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Introduction

In bin packing, we are given a list
L = (Sl, 52, cery S,.)

- of items (elements) with a weight function on items and a sequence of unit-capacity

¥ bins B,, By, .... In this paper, we assume that the item weights are real numbers in
the range (0, 1] and that the list is given by the weights. The problem is to find a
packing of the items in the bins such that the sum of the items in each bin is not grea-
ter than 1, and the number of bins used is minimized.

This problem is NP-hard [GJ] and therefore heuristic algorithms which give.
“good” solutions in an acceptable computing time are investigated [J], [J]DUGG].
We are interested in the worst-case behaviour of the Next-k Fit' (NkF) algorithm
For this, an upper and a lower bound were given in Johnson’s paper. We shall im--
prove both bounds.

Preliminary definitions and notations
For a list L, let OPT(L) be the number of bins in optimal packing. For a givexi.
heuristic algorithm A, let A(L) be the number of bins used by A4 to pack L Let

Rﬂ_max{ OP’(l' ()L) | L is a list with OPT(L)—N}.

* This paper was supported by a grant from the Hunganan Academy of Scxences (OTKA Nr.
1135.)



90 J. Csirik and B. Imreh

The asymptotic worst-case ratio of A is then defined as

R, = liﬁ’ sup RY.
Let

s(L) = gn'si

and let s(5,) denote the sum of the weights of the items in B,.

We mvestlgate the NkF algorithm, which is defined as follows: we always use k&
bins at the same time. If the next element, a;, is coming, we place it into the first of
the k used bins which has enough room for 1t If no such bin has enough room, we
close the first (oldest) of these k bins, open a new one, and put g; into this bin (this
will now be the k-th or youngest bin). '

Johnson has proved for the asymptotic worst-case ratio of NkF that

3

In this paper we prove that
Ryor = 2
and that for k=3 :

3 1.75+ !

17+ 10(k—1) = = Rup = 4(2k+3)°

However, the exact worst-case ratio is not known for k=3.

Results

First we give an upper bound on Ry,r for k>3 Let L be an arbitrary list and
let us pack the elements of L by means of NkF. Let B,, B,, ..., B, denote the sequence
of bins used and let m be a fixed nonnegative integer. For any positive integer i:s°
=r41—m the sequence of the bins B;, B;,,, -.., Bjym—; is called a parcel consisting
of m bins if the following conditions hold

@) sB) =12 (=i, ..,i+tm-1),
M itm—1=r or i+tm—1<r&s(Bisn) = 1/2.

We classify the bins of a parcel consisting of m bins with respect to their contents as
follows: '

(A) Zs, = 2/38.(30)(s, > 1/2),
(B) Zs, = 2/3&(VD)(s, = 1/2),
(©) Zs, < 238E)(s > 1/2),
(D) Zs, < 2/3&(v8)(s, = 1/2),
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where ¢ runs through the set of indices of the items contained in the considered bin.
Obviously, we obtain a partition of the bins B, ..., B;,,_;. We shall use the terri-.
nology X-bin for a bin which is contained in the class determined by the property X,
where X¢€ {4, B, C, D}. It may be observed that any D-bin contains at least. two
items; moreover, it contains an item with s,=1/3.

For the D-bins, the following statement holds.

Lemma 1, There are at most two D-bins among any k+1 successive bins of
any parcel consisting of m=k+1 bins.

Proof. Let B, B}, ..., Bf,, denote the considered bins. Let 1=i<j=k+1 and
let us suppose that Bf is the D-bin with smallest index and that B} is the D-bin with
second smallest index. If j=k+1, then the statement obviously holds. Now let us
assume that j<k-+1. After the packing of L the empty room in B is greater than
1/3. Accordingly, the empty room in it is greater than 1/3 when the first item is packed
in B}. Therefore 1/3<s, holds for this item. By our assumption, Bj is a D-bin;
thus, 5;=1/2 and during the further packlng at least one item with welght less than
1/3 will be packed in Bj. Let us investigate the circumstance of the packing of the
first such item. It should be observed that the bin B} contains enough empty room
for this item. Therefore, the packing of this item in B} implies that at this time the
bin Bf is already closed. This results that, up to the closmg of Bf the content of B}
is not greater than 1/2. But then, the weight of the first packed item in B}, is greater
than 1/2 if u€{l, ..., k+1—j}. This means that B},,, ..., By, are of types 4 or C,
which yields the validity of our statement.

Lemma 2. For any k-1 successive bins of any parcel consisting of m=k+1
bins if there exists a C-bin among the considered bins and if there exists a D-bin
among the bins succeeding the C-bin, then the bins succeeding the D-bin are of
types A or C.

Proof. In the proof of Lemma 1 we only made use of the fact that Bf has empty
room greater than 1/3 and this property holds for any C-bin, too; thus, by repeating
the proof of Lemma 1, we obtain the validity of Lemma 2.

Any k+2 successive bins of a parcel consisting of m=k+2 bins is called a
block. We classify the blocks as follows:

(1) it contains at most one D-bin, :

(2) it contains two D-bins or it contains three D-bins and at least one B-bin,

(3) it contains three D-bins and at least one A4-bin; moreover, the remaining
k—2 bins are of types A or C, :

(4) it contains three D-bins and k—1.C-bins. .

From Lemma 1 it follows that any block contains at most three D-bins, and so
the above classification induces a partition of the blocks. We shall use the terminology
J-block or block of type j if it has the j-th property for some j€{l, ..., 4}.

Now let us consider an arbitrary block of a parcel consisting of m=k 42 bins._
Let s denote the sum of the weights of the items contained in the bins of the block and
let ¢’ and g be the numbers of its A-bins and C-bins, respectively.

The following statement then holds.
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Lemma 3. For any r€{l, ..., 4} if a block is of type r, then the r-th assertion
holds for it among the following ones:

2
() s = k+DF—(g+ D
2 1
@ s = 6+ 53—+ 5
B s= (k+2)%—(q+3)%& q+q9 =k—-1&q =0,

4 s= (k+2)%—(q+3)%&q =k~-1.

Proof. In the cases r=1, r=3 and r=4 the statement follows from the defi-
nitions. If r=2 and the block contains only two D-bins, then the assertion is again
obvious.

Now let us suppose that the considered block contains three D-bins and at least
one B-bin. Let Bj, ..., Bf,, denote the bins of the block. Since it contains three D-
bins, by using Lemma 1 twice, we obtain that BY and By, , are D- bins. Let us assume
that Bf is the intermediate D-bin for some 2=j=k+1. By our assumption, the block
contains a B-bin. Let Bf denote this bin, where 2=/=k+1 and [#j We distin-
guish the following two ‘cases.

Case 1. Let us suppose that I<j. Then I=k, and so, at the time of opening of
¥, the bin Bf is.open. On the other hand, B} is a D-bin, and so, after the packing of

all elements of L, the bin Bf contains empty room with weight —1—+A, where

3
A4=>0. But then B} contains empty room with weight at least %+A when the first
item is packed in the bin B}. Therefore, %+A<s1 holds for this item. Moreover,

since B} is a B-bin, 5,=1/2. We now distinguish two subcases.
If at the time of the packing of the second item of By, the bin B} is open, then

for the weight s, of this item -i-A<s2 1/2 again holds. But then

3
sB)s( = -a+2(t+a)=2.2
1 { 3 3 = 3 3
and so
* * * 2 2 1
s=sBDN+sBN+ 2 s(BH=2-z+k-z—-(¢+2)—,
: t521,541 3 3 6

which yields the validity of our statement.
If at the time of the packing of the second item of B} the bin By is closed, then

-up to the closing of B} the content of B is not greater than % This results that the
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weight of the first packed item in By, is greater than 1/2 if we{l,..,k+1-1}.
This means that the bins Bf,,, ..., By, are of types 4 or C, which contradicts our
assumption on Bj. Therefore, this case is impossible.

Case 2. Let us suppose that j<I. Then 2=j<I=k+1, and so, at the opening

of By the bin B} is open. Next, in the same way as in Case 1 we obtain that %+A<

<s5;=1/2 holds for the first packed item in B}.

If at the time of the packing of the second item of By the bin Bj is open, then,
similarly as in Case 1, we obtain the validity of (2).

If at the considered time Bj is closed, then up to the closing of B} the content
of B} is not greater than 1/2. This yields that the weight of the first packed item in
Bf,, is greater than 1/2 if u€{l, ..., k+2—1[}. But then, Bf,,, ..., Bi,, are of types
A or C, which contradicts our assumption. Therefore this case is impossible, which
completes the proof of Lemma 3.

Lemma 4. For any parcel consisting of m bins, the following assertions hold:

(I) there exists at most one D-bin among the last z=min {k, m} bins of the
parcel;

(I1) if m=k+2, then the type of the block consisting of the last k+2 bins of
the parcel is less than 4;

(IIT) if the first block among two successive blocks of the parcel is of type 4,
then the type of the second block is 1 or 2, and in the last case the block contains at
least one A-bin.

Proof. For assertions (I) and (II), we have to distinguish two subcases according
to the definition of the parcel.

Case Ifa. Let us suppose that the last z bins of the considered parcel are the last
z bins of the packing of L. Then, these bins are all open at the packing of the very
last item of L. Let B3, ..., B¥ denote the considered bins and let us assume that Bf

and B} are D-bins, where 1=i<j=z. Then B has empty room with weight %—+A,

where A=>0. Therefore, 3l+A <s5,=1/2 holds for the first packed item (s,) in B},
and so s,<1/3 holds for the weight s, of the second item of B}. At the time of the

packing of this item, the bin Bf is open and has empty room with weight -:—;- +4,;

thus the NKF algorithm places this item in Bf, which is a contradiction. Therefore,
there exists at most one D-bin among the considered z bins.

Case I/b. Let us suppose that the considered B}, ..., B} bins are not the last z
bins of the packing of L and that s(B},,)=1/2 holds for the following bin B}, of
the packing. Now let us assume that B} and B} are D-bins, where 1=i<j=z. Then
Bf has empty room with weight ;T+A’ where 4>0. ’I_'hérefore, —:1;+A <=5=1/2
holds for the first packed item (s,) in B}, and so s,<1 /3 holds for the weight s,
of the second item of B}. Thus, at the time of the packing of this item the bin Bf
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is closed. This yields that, up to the closing of Bf the content of B} is not greater
‘than 1/2 But then, the weight of the first packed item in B}, , is greater than 1/2 if
uc{l, ..., z—j+1}. This contradicts our assumption on B}, ,. Therefore, there is at
most one D-bin among the considered z bins.

Case Ifa. Let us assume that the bins of the considered block are the last k+2
bins of the packing of L and that the block is of type 4. Let us By, ..., Bf,, denote the
considered bins. Then, by using Lemma 1 twice, we obtain that Bf and By, are D-
bins. Now let us suppose that B} is the intermediate D-bin for some 2=j=k+1.
If j=2, then Bj is a C-bin, since the block contains only D-bins and C-bins. But then,
by Lemma 2, we obtain that the bins Bj,,, ..., By, are not of type D, which is a
contradiction. Thus, j=2 and Bj, ..., By, are of type C. Since the considered k+2
bins are the last k+2 bins of the packing, the bins Bf, ..., Bf,, are all open
when the second item is placed in Bf,,. On the other hand, By is a C-
bin, and so it has empty room with weight %+A, where A>0. Thus, %+ A<s =
=1/2 holds for the weight s, of Bf ., and s,<1/3 holds for the weight s, of the second
item of Bf,,. But, at the time of the packing of this item, Bj is open and it has empty

room with weight %—+A; thus the NkF algorithm places this item in B, which is a

contradiction. Therefore, the type of the considered block is less than 4.

Case IIfb. Let us suppose that the considered m bins are not the last m bins of the
packing and that s(B’)=1/2 holds for the bin B’ immediately succeeding the last
bin of the parcel. Moreover, let us assume that the block is of type 4. Let BY, ..., Bf,,
denote the bins of the block, and let B, ; denote the bin B’. Then, by our assumption,
s(Bf,5)=1/2. Now, in the same ways as in Case II/a, we obtain that B}, B}, Bi,,
are D-bins and Bj, ..., Bf,, are C-bins. Since B} isa C-bin, it has empty room with
weight -;—+A, where A4=0. Thus, %+A <5, =1/2 holds for the weight s, of
the first packed item in Bj,,. On the other hand, B}, is a D-bin, and so s,<1/3
holds for the weight s, of the second item of Bf ,. Thus, at the time of the packing of
this item, the bin Bj is closed. Therefore, up to the closing of B3 the content of Bf,,
is not greater than 1/2. But then, the weight of the first packed item in B, 5 is greater
than 1/2, which contradicts our assumption. Therefore, the type of the considered
‘block is less than 4. '

" Case III. Let us suppose that the parcel contams two successive blocks and that
the first of them is of type 4. Let BY, ..., By, denote the bins of the first block and
B s, oo BZ»ZH the bins of the second block. Then, in the same way as above, we
obtain that B}, B;, Bf,, are D-bins and B}, is a C-bin. But then, by Lemma 2, the
bins Bf,s,... B2k+1 are of types 4 or C. On-the other hand, Bf,,, ..., By, are
k+1 successive bins of the parcel, and so, by Lemma 1, there are at most -two

D-bins among these bins. Since Bf, 5 is of type 4 or C, we obtain that the second
block contains at most two D-bins. Now let us investigate the bins B,,,,s, vres Bigyq
Smce k=3, the number of the mvestlgated bins is at least 2. If there exists an A-bin
among these bins, then assertion (III) obviously holds. In the opposite case, B} +3
and B, are C-bins. On the other hand, the bins By, ,, ..., B34 are k+1 successive
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bins of the parcel, and so, by Lemma 2, we obtain that there exists at most one D-
bin among these bins, which results the vahdlty of assertion (III)

This ends the proof of Lemma 4. ‘

For any parcel consisting of m bins let s denote the sum of the welghts of the
items contained in the bins of the parcel and let ¢" and g denote the numbers of its
A-bins and C-bins, respectively. Let w=q+¢q’. Then, the following statement holds.

Theorem 1. For any parcel con51st1ng of m b1ns

lml

(W+1) ENTY

[ %Y
H
m| N

Proof. Depending on the value of m, we dlstmgulsh ﬁve cases.

1. m=0. In this case the statement obviously holds. ‘

2. 1=m=k. Then, by assertion (I) of Lemma 4, we obtain that the parcel con-
tains at most one D-bin, and so

1 m-—-1

2
sEgm @+D—3 W+) 32

-3
3. m=k+1. T hen, by Lemma 1, the parcel contains at most two D-bins, and so

2 lml

’ 2
sesm———(q+2)_§—m —(w+1)» 7 k+2

4. m=r(k+2) where ris a p_ositive integer. Let us index the successive blocks
with the ‘numbers 1, ..., r according to their sequence, and let I={1,..;;r} Let
i€l and let g; and g; denote the numbers of 4-bins and C-bins. of the i-th block, res-
pectively. For any index jE{l, ..., 4}, let u; denote the number of j-blocks and I;
the set of indices of these blocks. By assertion (II) of Lemma 4, the r-th block is not
a 4-block, and so, there exists a further block for any '4-block from the considered
blocks. On the other hand, by assertion (III) of Lemma 4, the block succeeding some
4-block of the parcel is of type 1 or 2. Using this observatlon, we cla551fy the 4- blocks

into the following two classes.

The first class contains all 4-blocks for which the following block is of type 1.
Let u,, denote the number of these 4-blocks and Iy, the set of their indices.

The other class contains the remaining 4-blocks.

The block succeeding some 4-block from this class is then of type 2. Let u,,
denote the number of the blocks of the second class and I,, the set of their indices.

It is now obvious that wy=uy+uy,, Ii=I3Ul,, w+u+us+u,=r and

4 .
U I;=1. Using the introduced notations, by Lemma 3; we obtain
=

sz 3 [erdi-qanglr, 2 [wn3-@rag].

J=1i€l;
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and so’
2
s= 3 (k+2 g——Zq,——Z’l 2 —g 2 3=
iel icl, iely i€l ul,
2, 1,1, 2 (s +11g) =
__-3—m 6 q 'E'u]—gua‘—g' U3 u4 -
-—zm——l- 2( +u+u+u)+1 _1 —lu =
=3 6q 6“1 g T Uz Uy 6“3 r3a
2 1 1 1 1 1
=3MTgdTIItgh gk e =
2 1 1 1 1
= 3mEI TR )~ v v

From the definition of u,,, it follows that u,=u,,. Thus

1 ’ 1 m 1 R 1 ’ l ’ 1 ’
_z(w+ 1)—-§k—+5+'6—+-6- (i€ZI’, q; u3)+—6- ('62" qi —u42)+-6— ie%t. q:-
From the definition of 3-blocks, we obtain that 2 g; —u;=0, moreover, from

i€t
Lemma 4 and from the definition of #,, it follows that 2> qi—u;, =0. Therefore,
i€ty

2 ' 1 1 ,

S_E_? 6(W+l) 3 k+2+6+6'6112;)1‘q".

On the other hand, 3 g¢;=0, and so we obtain the following inequality:
ieiur, .

) 2 1 m—1 1 1
0 sEFm= ( MDA R S A (S
1

. 1
Since k.%3, F—m:() But then

2 1 m-1
sEgm-g 5 (o 1) I E+2’

which completes the proof of this case.
5. m=r(k+2)+1I, where r and [ are positive integers and I=sl=k+1. We
dinstinguish two cases depending on the r-th block.
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Case 5/a. Let us suppose that the r-th block is not of type 4. Then disregarding
the last / bins, for the remaining r(k+2) bins the same conditions holds as in the
previous case. Thus, for the sum § of the weights of the items contained in these bins
the inequality (i) holds, i.e.

l rtk+2)—1 1

r(k+2)———(1+2(4.+4i)) k+2 F 3(k+2)

On the other hand, it may be observed that the last / bins form a parcel consisting of /
bins. Thus for the sum § of the weights of the items contained in these bins, it holds
that

-1

k+2

§=

1 1
-5 @+7+D)—5

w| o

where g and g’ denote the numbers of 4-bins and C-bins, respectlvely, for the last /
bins. Now, using the above 1nequa11tles, we obtain that

1 m—1

§=5+8= 3I%r2

( w+1)—

Case 5/b. Now let us suppose that the r-th block is of type 4. Then, by assertion
(I1D) of Lemma 4, the (r—1)-th block is not of type 4, assuming that there exists
such a block, i.e. r=1. Then, disregarding the last k+2+/ bins, for the remaining

(r—1)(k+2) bins the same conditions hold as above, and so, for the sum § of the
. weights of the items contained in these bins the inequality (i) holds. Thus,

r=Dk+2)~1 1 1
k+2 6 3(k+2) "

$=2C-DE+D- (143 @t a)) -5

It may be observed that the right-hand side of the inequality is equal to 0, if r=1.
Therefore, we may use it in the case r=1, too.
We now investigate the remaining k+2-+/ bins. Let Bf, ... By,.,; denote them.
Since the bins Bj, ... Bf,, form a 4-block, the bins B}, Bf, B{,, are D-bins and
B3 ..., B, are C- bms Let us distinguish two cases depending on /.

If I=k—1 then, by Lemma 2, the bins By, .. Bk+2+, are of type A or C.
Thus, for the sum § of the weights of the items contamed in the considered k+2+1/
bins the following inequality holds

L2 1 2, 1__2 1,
= 5 (k+D)—g @)+ -5 =T *+24D) -5 (g, +7+3),

where § denotes the number of C-bins with respect to the last / bins.
If k—1<I=k+1 then it may be observed that since Bf,, is a C-bin and Bj,,

is a D-bin, by Lemma 2, the bins B, ..., B3, are of types 4 or C.
If there exists at least one A-bin among By, 3, ..., B4, then =1, where §’
denotes the number of A4-bins for the last / bins. On the other hand, the bins By, ,; ...
.s B 454 form the last /—1 bins of the parcel, and so, by (I) of Lemma 4, there
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exists at mist one D-bin among them. Therefore, we obtain that there is at most one
D-bin amo:ig the last / bins. Thus for § we have

o2 1 2,01,
2 1 L, 1,
= —3—(k+2+1)—g(q,.+q+q +3)+E(q ~-H=
2 1 =
= 3-(k+2+1)—g(q,+q+q +3).

If the bins Bj, ., ..., B, are all C-bins, then after the packing B%, . ; has empty

room with weight -5+A, where 4=0. From this, similarly as in the proof of asser-

tion (I) of Lemma 4, we obtain that the remaining bins {(Blis2 OF B3y, Baiys)
are not of type D. But then there is no D-bin among the last I bins, and so

2 1 2. 1. 2 1,

where g denotes the number of C-bins for the last / bins again.
Now, using the common lower bound, we obtain the following inequalities:

i 2 1 _ 3 1 (r=Dk+2) 1
S§=5+5§= §‘m‘—6‘(1‘*_‘qr+Q+ +2 (‘I-+‘];))"——'—'"T+2_'+F =
2 1 g Lrt+d)
=3m™ E(W“)*— S e,
2 1 1 m—1 1-1 1,
=3 g3 s T

Since ¢,=0 and I=1, we obtain that

s = -:-z-m—l(w+l)—l m—1
3 3 k+2
which completes the proof of Theorem 1.

Now let L be an arbitrary list and let us pack the elements of L with the NkF
algorithm. Let B,, ..., B,, denote the sequence of bins used by NkF and let w denote
the number of all bins containing items with weight greater than 1/2. Then, for
s=s(L), the following statement holds.

Theorem 2. L -
gim_iw_;m___i
3767 3k+2) 6°

'Proof. We distinguish two cases, depending on the contents of the bins.
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Case 1. Let us suppose that s(B;)>1/2 (i=1, ..., m). Then, the considered bins
form a parcel consisting of m bins, and so, by Theorem 1, we obtain the validity of
Theorem 2.

Case 2. Let us suppose that there exists a bin B; (1=i=m) with s(B)=1/2.
Letiy, iy, ..., i, denote the increasing sequence of indices of all such bins. Let z€ {i;, ...
,i,} be arbitrary, and let us investigate the contents of B, and B,,,, ..., B, 44,
assuming that there exist such bins. After the packing of L, the relation s(B,)=1/2
holds; thus, throughout the packing too, s(B,)=1/2. But then, the weight of the
first packed item in B, is greater than 1/2 if u€{l, ..., k}. Therefore, i,+k<
<igyy (9=1,..,r—1) and, if i<m, ‘then the weight of the first packed item in
B; 4, is greater than 1/2 for any 1=y=z=min {k, m—i}. We now dlstmgulsh
further two cases.

Case 2/a. Let us suppose that i, +k=m. Then the weight of the first packed item
in B, ., is greater than 1/2 if l<t<r, I1=u=k. Thus, for the sum §, of the welghts

of the items contained in the bins B;, B; i1, ..., B; 44, the inequality 5,=(k+ 1)—-

holds, since s(B,-t)+s(B,-t+1)>1 and s(B,-t+u)>1 /2 if 2=u=k. On the other hand
it may be observed that the sequence

Byy ..y Bi-1; Biskers s Bipmad o3 Bi_4k+1s oo Bioas Bitks1s o5 B

form parcels consisting of i,—1, i,—i,—k—1, ...,i,—i,_;~k—1, m—i,—k bins,
respectively, where any parcel of them may be an empty one. Let m,=i;~1, my=
=f—i—k—1, ...m=i—i,_,—k—1, m, ,=m—i,—k and let w; denote the
number of A-blns and C blns of the i-th parcel for any -i€{l, ..., r+1}. Then, by
Theorem 1, for the sum s; of the weights of the items contained in the bins of the i-th
parcel the following inequality holds:

—1

2

But then for the sum s of the weights of the items contained in the bins B, ..., B,
we obtain

s = él =Z'§ = :g:si—l—r(k+l)% =
= 2{1 @ (W“) 3(k+;)]+ (k“)—:
r+l1
2 (m;=1)

2 2r+1 =
§(§ +r(k+1))———(2'w+k) = -
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r+1 r41
Since m= 3 my+r(k+1) and w= 3 w,+rk, we have
i=1

i=1

- zm_lw_L_l_ Zm + r+l
SEFMTEYTITE T3k 3(k+2)
_ —:-Z-m——l—w— Zmi+r(k+2) __1_+ r+1
— 3 6 3(k+2) 6 ' 3(k+2)
2,1 om 1
3776 T3kt T3(k+2) 6
1 1 5
But ) _EE ~5 and so,
2 1 m 5

g

v

3" T 3kt 6

which completes the proof of this case.

* Case 2/b. Let us assume that i, + k>m. Then the number of bins succeedmg the
bin B; is /=m—i,. Moreover, 1f 1=0, then the weight of the ﬁrst packed item in
Bi 44 is greater than 1/2 for any uc{l,...,1}. Thus, for the sum s* of the weights of
the items contained in the bins B, .. B,,, the following inequality holds

st = S(B;'_)-i-(m—i,)%.
On the other hand, for the sum s, of the weights of the items contained in B,
Bi, i1 -..» B4y again s,i(k+1)— holds if 7<r. Finally, the sequences B, ...

o Biy—15 Bitrsrs s Biy—1i s Bx,._1+k+l’ ..., B; _; again form parcels. Thus,
with the notations of the previous case and inequality (a), for the sum s of the weights
of the items contained in B, ..., B,,, the following inequalities hold:

= 2's.~+ S ats = Stk Dgtst =
i=1 t=1 i=1
r 2 1

= % (g; mi+(r—1)(k+1))—% (g; witr+(r—1)(k+1))—

Zr,'(mi—l) v 1 5 x
— ‘=3l(k+__2) +;(B.-,)+(m—i,)7 =3 (g mi+(r—1)(k +1)+(m—i,))—
1 ' Z(mi“l)
-6 (iéi wi+(r—=1(k+ 1)+(m—i,.)+r)——'“T(m +5(B,).
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3 r ) .
Since > m;+(r—1)(k+1)+m—i,=m~—1, we obtain that
=1

) Z'(m—l)
sz?(m—l)— (Zw-i—(r Dk+m—i,)— 6(2r 1)- '-3(T+'2‘)—+S(Bi,)-

r
Now, it may be observed that w= > w;+(r—1)k-+m—i,, and so
- i=1

Zr:mt
2 1 r—-1 1 & r —
s = ?(m—l)_—G—W——B——g'— 3(k+2) + 3(k+2) +S(Bip) =

(r—1)(k+2)+ g’l m

2 r 1
R S ) R ) R
5 : ém,-+(r—1)(k+l) 1 1
=gm=l-gw= 3(k+2) G
~ -g-(m—l)———w— g; m+ (=D k+1)+m—i +1 .\ m—i,+2 _l+ -
=3 6 , 3(k+2) 3k+2) 6 SWWT
2 1 m —i+2 5
m—i+2 5 5
But S+ ~6 ToBI=—5 andso
2 1 m 5
- sE=Tm——w

3 6 3(k+2) 6

which completes the proof of Theorem 2.
We can now prove the following result.

Theorem 3.
R sl.}.l._l_
NKF =474 2k+3°

Proof. Let L be an arbitrary list and let us pack its elements with the Nk F algo-
rithm. Let m denote the number of bins used by Nk F and let s denote the sum of the
weights of the items contained in these bins. Moreover, let w denote the number of
those bins which contain some item with weight greater than 1/2. Now, depending
on w we distinguish three cases.
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Case 1. Let us suppose that w=0. Then, by Theorem 2, we obtain

Z—m_.—_’n_—__s_-
R R T/ R

On the other hand s=OPT(L), and so
m m 1

—_—_——— =

OPT(L) = s —

37 3(k+2) 6m

1 _ T(k+2)
T 4%56 i 5= k1D S
6 Tkt 3kt m HtO-—h— %

Case 2. Let us assume that w0 and %é T(k+2)

w it follows that w=OPT(L). But then

2_
3

. From the definition of

m
OPT(L)

T7k+2) m N
_415_+T<7' Again, by Theorem 2,

sm2m—Ly_ M __3
=376 T 3k+2) 6

Case 3. Let us suppose that w0 and

and so,

m m_ m _ 1
OPT)=s =2 T -~ m 52 1w 1 5

376" T3k+2) 6 .3 6m 3(k+2) 6m
»_ 4k +6
m  1(k+2)

m___ 1 _ T(k+2)
OPT() = 2 1 &+6 1 5 ~ " " Tk+) 5
3 6 7(k+2) 3k+2) 6m m 6
Now let k=3 be a fixed integer. It may be observed that if OPT(L)— < then
Th+2) 5 .

By our assumption on m/w, , and so

m— oo, and so, under the fixed k,

Therefore

. NkF(L)
lim sup { OPT(L)

which completes the proof of Theorem 3. [

7
:OPT(L) = n} = ::i?

77
=37 %13
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We now improve the lower bound given by Johnson. For this purpose, we define
a sequence of lists such that OPT(L;)+~ < and the lists have bad behaviour on NkF
packing. Let j now be a fixed positive integer. .

Let n(j) denote the number of elements in the j-th list and let

: n(j) = 30j(k—2)+30.
Let
: 5 <« 18-ik-2)

and let L, ;, denote the j-th list in the sequence. We divide the items into three parts:

(1) In the first part there are elements about 1/6; there are j(k—2) blocks, with
. 10 items in each (thus, in the first part there are 10j(k—2) items). Let us denote the
items of the i-th block by

aoi’ ali, ceey a9"-
The exact definition of the weights is as follows. Let

8; = 6. 184k-2~i (1 = iéj(k—2))
and '

ay = 1/6+333,,

a; = 1/6—351’

agl' = 1/6"‘761 = aai’

a“ = 1/6—'135,,

ag; = 1/6+96;,

ag; = 1/6—26, = Qy; = Qg = Qy;.

Then, the first 10j(k—2) items of the list are ag,, @y), ..., gy Qoas Byzs -oes dggs ---
wors G j(k—2)s ++-» Gp, jx=2)- - Clearly

Qi+ ay;+ a5 + a5+ ay; = 5/6+36;,
Qg+ g+ Qg+ G+ ag; = 5/6 +5i’
and thus we fill 2j(k—2) bins with this part.

(2) In the second part, there are elements about 1/3; there are also j(k —2) blocks,
with 10 items in each. Let us denote the items of the i-th block by

bOi’ bli’ seoy bsi’
and the items

bola bn’ saey bsla boz: b129 “eey b929 csey bo,j(k-2)’ ey bs,j(k—z)

follow the items of the first part.
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The exact definition of these items is as follows:
by; = 1/3+469;,

by = 1/3—345,,

by = 1/3+65; = by,

by = 1/3+125,,

b = 1/3—-104;,

bg; = 1/3+6; = by = by = by;.
Clearly

boi+ by = 2/3+126;,
b+ by = 2/3+124;,
b+ bs; = 2/3+29;,
bg;+ by = 2/3+26,,
b+ bg; = 2/3+26,,

and thus we fill 5j(k—2) bins with the second part.

(3) In the third part, there are elements about 1/2. We have here 10j blocks, with
k+1 items in each. In the i-th block, the first item is 1/2—§/(i+1), and the second is
1/2448/i. Then, we have a number (k—2) of 1/24J items and the last item of this
block is a 4. Thus, with this part we exactly fill 10jk bins.

On summing the number of bins in the three parts, we obtain:

NKF(L,y) = 2j(k—2)+5j(k—2)+10jk = 17jk—14].

In the optimal packing of L, ;,, we have to pack all 1/2+4 items in separate
bins. Thus, we pair the items from the first and second part in the following way:

i) g, +by, if 2519, 1=isjk-2),
ii) ay+by, if 1=is=jk-2),
iii) a”+b0’(,'+l), if 1 § i§j(k—2)_l.

Clearly, we can pack all pairs with a 1/2+6 element together. Accordingly, we fill
10j(k—2)—1 bins, and by, a,,;4.—2) are not used. From the third part, one 1/24-5
item, a number 10j of § items and the following items are not used:

1 51,8
2 2’271’
1 6 1 6
27327
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Here 1/246/i and 1/2+4/i fill a bin (i=2,3, ..., 10/) and so we have a further
10j—1 bins. All other items can be packed into three bins, if J is small enough. Thus,

OPT(L,) = 10j(k—2)—1+10j~14+3 = 10jk—107+1.
Then
NkF(Lyy) _  1Tk—=14j
OPT(L,;) ~ 10jk—10j+1 ’

and hence
NEF(Lyj) _ 17k—14

Ryir = lim inf
oo
We have obtained

~ Theorem 4, For k=3
3

RN’CF % 1-7+m .

From Theorem 3 and Theorem 4, we conclude our
Main results. For k=3

3 7 7 1
Lt og—n = Rvr = 747 %33

To conclude this paper, we give Ry.p. For this, we define a sequence of lists as
follows. Here the j-th list has a numbe® n(j)=30j of items. Let

AR LU WAL SPAR B SPRRE SN N SO
il U R R I R R T R 12 I A T
~Then we use 20j bins in the N2F packing, and 10j+1 bins in the optimal packing.
Thus, we get:

Corollary 1. Ry,p=2.
Acknowledgement. We are grateful to E. M4té for valuable discussions.

References

[GJ] Garey, M. R,, JounsoN, D. S.: Computers and intractability, W. H. Freeman and Com-
pany, San Francisco, 1979.

[J] JounsoN, D. S.: Fast algorithms for bin-packing. Journal of Computer and Systems Scie-
ces 8 (1974), 272—314.

[JDUGG] Jounson, D. S., DEMERS, A., ULLMAN, J. D., GAReY, M. R., GRAHAM, R. L.: Worst-
tase performance bounds for simple one-dimensional packing algorithms, SIAM J. Comput. 3
(1974), 299—325.

( Received February 13, 1989)



