin, and so s2< 1/3 
holds for the weight s2 of the second item of Bf+2. Thus, at the time of the packing of 
this item, the bin B% is closed. Therefore, up to the closing of B% the content of B%+2 
is not greater than 1/2. But then, the weight of the first packed item in B£+s is greater 
than 1/2, which contradicts our assumption. Therefore, the type of the considered 
block is less than 4. 

Case III. Let us suppose that the parcel contains two successive blocks and that 
.the first of them is of type 4. Let B*, ..., B%+2 denote the bins of the first block and 
B%+ 3 , ..., B^+4 the bins of the second block. Then, in the same way as above, we 
obtain that B$, B2, are D-bins and is a C-bin. But then, by Lemma 2, the 
bins , .. ., Btk+1 are of types A or C. On the other hand, ..., 4 are 
k+\ successive bins of the parcel, and so, by Lemma 1, there are at most two 
D-bins among these bins. Since B%+3 is of type A or C, we obtain that the second 
block contains at most two D-bins. Now let us investigate the bins B%+3, ..., B*k+1. 
Since ¿ ^ 3 , the number of the investigated bins is at least 2. If there exists an A-bin 
among these bins, then assertion (III) obviously holds. In the opposite case, B%+3 
and Bl+i are C-bins. On the other hand, the bins ..., B^+4 are k+1 successive 
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bins of the parcel, and so, by Lemma 2, we obtain that there exists at most one D-
bin among these bins, which results the validity of assertion (III). 

This ends the proof of Lemma 4. 
For any parcel consisting of m bins let s denote thé sum of the weights of the 

items contained in the bins of the parcel and let q' and q denote the numbers of its 
^4-bins and C-bins, respectively. Let w=q+q'. Then, the following statement holds. 

Theorem 1. For any parcel consisting of m bins 

2 1 , ,, 1 m—1 
s S -Tm--r(w +1)— 3 6 v ' ' 3 k+2 

Proof. Depending on the value of m, we distinguish five cases. 
1. m=0 . In this case the statement obviously holds. 
2. l ^ m ^ k . Then, by assertion (I) of Lemma 4, we obtain that the parcel con-

tains at most one D-bin, and so 

2 1 , ' 2 1 . 1 m - 1 
. . - g - v - T ^ ' 3 T + 2 -

3. m=k+1. Then, by Lemma 1, the parcel contains at most two Z>-bins, and so 

2 1 , „ 2 1 . ' . 1 m - 1 
3 6 V J 3 6 \ ' 3 /k+2 

4. m=r(k +2) where r is a positive integer. Let us index the successive blocks 
with the numbers 1, . . . , r according to their sequence, and let /={1 , ..., r}. Lét 
z£/ and let q\ and qx denote the numbers of v4-bins and C-bins of the /-th block, res-
pectively. For any index yí {1, ..., 4}, let Uj denote the number ofy'-blocks and I3 
the set of indices of these blocks. By assertion (II) of Lemma 4, the /--th block is not 
a 4-block, and so, there exists a further block for any 4-block from the considered 
blocks. On the other hand, by assertion (III) of Lemma 4, the block succeeding some 
4-block of the parcel is of type 1 or 2. Using this observation, we classify the 4-bIocks 
into the following two classes. 

The first class contains all 4-blocks for which the following block is of type 1. 
Let h41 denote the number of these 4-blocks and /4] the set of their indices. 

The other class contains the remaining 4-blocks. 
The block succeeding some 4-block from this class is then of type 2. Let w42 

denote the number of the blocks of the second class and /42 the set of their indices. 
It is now obvious that w4=«41+w42, /4=/41 U/42, M1+M2+M3+w4=r and 

4 
U I j=I - Using the introduced notations, by Lemma 3, we obtain 
j=i 

¿ ' 2 [ ( * + 2 ) 4 - ( Í Í + : / ) 4 : 1 + z . f ( k + 2 ) - | - ( ? i + 3 ) i | . • j=I i í / j l J ° J i£/sU/4 I- J . OJ 
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and so 

I V c + 2 ) 2 1 - 4 - 2 2 - 1 2 3 = 
l€I J 0 i f / 0 ¡6/, 0 i€/t 0 <e/,u/« 

2 1 1 2 3 , = _ m _ _ i _ _ U l _ _ H a _ _ ( M 3 + U4) = 

2 1 2 , N 1 1 1 
= -jrrt-jq-—(u1+ut + u3+ui) + j u 1 - j u 3 - — ui = 

2 1 1 1 1 1 1 

2 1 1 m l , . 1 1 

From the definition of utl, it follows that Thus 

2 1 1 m l 1 

2 I , . ^ . v l l ^ . l m 1 1 

From the definition of 3-blocks, we obtain that 2 "3^0 , moreover, from 
. ¡¿'a 

Lemma 4 and from the definition of w42 it follows that 2 e l i~ u 42-0- Therefore, 

2 1 . • . 1 m 1 1 „ - , , On the other hand, 2 — a n d so we obtain the following inequality: 
2 1 , 1 m—1 1 1 

(i) s S T m - 7 ( w + l ) - T — - + - -3 6 v ' 3 A:+2 ' 6 3(fc+2) ' 

Since ks3, - I - — - i — s 0 . But then 
6 3(&+2) 

2 1 , 1 m - 1 
i S 3 m - 6 { w + 1 ) - T T + T ' 

which completes the proof of this case. 
5. m=r(k+2)+l, where r and / are positive integers and l ^ / s f c + l. We 

distinguish two cases depending on the r-th block. 
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Case 5/a. Let us suppose that the r-th block is not of type 4. Then disregarding 
the last / bins, for the remaining r(k+2) bins the same conditions holds as in the 
previous case. Thus, for the sum s of the weights of the items contained in these bins 
the inequality (i) holds, i.e. 

On the other hand, it may be observed that the last I bins form a parcel consisting o f / 
bins. Thus for the sum s of the weights of the items contained in these bins, it holds 
that 

_ 2 . 1 1 / - 1 
5 1) — 3 6 ' * ' ' 3 lc + 2 

where q and q' denote the numbers of .¿-bins and C-bins, respectively, for the last / 
bins. Now, using the above inequalities, we obtain that 

. . 2 1 . 1 m - 1 
s = s+s ^ —m——(w+\)-3 6y J 3 k + 2 " 

Case 5/b. Now let us suppose that the r-th block is of type 4. Then, by assertion 
(III) of Lemma 4, the (r—l)-th block is not of type 4, assuming that there exists 
such a block, i.e. r > 1. Then, disregarding the last k+2+l bins, for the remaining 
(r— +2) bins the same conditions hold as above, and so, for the sum s of the 
weights of the items contained in these bins the inequality (i) holds. Thus, 

- 2 1 „ ' - i 1 ( r - l ) ( J f c + 2 ) - l 1 1 
^ Vf. i x „ 3 k + 2 6 3(k+2) • 

It may be observed that the right-hand side of the inequality is equal to 0, if r=1. 
Therefore, we may use it in the case r = 1, too. 
We now investigate the remaining k+2+l bins. Let B*, ... B%+2+l denote them. 
Since the bins ... B%+2 form a 4-block, the bins B*, B£, B%+2 are D-bins and 
2?3 ..., B l + 1 are C-bins. Let us distinguish two cases depending on /. 

If lsk—l then, by Lemma 2, the bins 3 , ... B%+2+t are of type A or C. 
Thus, for the sum s of the weights of the items contained in the considered k + 2 + i 
bins the following inequality holds 

J S j(k+2)-j(q, + 3 ) + j l - j q = l(k+2 + l ) - j ( q r + q + 3), 

where q denotes the number of C-bins with respect to the last / bins. 
If k- 1 then it may be observed that since B%+1 is a C-bin and B%+2 

is a D-bin, by Lemma 2, the bins B%+3,..., B*k+1 are of types A or C. 
If there exists at least one A-bin among B%+3, ..., B^k+1, then q ' s l , where q' 

denotes the number of yl-bins for the last / bins. On the other hand, the bins B%+ 4,... 
..., B k + Z + I form the last /— 1 bins of the parcel, and so, by (I) of Lemma 4, there 
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exists at mt >sl one D-bin among them. Therefore, we obtain that there is at most one 
£>-bin amo.ig the last / bins. Thus for s we have 

S §= j ( k + 2)-j(qr + 3)+jI-j(q+l) = 

= l(/c + 2 + l ) - j ( q r + q + q' + 3) + j(q'-l)lZ 

* l ( k + 2 + l)-j(qr+q+q' + 3). 

If the bins B%+3, ..., B^+i are all C-bins, then after the packing Btk+1 has empty 
room with weight where A >0 . From this, similarly as in the proof of asser-

tion (I) of Lemma 4, we obtain that the remaining bins \Btk+2 

are not of type D. But then there is no D-bin among the last / bins, and so 

3 S j ( k + 2)-j(qr+3) + j l - j q = j(k+2 + l ) - j ( q r + q + 3) 

where q denotes the number of C-bins for the last / bins again. 
Now, using the common lower bound, we obtain the following inequalities: 

s = g + J s i m 4 ( i + g f + g + r + | ( g i + g ; ) ) - | - 4 ( r ~ l ^ 2
+ 2 ) 4 = 

2 1 , 1 , 1 r(k+2) 

2 1 . 1 m - 1 / - 1 1 , 
= 3 w - 6 ( w + 1 ) - 3 T T T + l ( k T 2 ) + J q -

Since and / ^ 1 , we obtain that 

2 1 , 1 m - 1 
S-Jm~J(w+l)~JT+2 

which completes the proof of Theorem 1. 
Now let L be an arbitrary list and let us pack the elements of L with the NkF 

algorithm. Let B1, ..., Bm denote the sequence of bins used by NkF and let w denote 
the number of all bins containing items with weight greater than 1/2. Then, for 
i = i ( L ) , the following statement holds. 

Theorem 2. 
2 1- m 

s S -r-m——w — • 3 6 3(k+2) 6 ' 

Proof. We distinguish two cases, depending on the contents of the bins. 
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Case 1. Let us suppose that j(2?,)>1/2 ( /=1 , ..., m). Then, the considered bins 
form a parcel consisting of m bins, and so, by Theorem 1, we obtain the validity of 
Theorem 2. 

Case 2. Let us suppose that there exists a bin B, (1 S / ^ m ) with s(Bt)^]/2. 
Let i l s i 2 , ...,/,. denote the increasing sequence of indices of allsuch bins. Let /Ç {/l5 ... 
...,/P} be arbitrary, and let us investigate the contents of Bt and Bt+1, ..., Bl+k, 
assuming that there exist such bins. After the packing of L, the relation s(B,)^ 1/2 
holds; thus, throughout the packing too, s(Bt)^l/2. But then, the weight of the 
first packed item in Bt+U is greater than 1/2 if u£{ 1, ..., k}. Therefore, iq+k< 
< f s + 1 (q = 1, ..., r—1) and, if / r < w , then the weight of the first packed item in 
Bir+U is greater than 1/2 for any 1 ^ w S z = m i n {k, m—ir). We now distinguish 
further two cases. 

Case 2ja. Let us suppose that ir +k^m. Then the weight of the first packed item 
in Bit+U is greater than 1/2 if 1 = / ë r ; 1 ^.u^k. Thus, for the sum s, of the weights 

of the items contained in the bins Blt, Bit+1, ..., J5/t+1» the inequality + — 

holds, since s(Bit)+s(Bit+1)> 1 and s(fi, t +„)=-l/2 if 2^usk. On the other hand, 
it may be observed that the sequence 

Blf..., -1; Bil+k+1,..., -S,-,_i; ...; Biri+k+1,...,Bir^1\ Bir+k+1,..., Bm 

form parcels consisting of ix — 1, i2—i1—k—l,...,ir—ir_1—k—l, m—ir—k bins, 
respectively, where any parcel of them may be an empty one. Let = / \ — 1, m 2 = 
=i2—il—k— 1, ..., mr=ir—ir_1—k—\, mr+1=m—ir—k and let W; denote thé 
number of ^4-bins and C-bins of the z-th parcel for any *£{1,..., r + l } . Then, by 
Theorem 1, for the sum Si of the weights of the items contained in the bins of the /-th 
parcel the following inequality holds: 

But then for the sum s of the weights of the items contained in the bins Blt..., B, 
we obtain 

3(k+2) ' 

r+l r+l 1 
s = 2 si+ Z*t s 2 Si+r(k+i)T 2 -

r+1(2 1 
s 2 \ j m - j ( » , + ! ) - Hk+2) 

•) + r ( f c + l ) I 

r+l 
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r+l r+1 
Since m= 2 /w ( +r( fc+l ) and w= 2 w, + rk, we have 

¡=1 ¡ = 1 

2 1 r 1 Im-. r + l 
s S w —— w —— — — — ———- + -

3 6 3 6 3(Jfc+2) 3(/c+2) 

2 1 r w , + /-(fc+2) 1 r + l 
= w ' . , v — — + -

3 6 3(fc+2) 6 ' 3(k+2) 

- — —L m 1 1 
~ 3m 6W 3{k+2) + 3(k+2) 6 ' 

B u t W T 2 ) - J - - J ' s o ' 
2 1 m 

s S -r-m—— w — -3 6 3( /c+2) 6 
which completes the proof of this case. 

Case 2\b. Let us assume that ir+k>m. Then the number of bins succeeding the 
bin .B iris l—m—ir. Moreover, if / > 0 , then the weight of the first packed item in 
Bir+U is greater than 1/2 for any u£ {1, ..., /}. Thus, for the sum s* of the weights of 
the items contained in the bins Bir, ...,Bm the following inequality holds 

s*^s(Bit)+(m-ir)j. 

On the other hand, for the sum s, of the weights of the items contained in Blf, 

Bit+1, ..., Bit+k again s,^(k+ \ ) — holds if t<r. Finally, the sequences Bx, ... 

Bil+k+1, -Bj.-i; ...;Bir_1+k+1, again form parcels. Thus, 
with the notations of the previous case and inequality (a), for the sum s of the weights 
of the items contained in Bx, ..., Bm, the following inequalities hold: 

2 s,+ 5,+** ^ ¿StHr-mk+vif+s*^ 
¡—1 t=i >=i ^ 

¿ ( « « - 1 ) 1 2 -

~ ± J ( k T 2 j ~ + S ( B ' ' ) + ( m ~ / ' ) T = T ( ^ M r - m + D + i r n - Q ) -

! r ¿ K - 1 ) 
- J ( 2 w, •+ ( r - № +1)+(« - ir)+0- ' ~ 3 ( f c + 2 ) + j ( j B'> )-
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Since 2 mi+(r—l)(k + l)+m—ir=m—l, we obtain that 
1=1 

9 , r 1 ¿ ( « i - l ) 
s S ±(m-l)--(2wt+(r-l)k+m-ir)-j(2r-l)- +s(BJ. 

r 
Now, it may be observed that w= 2 Wi+(r— \)k+m — ir, and so 

2 1 r - 1 1 r 

2 j (r-\)(k+2)+ 2 m r ! 
= 3 ( f f l " 1 ) " 6 1 V 3(fc+2) ' = 1 + 3 ( f c W " 6 - + S ( B J = 

2 j ' ¿ m i + ( r - l ) ( * : + l ) j | 

- , 2mt+(r-l)(k+l)+m-ir+l 
^ x - v 1 1 = 1 W 1 v 

2 1 m m—i. + 2 5 . 
= jm~6w~ T+s(B>> 

„ m—ir+2 5 . 5 , B u t a n d s o 

2 1 m 5 
s £ —-m—— w —-3 6 3(Jfc+2) 6 

which completes the proof of Theorem 2. 
We can now prove the following result. 

Theorem 3. 
7 7 1 

&NkF — — + — -
4 4 2k+3 ' 

Proof. Let L be an arbitrary list and let us pack its elements with the NkF algo-
rithm. Let m denote the number of bins used by NkF and let s denote the sum of the 
weights of the items contained in these bins. Moreover, let w denote the number of 
those bins which contain some item with weight greater than 1/2. Now, depending 
on w we distinguish three cases. 
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Case 1. Let us suppose that w=0. Then, by Theorem 2, we obtain 

2 m 5 
S - J m - W T 2 ) ~ 6 : 

On the other hand s^OPT(L) , and so 

m m 1 
OPT(L) s 2 1 

3 3(k+2) 6 m 

1 l(k+2) 
2 1 4k+6 1 5_ 7(fe + 2) 5 ' 
3 6 ' l(k+2) 3(k+2) 6m + m 6 

Case 2. Let us assume that w?£ 0 and — g p f 0 m ^ definition of 
w 4k+ 6 

w it follows that wSOPT(L). But then 

m ^ m ^ l(k+2) 
OPT(L) ~ ~vv ~ 4fc+6 ' 

Case 3. Let us suppose that w^O and ^ ^ ^ Again, by Theorem 2, 

2 1 m 5 
S s ——W —77 =7- —-r> 

3 6 3(k+2) 6 
and so, 

m m m 1 rS 
OPT(L) j ~ 2 1 m 5 2 1 w 1 

- r - m — - w -
3 6 3(/fc+2) 6 . 3 6 m 3(k+2) 6m 

By our assumption on mlw, — < , and so 
m 7(k+2) 

m 1 7(k+2) 
OPT(L) ~ 2 1 4/c+6 1 5_ 7(fe+2) 5 ' 

3 6 7(*+2) 3(A:+2) 6m + m 6 

Now let 3 be a fixed integer. It may be observed that if OPT(Z,)—°° then 

» , and so, 

Therefore 

m—°o, and so, under the fixed k, o . 
m 6 

l(k+2) =]_+L 1 

4 k + 6 4 4 2&+3 ' 

which completes the proof of Theorem 3. • 
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We now improve the lower bound given by Johnson. For this purpose, we define 
a sequence of lists such that OPT(L,)—°° and the lists have bad behaviour on NkF 
packing. Let j now be a fixed positive integer. 

Let n(j) denote the number of elements in the j'-th list and let 

n(j) = 30j(k—2)+30j. 
Let 

5 « 18 - J» -» 

and let L„u) denote the j'-th list in the sequence. We divide the items into three parts: 
(1) In the first part there are elements about 1/6; there are j(k—2) blocks, with 

10 items in each (thus, in the first part there are 10/(k—2) items). Let us denote the 
items of the i-th block by 

flo>> a u i •••> am-

The exact definition of the weights is as follows. Let 

5f = 5 • 18**-»- ' j(k-2)) 
and 

aoi = 1/6+335,., 

a u = 1/6-3(5;, 

% = 1/6-7 Si = % , 

On = 1/6 —135 

a6i = 1/6+95;, 

fl6i = 1 /6-25; = an = au = am. 

Then, the first 10/(fc—2) items of the list are am, an an, a02, a12, ..., a92, ... 

•••'ao,;(t-2)) •••> a9,j(k-2)• Clearly 

% + «if + <hi + % + «« = 5/6-+35,-, 

an+a6i+an + a8i+a9i = 5/6+5; , 

and thus we fill 2j(k—2) bins with this part. 
(2) In the second part, there are elements about 1 /3; there are also j(k—2) blocks, 

with 10 items in each. Let us denote the items of the z'-th block by 

and the items 

fr»» •••» 9̂1» 0̂2> 1̂2» •••) 9̂2» •••) &0,J(k-2)> •••> 

follow the items of the first part. 
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The exact definition of these items is as follows: 
b„ = 1/3+465,, 
bu = 1/3—34<5j, 
b2i = 1/3 + 65, = ¿3i, 
bit = 1/3 + 125,, 
6„ = 1/3-105, , 
¿8, — 1/3+5, = 67, = ¿8, = £>91 -

Clearly 
b0l+bu = 2/3+125,, 
b2i + b3i = 2/3 + 12 5„ 
&«+*« = 2/3+25,, 
t>6, + b7, = 2/3+25, , 
i>8,+i>9, = 2/3+25,, 

and thus we fill 5j(k—2) bins with the second part. 
(3) In the third part, there are elements about 1/2. We have here 10/ blocks, with 

k +1 items in each. In the i-th block, the first item is 1/2—5/(/+1), and the second is 
1/2+5//. Then, we have a number (¿—2) of 1 /2+5 items and the last item of this 
block is a 5. Thus, with this part we exactly fill 10jk bins. 

On summing the number of bins in the three parts, we obtain: 

NkF(LnU)) = 2j(k-2)+5j(k-2)+\0jk = \ljk-\Aj. 

In the optimal packing of Ln(j), we have to pack all 1 /2+5 items in separate 
bins. Thus, we pair the items from the first and second part in the following way: 

i) a i , i+h i> i f 2 / s 9, 1 isj(k-2), 

ii) aoi+bu, if l ^ i s j ( k - 2 ) , 

iii) a„+6 0 > ( i + 1 ) , if 

Clearly, we can pack all pairs with a 1/2+5 element together. Accordingly, we fill 
I0j(k—2)—1 bins, and b01, alJ(k^2) are not used. From the third part, one 1 /2+5 
item, a number 10/ of 5 items and the following items are not used: 

i + i . 
2 2 ' 2 + 1 ' 

U L 
2 3 ' 2 + 2 ' 

1 5 J_ _ 5 _ 
2 10y + 1 5 2 + 10 / ' 
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Here 1/2—<5// and 1/2+<5// fill a bin ( i=2 , 3, ..., 10/') and so we have a further 
10/'— 1 bins. All other items can be packed into three bins, if 3 is small enough. Thus, 

OPT(£.„0)) 10/(^—2) — 1 + 1 0 / — 1 + 3 = lOjk-lOj+l. 
Then 

NkF(LnU)) ^ 17/fc—14/ 
OPT(L„ 0 , ) - 10/fe—10y+l ' 

and hence 

* - ^ l i m i n f - 1 7 f e ~ 1 4 RNkF = hminf 0pT(£nU)) - m _ 1 0 -

We have obtained 

Theorem 4. For A: s 3 

1 0 ( ^ - 1 ) ' 

From Theorem 3 and Theorem 4, we conclude our 

Main results. For k ^ 3 

3 _ 7 7 1 
1-7+ „ =S ¿ W S - + - • 10(A:— 1) ~ í" lF ~ 4 4 2fe + 3 * 

To conclude this paper, we give RN2F. For this, we define a sequence of lists as 
follows. Here the j'-th list has a numbef n(j)=30j of items. Let 

_ ( 1 < 5 1 < 5 1 < 5 1 <5 J_ <5 1 , S \ 
• L"Oi - l T ~ T ' 2 + T ' d ' 2 3 ' 2 + 2 ' • 2 10 /+1 ' 2 + 10/ ' ) ' 

Then we use 20/ bins in the N2F packing, and 10/+1 bins in the optimal packing. 
Thus, we get : 

Corollary 1. RN2F=2. 

Acknowledgement. We are grateful to E. Máté for valuable discussions. 
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