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Modelling of heterogeneous multiprocessor
systems with randomly changing parameters

J. Sztrik*!

Abstract

A queueing theoretic approach is developed to analyse the performance
of heterogeneous multiprocessor computer systems evolving in random -envi-
ronments. The time intervals from the completion of the previous bus usage
to the generation of a new request as well as the holding times of the com-
mon bus are assumed to be exponentially distributed random variables with
parameter depending on the state of the corresponding random environment.
Each processor is characterised by its own acces and service rate. The bus
arbiter selects the processor to use the common bus according to a First-
Come, First-Served (FCFS) discipline. Supposing that the acces rates of the
processors are much greater than the corresponding service rates (®fast® ar-
rival), it is shown that the busy period length of the bus converges weakly,
under appropriate norming, to an exponentially distributed random variable.
As a consequence the main steady-state performance measures, such as uti-
lizations, throughput, mean delay time, expected waiting time, the average
number of requests served during a busy period, and mean number of active
processors can be calculated. Moreover, exact and approximate validation
results are presented to illustrate the credibility of the proposed method.

Keywords: queueing, multiprocessor system, performance measures,
weak convergence, random environments, utilization.

1 Introduction

In multiprocessor systems the contention for a common bus is one of the major fac-
tors affecting the computer performance. Several papers have been devoted to the
analysis of such systems under different conditions on acces rates, the distribution
function of holding times, and bus arbitration protocols (c.f., Ajmone Marsan et al.
(1986), Bodnar and Liu (1989), Gelenbe (1989{, Noyami and Sumita (1989)). More
recently Ishigaki et al. (1990) suggested a queueing theoretic approach to analyse
the system and a numerical technique was used for the evaluation of the basic
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performance measures. In this work an asymptotic queueing theoretic approach is
proposed to study the performance of a First-Come, First-Served (FCFS hetero-
geneous single bus multiprocessor system evolving in random environments. All
random times in the system are considered to be exponentially distributed, while
each processor is characterised by its own acces and service rates depending on the
state of the corresponding random environment. Under a heavy traffic assumption
(i.e., *fast® arrivals), it is shown that the busy period length of the bus converges
weakly, under appropriate norming, to an exponentially distributed rendom vari-
able. This result facilitates the calculation of several steady-state performance
measures of interest.

Note that the ptotic technique has a widespread applicability in the field
of reliability theo u{(f Anisimov et al (1987), Anisimov and Sztrik &989), Gerts-
bakh (1984, 1989) efinements in the model are often needed when the the system
environment is subject to randomly occuring fluctuations which appear as changes
in the parameters of the model. These fluctuations may be due to changes in the
physical environment, personnel changes, alteration of computer system usage in-
tensity, etc., léc £., Baccelli and Makowski (1986), Gaver et al. (1984), Gelenbe and
Rosenberg, Neuts (1978), Rosenberg et al. (1990), Sengupta (1990)).

1

2 Preliminary results

This section presents a brief survey of results (c.f., Anisimov et al. (1987)) to be
applied in the next section.

Let (X(k),k > 0) be a Markov chain with state space
"'J‘X,, X;inX;=0,i#7

with m + 2 levels of states, 3,7 = 0,1,...,m + 1, defined by the transition matrix

(p‘g(") ,79)), 19 € X, J(’) € X,, ¢,2=0,1,...,m+ 1 satisfying the following
conditions:

1. p‘ (0) ](0); - Po(i(o))j(o))) as ¢ — 0, i(o),j(o) € Xo, and matrix Py =
(o (1@, 5(9)) is irreducible;

2. p(19,5001)) = cald, et} 4 o(e), i) € X,, j(+1) ¢ X,+1, where
a9 (:(9) j(q"'l)) is an appropriate transition matrix;

3. pe(i9, f@) — 0, a8 e — 0, (D, flDd e X, ¢ > 1;

4. p.(ila), ) = 0i@ € X,, fH € X,, z-g202.

In the sequeel the set of states X, is called the g-th level of the chain,
g=0,...,m+ 1. Let us single out the subset of states

(am) = qgo Xq.

Denote by {x,(t(")) i) € X,}, g =1,...,m the stationary distribution .of a
chain with transition matrix
pc(’(q) J(x))

oy mmy)
k(m+)eX pmi

EXq:J( ?) € X;, ;25 m.



Modelling of heterogeneous multiprocessor sj(stems 73

Furthermore denote by g,({am)) the steady state probability of exit from (am),
that is

ge{{am)) = Z u',(i("‘)) E p‘(;(m)’j(m+1)).

(meX,m j(”‘+1)exm+1

Denote by {7,(:(?), (® € X} the stationary distribution corresponding to P,
and let

To= {m(i?), i® e Xo}, 7 = (x(i9),i¥ € X},

be row vectors. Finally, let the matrix

A = (o (@ jle+1))) (D ex,, ;) e X, 1, ¢=0,...,m

defined by condition 2. _
Conditions (1%-(4) enable us to compute the main terms of .the asymptotic

expression for TV and g¢((am)). Namely, we obtain
7l = 97, A0 AW | A=) 4 o(e?), ¢=1,...,m,

gellam)) = e™ 17, A@ AN Al)1 4 o(emFY, (1)

where 1 = (1,...,1)* is a column vector, (c.f., Anisimov et al. (1987), pp. 141-153).
Let (ne ts, t > 0) be a Semi Markov Process (SMP) given by the embed-

ded Markov chain (X,(k), k > 0) satisfying conditions (1)-(4). Let the times

r,(]'(’),k(')) - transition times from state j(*) to state k(#) - fulfill the condition

Eexp{ieﬂd.‘(j(o), k(’))} =1+ ap(s, 2, 8)e™ 1 + oe™ 1), (2 = —1)
where B, is some normalizing factor. Denote by {),(m) the instant at which the
SMP reaches the (m + 1)-th level for the first time, exit time from (a,,), provided
7¢(0) € (am). Then we have:

Theorem 1 (c.f., Anisimov et al. (1987), pp. 153) If the above (1)-(4) condstions
are satisfied then :

‘li_To E'exp{ieﬁ.ﬂ,(m)} = (1 _ A(e)).—l,
where

o 2 "ol K M)ain(0,0,6)
a(e) = == —

FoA A | Alm)1

Corollary 1. In particular, if a;i(s, z,0) = i@myx(s, z) then the limit 1is an ezpo-
nentially distributed random variable with mean

2 ﬂ'f»(.'i(o))Pc.'n(j(o)) k(o))mjk(ot 0)
70 k@ ex,

T AV AT A1
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3 The Queueing Model

Consider a multiprocessor computer system in which N different processors with
a common memory are connected by a single bus. A processor that generates a
request to use the bus is said to be active, otherwise it is called inactive or idle.
The bus arbitration protocol (selection rule) is assumed to be FCFS, that is, the
arbiter selects the next processor to use the bus amongst the active ones in order of
requests’ arrivals. The time intervals from the completion of the previous bus usage
to the generation of a new request as well as the holding times of the common bus
are exponentially distributed random variables with parameter depending on the
state of the corresponding random environment. Each processor is characterised
by its own acces and service rate. The processors operate in a random environment
governed by an ergodic Markov chain (£1(t), ¢ > 0) with state space (1,...,7;)
and with transition rate matnx'a‘-:,-‘, s1,1=1,...,7g, ag'?l = ; a‘(B) More-
J#n
over, it is assumed that each processor can have at most one outstanding request at
any time, i.e., each processor can generate a new request only after the bus usage of
the previous request has been completed. Whenever the environmental process is in
state g1, let z\p?il, €) be the access rate for processor p, p=1,..., N, respectively.
Similarly, the shared bus is supposed to operate in a random environment gov-
erned by an ergodic Markov chain (£3(t), t > 0) with state space (1,...,r2) and

with transition rate matrix (a‘(:,-’, ta, 02 = 1,...,7g, agg’ = ’E% affz) When-
2

ever the environmental process is in state sz, let pu,(i2) be the service rate for
processor p, p = 1,..., N, respectively. To this emf the probability that proces-
sor p generates a request in the time interval (¢, t + h) is Ap(s1,€)h + o(h), where
e>0, g;=1,...r1,and the probability that processor p completes the bus usage
in time interval (t,t + h) is ppfig)h-i-o(h), ta=1,...,r2, p=1,...,N.

All random variables and the random environment are assumeed to be indepen-
dent of each other.

Let us consider the system under the heavy traffic assumption, i.e.,
z\p(il,i} —+ oo as € —+ 0. For simplicity let A (51,e) = Ap(i1)/e, p =

geoegd¥y ‘i]_ = 1,...,7’1.
Denote by Y,(t) the number of inactive processors at time ¢, and let

Qe(m) =inf{t: t> 0, Yo(t)=m+1 /Y (0) <m},

i.e., the instant at which the number of inactive processors reaches the (m + 1)-th
level for the first time, provided that at the beginning their number is not greater
than m, m=1,..., N — 1. In particular, if m = N — 1 then the bus becomes idle
since there is no active processor and, hence 2,(N — 1) can be referred to as the
busy period length of the bus.

Denote by w1, (31,13 : 0;ky, ..., ky) the steady- state probability that & (t) is in
state €5, £2(t) is in state i, there is no idle processor and the order of requests’
arrival to the bus is (ky,...,ky). Similarly, denote by 7 (1,43 : 1;ka,...,ky)
the steady-state probability that the first random environment is in state ¢;, the
second one is in state 35, processor k; is inactive and the other processors sent their

requests in order (kz,...,kn). Clearly (k,,...,kn) € Vg"“‘“, s = 1,2, where:
V¥ =2+ genotes the set of all variations of order N — s + 1 of integets 1,..., N.
ow we have:

Theorexn 2 For the system sn question under the above assumptions, indepen-
dently of the instial state, the dsstribution of the normalszed rondom varsable
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e™(m) converges weakly to an ezponentially distributed random variable with
parameter

ry r3

o3BT mias b b

i1=1is=1 (ky,....kn ) EVY

Er, (iz) Bk (i2) x x Bkmys (i2) l
Ak, (1:1) Aky (1'1) + Ak, (i]_) e Ak, (1;1) +...+ Akm(il) D’

where

r1 rs
Z Z Z 7o(t1,92,0; k1, ..., kn)

$1,/1=143,52=1 (k;...a,k")eV:
N#AlL Ja#és

N C)

"111 3273

@+ @ ¢ )P

Proof. Let us introduce the following stochastic process

Ze(t) = (6(6), &a(8) = Ye(2); Au(t)s- .- B y(t)(t))

where §(t), .. ., Bn-v,(¢) (t) denotes the indices of the active processors in the order

of their request arrival to the bus. It is easy to see that (Z,(t),t > 0) is a multl-,
dimensional Markov chain with state space

E= ((‘il,‘igts;kl,...,kn_,), i] = 1,...,7‘1, i2= 1,...,1‘2,

(kr,....kn_s) €VN=*,5=0,...,N)

where k, = {0} by deﬁmtlon
Furthermore, let

(am) = ((il,ig : s;kl,...,ku_,), t.1 = 1,...,"1, ' ig = 1,...,1‘2,

(klr kN—a) EVN_.:" #0 :m)

Hence our aim is to determine the distribution of the first exit time of Z,(t)
from {(am), provided that Z,(o) € (a).

It can easily be verified that the transition probabilities for the embedded
Markov chain are , '

P;[(il,iz :'3; kl:' . JkN—c)) (jl)i2 : é; kl: seey kN—l)] ]

oty , .
e =0,...,N-1, .
S:)“"' S{,"’ E A'(‘l)/“’-"fl(“’), 8 ] )N 1'.,
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Y .. ¢.lsl).
p‘hl)‘Z!N;o)!(Jlgiﬁ :N;O)z 111" , 3=N’
“5:)-'1"“5?-#21*.(-'1)/:
=

pl[(‘l)iz : 8 kl: shey kN—.): (ilth : 8 kls seey kN—o)l
(32)

= . Y §=0 N-1
R e S W B SR
YT TR TH, :
.. a{?)
p¢[(‘1:12:N;o)x= — , 8=N,
. as:)‘t-}'—as:)'.,-l-zll,(ﬁ)/C
,=

pCI(iltiZ 28 klv- "7kN—0)1 (ilxi2 18+ 1; k?) L) °)kN—a)]

—_— “kl(‘ﬂ) = _
ST Y N 00N -L

Pel($1,%2 ¢ 85k1,. .., kN=0), (81,82 28 = 155 k1ye e v —pt1)]

_ . ‘\hu-.q-:("l)/‘ = _
T ek +apl+ Y, Xp(ir)/s+ne,(52)’ s=1...,N—1,
) pky i, ky—o
Pel(i1,%2 : N;0), (1,52 : N — 1;k)] = Ae (i) , s=N.
af}}, talll, + 20 Aslia)/e
p=1
As £ —» 0 this implies ’
R .. a{))
pCI(’I:'Z :0;ky,... ,kN), (Jl)‘.Z 10;ky,... )kN)] = “5:)61-'*'“.(':2'1:1""1("), =0,
.. .. : A
pc{(’l)"Z :0;ky,..., kN)) (‘1’.72 :0,ky, ..., kN)] = “S:).-,'*'“.(:?::"#k;(":)’ s =0,

Pel(31,%2 : 85k1,...,kN=s), (1,82 : 8; k1, ..., kN—p)] =0(1), s=1,...,N,
Pel(1,82 : s5k1,. .., kN=0), (31,72 : 83 k1, ..., kN=,)] =0(1), s=1,...,N
#ry ($2)

E) .
a;), ik, (32)’

Pel(i1,t2: 03Ky, ... k), (31,82 2 Likay. o )] = ooy

6191
pt[(illiZ : S;kl,...,kN_.), (ilniﬁ : 8‘+ 1;;k21- .. )kN—o)]

kY. ky_,

This agrees with the conditions (1)-(4), but here the sero level is the set
((ih’.Z :O:kls"-)kN)s(’.lxi2 : l;kl:“-:kN—li 1= 1,...,1y, i3 = 1,...,_1‘2,

(kayene ko) €V, 5 =0,1),
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while the g-th level is the set
((il,ig 1q+ 1;kyq,... :kN—q-l); t1=1,...,r, t2=1...,rg

_ (k1yeeerkn—g-1) €Vy 771
Since the level 0 in the limit forms an essential class, the probabilities

ﬂo(il,ig :0k1,...,kN), ﬁo(il,ig : l;kl,...,kN_l), ‘il = 1,...,1'1, iz = 1,...,7‘2,

(k1y... kN-s) € V,{,V_', s = 0, 1, satisfy the following system of equations

7ro(.7.1).7'2 :0;ky, ... :kN) = Z ”O(ilxjﬂ :0;ky,.. kN)“S},/[“.(,ls)l + “g:,), + px, (.72)]
f1¥N
+ Z 7"0(.7'1)’.2 :0;ky, .. kN)“sz,/[aﬁ}l + as:‘), + phe, (’2)]
$3#72
+7ro(.7'11.1'2 : l;kla-"akN—l): (2)

7"0(.7.1).7'2 : l;klv"skN—l)

= ol 2 : 03k, Ky oy B =1 iy (32) /[aSa), + GSa), + b (72)]- (3)

2332

To apply the asymptotic expressions (1), it is necessary to solve system (2), (3),
subject to normalizing condition

ri ray
Z Z . Z {Wo(il,iz :0;k1,..., kN) + ﬂ'o(il,‘ig : 1, ky,..., kN-l)} =1
|'1=1 t‘z=1 (kl,....k") ’
Suppose this solution is known. Then by substituting it into (1) it follows that

1 ra

9({am)) = €™ Z Z Z %o(t1,92 : 1; k2, ... ,kN)”"’ (’:2) L (s2)

1=143=1 (ky,....kn)EVY Akl (tl) Akl (‘1) + Ak' (tl)

‘ ', . “m+l(i2)
X x»\k,(u): T )(1+o(1)) @

Taking into account the exponentlahty of 1e(s1,52 : s k1, - ., kn-,) for fixed © it
- is implied that

. N 10
Eexp{ie"‘er.(j;,n :0;ky,.. kN)} = 1 +em (1) (;) (1 + o(1)),
%50 +a %5ada + B ‘(h) .

Eexp{ie"‘ef.(jl,jgl:.s; ki,...,kn—4s)} =1+0(e™), s>0.

Notice that S, = €™ and therefore from Corollary 1 our statement immediately
follows. : :
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However, if py(12) = u(i2), p=1,...,N, i3 = 1,...,r3, then by substituting
(3) into (2) then we get :

fo(J.an.Z :o;kh-"skh’) = Z 70(“1:].2 105k, .. kN)“SB,/[“.(:.), + 5;23, +I‘(]2)]
f1#nN
+ Y moldnia: Osky, ..., kn)all), Jlal) + aff,’, + (iz)]
i3#753
b nlivnsa Ok by b1l 0, + o2, + (i)l (5)
Since the steady-state distributions of the governing Markov chains satisfy
1) (1 1) (1 2) (2 2) (2
i) = 3 wllell),  wPal), = 3 «Dal), (6)
a#n ia#33

it can easily be verified, that the solution of (5) together with (6) is
xo(i1,82 : 0;ky,... kn) = Bx(l) ("')(af:‘)l + af:‘)’ + p(ta)),

ﬂ'o({l,iﬁ 11k, ... kN - 1) = B"(l) (Z)I‘(' ))
where B is the normalising constant, i.e.
1B = N30 Y aPxald, + o2 + 2u(ia)
‘1—1 tz—l

Thus, from Th. 2 follows that ¢™(,(m) converges weakly to an exponentially
distributed random variable with parameter

A=Mi§: Y g 1 1

N $1=143=1 (ky,....kn )EV,Y B Ak, (1) Ay (1) + Mk, (51)

1
Ak, (1) + oo+ A (31)

Consequently, the distribution of the time while the number of idle processors
reaches the (m + 1)-th level for the first time is approximated by

X...X

P(Q,(m) > t) = P(e™M,(m) > e™t) s exp(—e™ At).

In particular, when m = N- 1, we get that the busy period length of the bus is
"asymptotically an exponentially distributed random variable with parameter

Noip o o 1#(*2) < 0,0 2 -
c Z Z Z fix ﬂ"’ Ak‘(il) Akl('l) +Ak’(‘.1)

1=1l4d3=1 (ky,....kn )EVY

1

X...X s T
J\kl (11) +...+Akn(l;)

By
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In the ca.se when there are no random envxronments, ie, p(iz) = and
Ap(f1) =Ap, 61 =1,...,r, t2 = 1,...,73, p = 1,..., N, from (7) it follows
that

EN_IA = Eiv— Z 1 1 X ... X% 1 )
(k1. BN )EVY Aky /é‘ '\"l /e + ’\k: /5 . Akl/e‘ +...+ Ak"_l/e

(8)
Fmally, for the specxa.l case of totally homogeneous processors (i.e., Ap = /\, p=
., N) expression (8) reduces to

1 1 N
Y= mo (,\/':)N—l' ()

4 Performance Measures

This section deals with the derivation of the main steady-state performance mea-
sures relating to the heterogeneous multiprocessor model treated in the previous .
-section.

4.1 Utilizations
The utilization U of the bus is defined as the fraction of time. during which 1t is
busy. The idle period of the bus starts when each processor is idle at the end of

a service completion, and terminates when a processor generates a request. It is
clear that the mean idle period length is

Z (1)
=S, (/e

Hence for U the following expression is obtained

: 1
U — sN=TA

— 1 (10)
Rt X TR

=1 2 Ap(s1)/s

»=1

The bus utilization U, of processor p is defined as the fraction of time that
processor p uses the bus. Smce the processors have identically distributed holding
times we get . .

U=y ( () / Zak(«l)) (1)

=1
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4.2 Throughput

The throughput 7, of processor p is defined as the mean number of requests of
processor p served per unit time. It is well-known that

Up = 1bp

where b, is the mean bus usage (service) time of a request by processor p.
In this case

(2>
=1
Z g

and thus

=U (3)
b / par (u)

4.3 Mean delay and waiting times

The mean delay T, of processor p is the average time from the instant at which a
request is generated at processor p to the instant at which the bus usage of that
request has been completed. In other words, T, is the mean duration of an active
state at processor p. Since the state of processor p alternates betweenn the active
state of average duration T, and the inactive state of mean duration

ri
IR
o Ap(a)/e

the following relationship clearly holds

1
Y= . .
1 “
T, +‘E ;(,),\,{.IIW
1=1
Thus,
) L1
T = — -
P =1 T A(in)/e’

Furthermore, for the mean waiting time W, of processor p it follows that

) _1 ‘
W,=T, - E v 1

13=1
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4.4 Average number of requests served during a busy pe-
riod

A pair of an idle period followed by an busy period is called a cycle, whose mean
length is dennoted by C. Clearly, '

Denote by N, the mean number of requests of processor p served during a cycle.
The throughput 7, of processor p is then given by 7, = N, /C, which yields that
the total number of requests served during an busy peirod 1s

N N
Y N, =3 qC.
p=1 p=1

4.5 Mean number of active processors

Let us denote by Q(P) the steady-state probability that processor p is idle. Clearly,
we have

ri
(°) = () __1__
W= 2 ST

‘1=1

Hence, the mean number of active processors is
N N
Z(l -Q)=N- Z Q.
p=1 p=1

5 Numerical Results

This section presents a number of validation experiments (c.f., Tables 1-8) exam-
ining the credibility of the proposed approximation against exact results for the
performance measure of processor utilization at equilibrium. Note that an exact
formula for the utilization is known only when the system is not effected by random
environment and it is given (via Palm-formula) by

N
;2 Gkt
Up = ﬁillv—_—’
1+ 3 (i’)k!p’c
k=1

where p = 5#
In this case relations (9-11)) reduce to the following approximation
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1 N!
Up = ﬁ—ﬁ
M+ ()
The following results are derived:
Table 1 Table 2
N=3 N=4
p U: Up . p Uz U,
1 0.3125 0.285714286 1 0.246153846 0.24
2 0.329113924 0.326530612 2 0.249605055 0.249350649
22 0.332657201 0.332467532 22 0.249968310 0.249959317
2%  0.333237575 0.333224862 2% 0.249997756 0.249997457
2¢  0.333320592 0.333319771 ‘24 0.249999999  0.249999999
25 0.333333169 0.333331638 25 0.25 0.25
26  0.333333125 0.333333121 .
27 0.333333307 0.333333307
28 0.333333333 0.333333333
Table 3 Table 4
N=5 N =
p Up Up P Us Up
1 0.199386503 0.198347107 1 0.166581502 0.166435506
2 0.199968409 0.199947930 2  0.166664473 0.166666305
22 0.199998732 0.199998372 22 0.166666623 0.166666661
2% 0.199999955 0.199999949 2% 0.166666666 0.166666666
2% 0.199999998 0.199999998 :
25 0.2 0.2
Table 5 Table 6
N=1 N=38
p U; Up p U: U,
1 0.142846715 0.1428828304 1 0.124998860 0.1249969
2 0.142857009 0.142856921 2 0.124999993 0.12499998%
22  0.142857142 0.142857141 22 0.125 0.125

0.142857143

0.142857141
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Table 7 Table 8

N=9 N=10
p Up Up P Uy Up
1 0.111110998 0.111110805 1 0.099999999 0.99999999
2 0.111111111 0.111111111 2 0.1 0.1

It can be observed from Tables 1-8 that the approximate values for {U,} are
very much comparable in accuracy to those provided by the exact results for {U;}.
However, the computational complexity, due to the proposed approximation, has
been considerably reduced. As A/e becomes greater that u, the {U,} approxi-
mations, as expected, approach the exact values of {U;}. Clearly, the greater the
number of processors the less number of steps are needed to reach the exact results.
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providing him with the paper Ishigaki et al. (1990). His thanks are also due to
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