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Initial and Final Congruences

Virgil Emil Cézdnescu - Rodica Ceterchi®

Abstract
The paper contains some results which establish connections between dif-
ferent types of algebraic structures which appeared in the process of algebriza-
tion of the theory of flowchart schemes [3,4,5,6,7]. Two basic constructions
[2,4] are used, first separately, and afterwards combinations between them or
their duals, in order to obtain the theorems.

1 Introduction

We recall the definitions of the algebraic structures which will be used subsequently
in the paper.

Let B be a category whose objects form a monoid (M, +,0) and such that for
each a,b,c,d € M a sum operation is given

+: B(a,b) x B(c,d) — B(a +¢, b+ d)

B is called a strict monoidal category (smc for short) if Axioms 1-4 from Table 1
are satisfied. If B satisfies the weaker axioms 1, 2, 3, 4a and 4b of Table 1, then B
is called a nonpermutable strict monoidal category (nsmc for short).

Lf+(g+h)=(f+g)+h
2f+hh=f=L+f
3.+ Iy =I4s

4.(f+g)(utv)=futgv d4a.(f +g)(Io +v)=f+gv
.(f+1g)(u+v)=fu+v
de(lopa+ )X+ ) =°Xd+ f

50X°(g+ f)eXb=f+g 5a.0X(I, + f)° X = f+ I,

forf:a— bandg:c —d forf:a— b

65X% =1,
7.axb+c = (axb + Ic)(Ib + axc).

Table 1: Axioms for ssmc and snsmc
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Suppose that for every a,b € M some distinguished morphisms *X® € B(a +
b, b+ a) are given. An smc is called symmetric (ssmc for short) if Axioms 5, 6, 7 of
Table 1 are satisfied. An nsmc is called symmetric (snsmc for short) if Axioms 4c,
5a, 6 and 7 are satisfied. Obviously, every ssmc i8 an snsmc.

Let us notice that an snsmc which satisfies esther Axiom 4 or Axiom 5 of Table
1 i an ssmc. Moreover, this remains true if we replace Axiom 4 ( or Axiom 5) with
the following weaker axiom:

f+9=a+9)(f+1L)

for every f € B(a,b) and g € B(c, d).

In an snsmc an aa-morphism is a composite of morphisms of the form I, +
bX¢ + I4. Axiom 4 of Table 1 is satisfied in an snsmc for g or 4 aa-morphisms. In
an snsmc B we denote by B, the subcategory of aa-morphisms and we notice that
B, is an ssmc. Note also that every aa-morphism is an isomorphism, its inverse
being also an aa-morphism.

The concept of an zy-ssmc depends on two parameters, z € {a,b,c,d} and y €
{a,B,7,68}. For every e € M we will use the distinguished morphisms T, € B§0, e),
L° € B(e,0),Vv, € B(e+e¢,¢) and A® € Bfe, ¢ +¢). Table 2 shows for every value of
the parameters the distinguished morphisms which are involved. The axioms which
are satisfied by the distinguished morphisms are chosen from Table 3 for each zy
case according to the rule: select all those axioms (and only those) in which the
distinguished morphisms of the zy case appear.

z distinguished morphisms y distinguished morphisms
a none a none

b 1e P Te

¢ A° v Ve

d 1¢ and A é Te and V.

Table 2: Distinguished morphisms for zy-ssmc and zy-snsmc

Thus, an ssmc (snsmc) will be called an zy-ssmec (zy-snsmc) if every object
¢ € M is endowed with the distinguished morphisms which appear in Table 2
corresponding to the zy case and if all axioms of Table 3 which contain only these
distinguished morphisms are fulfilled.

Notice that in an zy-ssmc axioms PT,P1,PV, and PA are automatically sat-
isfied as a consequence of Axiom 4 in Table 1.
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A. (Vo + I)Va = (Is + Va)Va A° A% (A% + 1,) = A%(I; + A9)
B2X%, =V, B°. A% X% = A®
C(Ta+IL)Va=1a co.n(Le+I)=1,
D.vg1%=1%+1° D ToA®=Tg+Tq

E.TG.LG = Io

F.va A% = (A% + A% (I, +°X° + ;) (Va + Va)

G . ANVg=1,
SVl.To = Io SVlo..Lo = Io
SV2.Tass=Ta+ Ts SV2°. 1atb= 124 |
SV3ve=1Ip SV3°.A0 = Iy
SV4Vats = (Ia +°X% + L)(Va + Vs) SV4° A = (A% + AY) (I, +°XP + 1)
PT'g(Ta+Ic) =Ta+g P.L.(Ia-}-g)(_La—{-Ic) =_L°+g
PV . (Liya+9)(Va+ 1) =Va+g PA(It+g)(A+I)=A%+g

forg:b—c

Table 3: Axioms for zy-ssmc and zy-snsmc

ST.Taf=Ts S1.flb=1°
SV.(f+ f)Ve=Vaf SA.A(f+f)=fAb

for f:a—b

Table 4: Axioms for strong zy-ssmc

Let us consider the order <; on {a,b,c,d} given by a <y b <y d and a <
¢ <z, d, and the same order <¢g on the correspondmg Greek letters, so that, e.g.
a<g ﬂ <¢ §. For o’ <1, z and y <g y, we define an z'y’-strong Ty-ssme to be an
zy-ssmc in which all the axioms in Table 4 correspondmg to the 'y case hold. A
strong zy-ssmc will be, by definition, an zy-strong zy-ssmc.

Suppose that in an snsmc B we are given, for each a,b,c € M, an unary
operation

-:B(a+b,a+¢c) — B(b,¢c)
called (left) feedback.

A biflow (flow) is an ssmc (snsmc) endowed with a feedback which satisfies
all the axioms in Table 5. As we will use sometimes the right feedback _ 19:
B(b+ a,c +a) — B(b,c) we mention the connections between the two feedbacks:

f1e=t1e (°X%f X*°) forf:b+a—c+a.

1o f=(X%fX°)1* forf:a+b—ra+e.
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L f(1° 9)h =1° [(La + f)g(Ja + )]
2. 1 f+L=1°(f+ 14
Ta+b [f(bXa + Id)] =Tb+a [(bxa + Ic)f]
forf:a+b+c—b+a+d
4 1P f=pte g
1l =1
6. 1°9X°=1,.

&

Table 5: Axioms for feedback

All the algebraic structures previously defined form categories whose morphisms
are functors which are monoid morphisms on objects and which preserve the ad-
ditional algebraic structure. Sometimes we will be interested in certain subcat-
egories, namely those in which the monoid of objects, M, is kept fixed (called
M-smc, M-nsmc,..., M-biflow), and where the morphisms are object-preserving
functors (called M-smc morphism, ..., M-biflow morphisms). These subcategories
are equational varieties in the sense of the many-sorted universal algebra. Examples
of the above algebraic structures may be found in [4,5,6].

Some of the results in the rest of the paper provide the construction of left
adjoints for the following forgetful functors:

a) for z € {b,d} and y € {, 8,7,6}
ba-strong zy-ssme — zy-ssmc
biflow over a ba-strong zy-ssmc — biflow over an zy-ssmc

b) for z € {b,d} and y € {B, 6}
bp-strong zy-ssmc — zy-ssmc
biflow over a bf-strong zy-ssmc — biflow over an zy-ssmc

c) ba-ssmc — ssmc
biflow over a ba-ssmc — biflow

ba-strong by-ssmc — ay-ssme

strong by-ssmc — strong ay-ssmc

biflow over a ba-strong by-ssmc —+ biflow over an ay-ssmc
biflow over a strong by-ssmc — biflow over a strong ay-ssmc

e) ba-ssmc and af-ssmc — ssmc
biflow over a ba-ssmc and af-ssmc — biflow.

Even if the existence of left adjoints follows from general principles, our con-
structions are more effective than the general ones.
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Table 6 represents the structure of the paper as a graph, where each section
(vertex) depends only on the sections at higher levels with which it is linked.

Table 6: The structure of the paper

2 Final congruences

In this section we will show that the congruence relation introduced by Bloom and
Tindell [2] in an algebraic theory is useful also in the study of more general algebraic
structures. We mention that, instead of the name “zero-congruence” used in (2],
we will use the name “final congruence”, one reason being that it can be dualized
into “initial congruence”. ’

In an smc B a congruence relation = is called final if f = g for every f,g €
B(a,0). Notice that if 0 is a weak final object in B, i.e. B(a,0) # @ for every
a € M, then factorization with a final congruence makes 0 a final object.

Definition 2.1 [2] For every f,g € B(a,f) we have fPg sff there exist: an object
z € M and morphisms h € B{a,b + z) and u,v € B(z,0), such that

f =h(lp +u) and g = h(l +v).

-Since a final congruence relation identifies any two morphisms u and v in B(z,0)
it obviously includes the relation P. - :

Note that for every a,b € M the relation P is reflexive and symmetric on B(a, b).

The above defined relation was introduced in [2], and was used for different
purposes in [1].

Lemma 2.2 In an ssmc, relation P 1s compatible with composition and sum.

Proof. With the notations of Definition 2.1, let fPg.
aé Compatibilsty with composstion. Suppose pPg in B(b, ¢), that is there exist
7 € B(b,c+y) and w,t € B(y,0) such that p = y(I. + w) and ¢ = j(I. +t). Notice
that - .
fo=h{I+u)j(le + w) = [A(7 + L)|(L + w + u)

and similarly, )
9¢ = [h(5 + L)}(I. +t +v).
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b) Compatibility with sum. Suppose pPgq in B(c, d), i.e. there exist j € B(c,d +
y) and w,t € B(y,0) such that p = j(Iy + w) and ¢ = j(I4 + t). Notice that

f+P= (h+3)(Ib+u+Id+w) = [(h+J)(Ib+‘Xd+Iy)](Ib+d+U+w)
and similarly,
g+a={(h+) I+ X% + L)) (Jo4a + v +1).

It is known that in a X-algebra the transitive closure of a reflexive and symmetric
relation, compatible with the operations, is a congruence. This implies that P¥,
the transitive closure of P, is.an ssmc congruence.

Proposition 2.8 The congruence Pt s the least final congruence.

To simplify the notation in the following, each time R is a reflexive and symmetric
relation on A, we will denote by A/R the quotient of A by R*.

Proposition 2.4 If B is a ba-ssmc, then B/P 13 a strong ba-ssmc. If C is a
strong ba-ssmc¢ and G : B — C 1s a ba-ssmc morphism, then there exists a unique
ba-ssmc morphism H : B/P —+ C such that G = Fg ¢ H, where Fg : B— B/P

13 the canonical factorization morphism.

Proof. It is sufficient to notice that fPg implies G(f) = G(g).

The above proposition tells us that the forgetful functor from strong ba-ssmc
to ba-ssmc has a left adjoint. The same construction can be used in other cases
as well, giving us the left adjoints for the forgetful functors from the categories
of ba-strong zy-ssmc to the categories of zy-ssmc, for every z € {b,d} and every
y € {a,5,7,6}. If we note furthermore that in a biflow, relation P is compatible
with the feedback, then the above result remains true for biflows over an zy-ssmc.

3 Congruences which are simultaneously initial
and final

The concept of initial congruence is dual to that of final congruence, and the con-
struction and results of the previous section can be readily dualiged.

The purpose of this section is to show that the factorization from the previous
section and its dual can be merged into a single factorization.

Definition 8.1 In an ssmc B we define relation R by the following: fRg sn B(a,b
iff there ezist objects z,y € M and morphism h € B(a + y,b + z),u,v € B(z,0
and p,q € B(0, ys such that we have decompositions

i

!
g

(Ia + p)h([b + U)
(Ia + g)h(ls + v).

Obviously, R is reflexive and symmetric. Since an initial and final congruence
relation identifies any two morphisms u and v.in B(z,0) and any two morphisms p
and g in B(0,y) it obiously includes the relation R.

Lemma 3.2 The relation R 13 compatible with composition and sum.
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Proof. With the above notation let fRg in B(a,b).

a) Compatibility with composition. Suppose we have f'Rg' in B(b, c), i.e. there
exist h' € B(b+ y',c + '), v',v' € B(',0), p',¢d € B(0,y') such that f' =
(In + p')W' (I, + w') and ¢ = (Ip + ¢')A' (L. + V').

It follows that

(Is + p)h(Is + u)(Lo + P')K (I + u')
(Ta+p+p)(h+Iy)(Is +u+ Ip)h' (I + ')
s+ (o + )b+ L) (I + XYY (A + L)L, + (4 + u)],

if

il

and similarly,
99’ = [La + (g + @)I[(h + L) (To +*X¥') (W + L)L + (o' + v)],
which imply ff'Rgg’.
b) Compatibslity with sum. Suppose that f'Rg' in B(c,d), i.e. there exist
h' e B(c+y,d+ 2'),v',v' € B(#',0),p', ¢ € B(0,y') such that
f=(I+p)h(Ig+v')and ¢ = (I. + ¢)h' (14 + v').
It follows that

f+f

Ta+p+L+p)R+h) I +u+ Iz + )
Hate + (p+ P)[(Za +° XY + L) (b + B) (I + =X+ L)) {Fora + (u + w)),

and

9+ = Uate+ (@ + @) + X + L) (b + K) (T + *X% 4 L) [fora + (v + '),
which imply (f + f)R(g + ¢').

Proposition 8.3 The congruence Rt s the least initial and final congruence.

Proposition 8.4 If B is a bf-ssmc, then B/R is a strong bf-ssmec. If C is a
strong bf-ssme and G : B — C 13 a bfi-ssmc morphism, then there exzists a unique
bf-ssmc morphism H : B/R — C such that G = Fg e H, where Fg : B— B/R

18 the canonical factorization morphism.

The same factorisation gives us the left adjoints for the forgetful functors from the
categories of bf-strong zy-ssmc to the categories of zy-ssmc, for every z € {b,d}
and every y € {f,6}. Since in any biflow, R is compatible with the feedback, the
result holds also for biflows over the above zy-ssmc-ies.

4 The adjunction of L

‘We recall here briefly, following [4[, the construction which associates to every ssmc
a ba-ssmc. We give some motivation. First, we mention the following identities in
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a ba-ssmc:

a) f(-Lz + Ib)g(-Lv + Ic) = [f(Iz + g)](lz-'-u + Ic)
for f:a—z+bandg:b— y+e.

b) (L% + B) + g(L¥ + o) = [(f + 9)(Le +° X + L))(L**¥ + Josa)
forf:a— z+bandg:c— y+d.

¢) f=f(L2+L)for f:a—b.

d) 1% =IL(L*+ Ip).

To obtain a ba-ssmc from an ssmc B we have to add for every object z a new
morphism 1* : z — 0. Consequently, it will be necessary to add for every
morphism f : @ — z+b the morphism f(L*+1,). The above identities imply that
this suffices for our purpose. We represent the newly added morphism f(L1* + I)
as a pair (f,z) : @ — b. Since in any ssmc j1* = 1¥ for every aa-morphism
7 iy — z, we have g(1¥ + I} = g5 + I;)(L* + Is) for every g : a — y +b.
We deduce that the pairs (g, ys and (g(y + I?,z) represent the same morphism.
Therefore we shall need a factorization which identifies them in order to accomplish
our construction.

Let B be an ssmc with (M, +'(l)¥ the monoid of its objects. Consider category
K(B), having the same objects as B, with morphism defined for every a,b € M by

K(B)(a,b) := {(f,z)|z € M, f € B(a,z + b)}
and with composition defined by

(f13)(g,9) := (f{Lz + 9), 2+ ¥).

Note that the identity morphism of a € M in K(B) is (I,,0).
K(B) becomes an snsmc defining the sum of (f,z) :a — b and (g,y): c — d
to be

(£12) + (9,9) = ((f + )L + *X¥ + L), 2 + 9)

and the distinguished morphism ®X? as (*X*,0).

In K(B) the distinguished morphisms 1% := (I;,a) € K(B){a,0) have the
following properties: 1% = I and 1%t = 1% 4 1%,

We define Ip : B —+ K(B) as being the identity on objects and mapping every
morphism f of B to Ig(f) = (f,0). Ig will be an M-snsmc morphism, and for
every (f,z) € K(B)(a,b) we will have (f,z) = Ig(f)(L* + 1), which is called the
canonical decomposition of (f, ).

Definition 4.1 [4] For every a,b € M we define a relation ~ on K(B)(a,b) sn the
following manner : (f,z) ~ (g9,y) in K(B)(a,b) sff there ezists an aa-morphism
J € Ba(y, z) such that f =g(y + 1p).

Note that ~ is a congruence and that K(B)/ ~ is a ba-ssmc.
The ssmc morphism Kp : B — K(B)/ ~ is by definition the composite of Ip
with the canonical factorization morphism.

Proposition 4.2 For every ba-ssmc C and every ssmc morphtsm F : B — C
there ezists a unique ba-ssmc morphism H : K(B)/ ~ — C such that F = KgeH.
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Suppose now B is a biflow. Defining in K(B) the right feedback of (f,z) :
a+c¢c—b+ctobe
(f) I) 1= (f 1% z)

we note that K(B) becomes a flow. Because congruence ~ is a flow congruence,
K(B)/ ~ becomes a biflow over a ba-ssmc and Kp becomes an M-biflow morphism.
The next proposition is a version of Proposition 4.2.

Proposition 4.3 For every biflow over a ba-ssmc C and every biflow morphism
F : B — C there exists a unigque biflow and ba-ssmc morphism H : K(B)/ ~ —
C such that F = Kg e H.

5 The strong adjunction of L

The results of Sections 2 and 4 imply that the passage from an ssmc¢ B to a strong
ba-ssmc is a three step contruction: we construct first K(B) and then we factor

succesively through ~ and P* . In this section we show that the two succesive
factorzations can be replaced by a single one.

We give some motivation for the next definition. Since in any strong ba-ssmc
we have the identity g(q + Ip)(L* + Iy) = g(L¥Y + I;) for every g : a — y + b
and ¢ : y —+ z, we deduce that the pairs {g,y) and (g(¢ + Is),z) from K(B)
represent the same morphism. Analogously, for f:a — z+band p: z — 2, the
pairs (f,z) and (f(p+I,), z) represent the same morphism. Therefore, the equality
f(p+ Ib) = g(g + 1) is a sufficient condition to identify the pairs (f,z) and (g, y).

Definition 5.1 For (f, z),&g,'y) € K(B)(a,b) we say that (f,z)Q(g,y) iff there
ezist an object z € morphisms p € B(z,z) and ¢ € B(y,z) such that

flo+1I)=glg+1L).
Notice that Q is a reflexive and symmetric relation.
Lemma 5.2 Relation Q is compatible with composition and sum.

Proof. With the above notation, suppose (f,z)Q(g,y).

a) Compatibility with composition. Let (f',2')Q(g’,y') in K(B)(b,c), i-e. there
exist an object 2/ € M and morphisms p' € B(z',2') and ¢’ € B(y', z') such that
f'(p' + I) = ¢(¢' + I.). We note that

(F(L+)p+P)+ L] = flo+ L)L+ (o' + 1))
9(a+ L)L +¢'(¢ + L))
= (g(Iu + g’)][(q + q,) + Ic])

which implies that [(f,z)(f',2")]Q[(g, ){¢’, ¥')].

b) Compatibility with sum. Suppose (f',z')Q(¢’,y') in K(B)(c,d), i.e. there
exist an object ' € M and morphisms p' € B(z',2') and ¢’ € B(y', z') such that
f'(p' + 1a) = ¢'(¢" + I4). We note that

[(F + )L +°X= + L)]((p + P') + Tosd]
=[f(p+I)+ f'(p' + L)L +°X* + La)
=[lo(g + ) + g'(¢' + La)|(L +°X* + L4)
=[(9+ ¢V +°X¥ + L)ll(g + ¢') + Tord,
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which implies [(f, z) + (f', #')]Ql(g,v) + (¢, ¥)).

It follows that the transitive closure Q1 of Q is a congruence. We denote by
Q5 the composite of the morphism Ig, defined in Section 4, with the canonical
factorization morphism K(B) — K(B)/Q.

Proposition 5.3 KLB)/Q 15 a strong ba-ssmc. For every strong ba-ssmec C and
for every ssmc morphism F : B — C, there exssts a unique ba-ssmc morphism

H:K(B)/Q—C, suchthat F=QpeH.

Proof. We show first that K(B)/Q is an ssmc. For (f,z) € K(B)(a,b) and
(9,¥) € K(B)(c, d), taking into account that

[Iﬂ + (gv y)][(fv z) + Id] = ((f + g)(z+bxy + Id)) y+ x),

we note that there exists YX* € B(y + z, z + y) such that
(f + )XY + L) (U X% + Toig) = (F + 9) (L + °XY + 1),

and thus [I, + (g, ¥)][(f, z) + 14]Q[(f, =) + (9, )]

The existence of the distinguished morphisms 1% = (I,;,a) € K(B?(a, 0) and
their properties make K(B)/Q a ba-ssmc. To prove that it is strong, let (f,z) €
K (B)(a,0). The equality f(I, + Io) = I.(f + Io) implies (f, z)Q.L°.

Let F: B — C be an ssmc morphism, with C a strong ba-ssmc. We define
G : K(B) — C in the following way:

G(a) := F(a), for every object a € M,
G(f,z) F(f)(LF® + Ipgy), for every (f,z) € K(B)(a, b).

It follows that G is the unique snsmc morphism such that F = Ig ¢G and G(L?%) =
16(9) for every a € M. A

We now prove that (f,z)Q(g,y) in K(B)(a,l}) implies G(f, z) = G(g,y). Let
p € B(z,z) and ¢ € B(y,z) be such that f(p+ I) = g(¢ + I). Applying F and
then composing on the right with LF(s) 4+ 1 F(») We deduce that

i

F(LFE 4+ Ipy)) = F)(LF W) + Ip(y).

So, there exists H : K(B)/Q — C a unique ba-ssmc morphism such that F =
QpeH.

Corollary 6.4 (K(B)/ ~)/P 1s isomorphsic to K(B)/Q.

Proposition 5.6 If B is an ay-ssme, where y € {«, 5,7,6}, then K(B}/Q 5 a
ba-strong by-ssmc and Qp : B — K(B)/Q ts an ay-ssmc morphism. If C is a
ba-strong by-ssmc and F : B — C 1s an ay-ssmc morphism, then the unique ba-
ssmc morphism H : K(B)/Q — C, such that F = Qp o H, given by Proposition
5.8, 13 a by-ssme morphism.

Proof. Case y = « is precisely Proposition §.3. For the remainder of the cases,
from the distinguished morphisms of B, T, € B(0, a) or V, € B(a+a,a) we obtain
the distinguished morphisms of K(B)/Q,Qg(T,) or Qp(Va).
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The axioms fulfilled by T, and/or V4 in B, will be also fulfilled in K(B)/Q.
The only axioms which remain to be verified are those relating L® with Qg (T4)
and Qp(Vs), that is

@5(Ta)L® = Io and @Qp(Va)L? = L%+ L%,
Their validity is a consequence of the fact that K(B)/Q is ba-strong.

Proposition 5.6 If B is a strong ay-ssmc, where y € {a,§,7,6}, then K(B)/Q
1s a strong by-ssme. If C 1s a strong by-ssmc and F : B —+ C 15 an ay-ssmc
morphism, then there exists a unique by-ssmc morphism H : K(B)/Q — C such
that F=Qpge H.

Proof. We prove only the first assertion. Assume (f,z) € K(B)(a,b).
For the distinguished morphism T, of B, using the equalities

Ig(Ta)(f12) = (Ta,0)(f,2) = (Tallo + f),2) = (Taf,2) = (T2ts,2)
and noting that
Tz+b(Iz + Ib) = Tb(Tz + Ib))

it follows that {15 (T4)(f,z)|QIs(Ts).
For the distinguished morphisms V4 of B, using the equalitites

IB (Va)(fs z) = (Vaf; I)

(f,2) + (£, 2) /I8 (Ve).= ((f + )z +°X* + L) (Ia4z + Vo), 2 + T)
and noting that

((f + )T +°X% + L)(Ie4z + Vo)l (Vs + I) = Vo f(Ie + 1),

we deduce that [((f,z) + (f, 2))}IB (Vs}]Q[IB (Va)(/, z)].

Suppose now that B is a biflow. Because the relation Q is compatible with the
feedback, it follows that K(B)/Q is a biflow over a strong ba-ssmc, and we obtain
the corresponding version of Propositions 5.5 and 5.6.

Proposition 5.7 If B 15 a biflow over an ay-ssmc, where y € {a, f,7,6}, then
K(B)/Q 1s a biflow over a ba-strong by-ssmc and Qp 18 a biflow and ay-ssmc
morphism. If C ts a biflow over a ba-strong by-ssmc and F : B — C 13 a biflow

and ay-ssmc morphism, then there exzists o unigque biflow and by-ssmc morphism
H:K(B)/Q— C, such that F=Qp e H.

Proposition 5.8 If B is a biflow over a strong ay-ssmc, where y € {a,8,7,6},
then K(B)/Q is a biflow over a strong by-ssmc. If C is a biflow over a strong
by-ssmc and F : B — C 13 a biflow and ay-ssmc morphssm, then there ezisis a
unique biflow and by-ssmc morphism H : K(B)/Q — C such that F =Qp o H.



210 Virgil Emil] Cdzdnescu, Rodica Ceterchi

6 The simultaneous adjunction of T and L

In this section we show that the construction of Section 4, together with its dual,
can be merged into a single one.

To understand the construction which follows we mention that for every f :
a+y — z+ b the triple (y, f,z) represents the morphism (I, + T)f(L* + Ib),
where 1* : £ — 0 and T, : 0 — y are the newly added morphisms. The
definitions for composition and sum are based on the following identities which
hold in any ssmc¢ which is simultaneously an af-ssmc and a ba-ssmc:

a) (Ia+ Ty)f(L%+ L)L+ T4)e(L¥ + 1)
= (la + Ty+s)[(f + L)z + 9I(L*** + L)
where f:a+y—z+bandg:b+2z — w+e,
) (Lo + Ty)f(L™ + 1) + (L + Ti)g(L” + La)
= (Toye + Tysa)[(Ta + XY + L) + o) (I +2X7 + Ia)](L”"’ + Iha)
where f:a+y—z+bandg:c+z—w+d.

Let B be an ssmc, with a fixed monoid of objects (M,+,0). Consider the
category J(B), having the same objects as B, and as morp mms for each a,b € M,

J(B)(a,b) .= {({y, f,z)ly,z € M, f € B(a + y,z+ b)}
with composition defined by
(v f,2)(z, 9,w) == (y + 2, (f + L) (L= +g), 2 + w).

Notice that the identiy morphism of a € M in J(B) is (0, I,,0), and it will be
subsequently denoted by I,.
In J(B) define the sum of (y, f, z) € J(B)(s,b) and (z, g, w) € J(B)(c,d) as

(v, fr2) +(2,9w) == (y+2 (Ta+° XY+ L)(f + 9)(I: + °X* + Lu),z + w).

We prove next that J(B) is an nsmc.
Let (u, h,v) € J(B)(p, g)- We have

(v, £,2) + (2, 9, w)] + (w, b, v) =
= (y+ 2+ U, (lape + 2 XV + L)L + XY + LS + 9)(L + X + L) + hlo
o(Larw + X+ L)zt wtv) =
=(y+2z+u, (Tote + P X" + L)Ia +°XY + Lypru)(f + g+ h)e
(L +°X° + Lyt ) letw + X+ I), 2 + w+ v) =
=(y+z+u,(L+"PX + Liu)(laty+e +P X7+ L)e
off + 9+ h)(Latbrw + X + I)(I: + X7 + Iiyg) 2+ w+v) =
=(y+z+u, (lo+°T°XY + Liyy)e
off + (I +°X* + L) g+ h)(Jw +9X" + I)|(Le + 2 X% + Ipyq), 2+ w+v) =
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= (yv 5, z) + [(z) g, w) + (“) h) U)]

It is easy to prove that (y, f,z)+Jo = (v, f,z) = o+ (v, f, =) and that I; + I, =
Loss.

For Axiom 4a, we take (y, f,z) : a — b, (2,9,w) : ¢ — dand (u,h,v) : d — ¢,
and we have

[(y, £, 2) + (2,9, w)][Lo + (u, by v)] =

= (y+z+u, [+ XY+ L) (f+9) (L +° X + 1)+ L) Lo+ w+ (o +h) X+ L)}, z+w+v) =
=(y+z+u, L+ XY+ Lo f + (94 L)(Jw + B)| (L + P XV + 1), s+ w+v) =

= (y) f, z) + (z) g, w)(u, h, v).

The proof of Axiom 4b is analogous.
Define now the distinguished symmetry morphisms of J(B) to be X% :=

(0,2X*%,0). It can be proven that J(B) is now a snsmc. We prove here only
the validity of Axiom 5a.

*X°(L + (v, £,2))°X° =
= (v, (°X° + L)L + /)(°X* + L)(L +°X*),z) =
= (v, (°X° + L)(I. + f)°X**%,2) =
= (y, (°X° + L)°X°TV(f + L), =) =
= (v, (L +°X*)(f + L),2) =
=(v,f,2) + L.

Define the canonical M-snsmc morphism Ig : B —+ J(B) to be, for every
f € B(a,b),
Ig(f) :== (0, £,0).
In J(B) we define the distinguished morphisms
1% := (0, I ,a) and T4 := (a, 1,,0)

and we notice that
_1.0 = Io = To

124+ 1% =19 and To + Ty = Tato-
For every (y, f,z) € J(B)(a, b) the following identity holds:
(v, f,2) = (I + T )s(£)(L* + L).
Definition 6.1 For every a,b € M, we define relation = in J(B)(a,b) in. the
followsng manner: }ly, [,z) = (2,9,w) ¢ff there exist morphisms k € B,(y,z) and
7 € By(w, z) such that f = (I, + kSg 7+ 5h).

Lemma 6.2 The relation = 13 a congruence.
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Proof. Because every aga-morphism is invertible, its inverse being also an aa-
morphism, it follows easily that = is an equivalence.

To prove compatibility with composition, using the same notation as in Defi-
nition 6.1, let (y, f,z) = (2,9, w) and let (¢/, f',2') = («/, ¢, w') in J(B)(b,¢), i.e.
there exist k' € B,(y',2') and ;' € B,(w',2') such that f' = (I, + k¥')g'(;' + I.).
We have

(f+ 1)1+ f') =
=(la+k+ L) g+ L )5+ Ity )Uers + K) Iz + ¢') (12 + 5" + L) =
= L+ (k+ F)l[(g + L)) (Lo + )G + ) + L],
which implies that (y, f, z)(v', f', 7'} = (2, 9, w)(2', ¢', v').

To prove compatibility with sum, let (y, f, z) = (z, 9, w) again as in Definition
6.1, and (y', f',2') = (2',¢,v') in J(B)(c,d), i.e. there exist k' € B,(y’,z') and
7' € Bs(w',2') such that f' = (I, + ¥')¢'(5' + I4). It follows that

(s +°XY + L) (f + f) L +°X% + L) =
=(L+X+ L)L+ k+L+K) g+ )5+ I+ + L) (I +°X* + I) =
= [Tate + (k+ K)[(La + X" + L)(g+ ¢) (Lo + * X + L)[(G + 5) + Lot al,-
which implies that (y, f,z) + (¢, /', 2') = (2,9, w) + (¢, ¢', w').
Proposition 6.3 J(B)/ = 1s an af-ssmc and a ba-ssmec.

Proof. We will prove only the permutability of J(B)/ =, that is, we will show, for
every (y, f,z) € J(B)(a,b) and (z,9,w) € J(B)(c, d), that :

(y: f) z) + (zy g, w) = (Iﬂ + (z’ 9 w))((y, f’ z) + Id)'
This follows easily from the following calculations:

(la + (29, 0))((v: f,2) + La) =
= (o L+ ) (PX" + L), w) o (3, (fa + 4 XV)(f + L), 2) =
=(z+4,la + 9+ L)X + lasy)(Juta + “XV) (Lo + f + L), w+ z) =
=(z+y,(la+ g+ L)L+ X)X + L)l + f + 1a),w+ z) =
=(z+y, (Ia + T X¥)(Lapy + 9)(f + Luta) O XY + L), w + 2) =
= (249, (Tare +*X¥)[(La +° XY + L)(f + 9) (I + 2 X* + L) (*X* + Ip4a), w + 7).
Let Jp : B — J(B)/ = be the ssmc morphism obtained by compsoing Ip with
the canonical factorization morphism.
Proposition 6.4 If C is an af-ssmc and a ba-ssmec and F : B —+ C is an

ssmc morphism, then there exists a unique afi-ssmc and ba-ssmc morphism H :

J(B)] =— C such that F=Jg e H.
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Proof. We will prove that there exists a unique snsmc morphism G : J(B) — C
such that F = Ig ¢ G,G(L%) = L9(%) and G(T,) = Tg(a). Define G as follows:

G(a) := F(a), for every object a € M,
Gly, f,2) 3= Ur(a)+ Try) o F(£) o (L7 +Ir ), ) for every (v, f,2) € J(B)(a, b).
For f € B(a,b), notice that
G(IB(I)) = G(Ov f,O) = F(f):
from which follows also that
G(L,) = Ig(a) and G(*X?) = G(a) xG®),
For (y, f,z) € J(B)(a,b) and (z, g, w) € J(B)(b,c) we have:
G((v, £,2)(z, 9, ) = (Tp(a) + Tr+n) FIf + L)L + ) (LFEH) + Ip() =
= (Ir@) + TR NF(f) + Te@) (LT + F@NLF™ + Ip)) =
= (Ir(a) + TR FUNLTS + Ipe)) (Ir ey + Tr) F(9) (L7 + Ip() =

= G(y, f,z) » G(z, 9, w).
For (y, f,z) € J(B)(s,b) and (z,9,w) € J(B)(c, d) we have:

G((y, f,z) + (2,9, w)) =
= (Ip(a4e)+ Triy+n)) F((Ta+° XY + L) (f+9) (T +° X" + L)) (LT ) 4 T (p10)) =
= (Ira) + Tr@) + Irge) + Tr@)P(f + (LT + Ipy + L7 4 Ipg)) =

= G(y, f,z) + G(z, g, w).
We also note that

G(L%) = G(0,1a,a) = (Ir(a) + Tro)) F(LHLT@ + Ipg)) = L)
and, similarly, .
G(Ta) = G(a, I, 0) = (Ipo) + Tr(a)) FUI)LF ) + Ip()) = Te(a)-
If (y, f,z) = (2, 9, w), using the same notations as in Definition 6.1, we have
G(v, £,2) = (Ir(a) + Tr) ) FUNLT® + Ipp)) =

= (Ir(a) + Tr(y))(Ir(a) + F(K))F(9){F(5) + Ir(b))(—’-”') + Ip@p) =
= (Ir(a) + Tr()) F)(LF™) + Irg)) = G(z,9,w),

from which we deduce the existence of the morphism H with the required properties.

Suppose for the rest of this section that B is a biflow.
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For (y, f,z) € J(B)(c + a,c + b) we define the left feedback

1€ (yy /s :L') = (y) te [f(:Xc + Ib)]) z)

and we prove that J(B) becomes a flow.
For fz, g, w) : d — @, we have:

IN [(Ic + (z) 9 w))(y) f z)l =
=1 (z+y, (L + 9+ L) ("X + Layy) (Lo + f)yw + 2) =
=(z4+41°[(L+ 9+ L)(XY + Lyy)lo + ) ("X + L), w+ 2) =
=(z+y(9+ L)+ 1 (/X + L)),w+z)=
= (Z, 9, w). Tc (y) f) z)'
For (z,9,w) : b — d we have
1y, o)L + (2,9, w))] =
=1° [(y’ f :c)(z, (Ic + g)(cxw + Id)’w)] =
=1° (y +2,(f+ Iz)(1z+c +9)(L: +°X¥ + L),z + w) =
= (y + 2, Tc [(f + Iz)(Iz+c + g)(’X" + Iw+4)], 4 + w) =
=Y+, [(fCX + L)+ L)+ L+ g)l,z+ w) =
=(y+z(1°[fCX°+ L)+ L)) (I: + 9),z + w) =
=+ (fCX + L))+ L)(I. + g),z+ w) =
’ =1° (v, f,2) (2,9, w).
Furthermore,
Tc [(y) f> z) + Id] =Tc (yl (Ic-i—a + de)(f + Id),z) =
= (,1° [(Leva + *X*)f + L) X° + Ipya),2) =
= (y, (T + X¥)[1° (F(°X° + I)) + L], =) =1° (y, f,2) + Ia.
For (y, f,z): c+d+a — c+ d + b we have:
144 [(PX° + L)(y, £, 2) (°X* + L)) =

=14 (v, (“X° + Lasy) f (I + X4 + L), 2) =
= (5, 197 [(OX° + Ly ) f{I: + ° X2 + L) (X + L)), 2) =
= (v, 1 [(*X° + L) CX T+ B) (X + Lyo)), 2) =
= (w14 [FEXHE + )], 2) =142 (y, £,2)-
Noticing that for f € B(c + a, ¢ + b) we have
1 Ig(f) =1° (0, £,0) = (0,1° f,0) = Is(1° f),
it follows easily that 1° I, = Iy and 1€ °X° = I..
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We prove now that = is a flow congruence. Suppose (y, f,z) = (2,9,w) in
J(B)(c + a,c + b), i.e. there exist aa-morphisms k € B,(y,2) and j € B,(w, z)
such that f = (Io4q + k)g(J + Ic4s), and we notice that

1 (v, £,2) = (4, 1° [((Tera + K)9(5 + Le4s) CX° + L)}, 2) =

= (v, (la + K)(1° [¢(* X° + B))) (7 + Lo), 2) =1° (2, 9, w).
It follows that J(B)/ = is a biflow and Jg : B — J(B)/ = is a biflow
morphism.

Proposition 6.5 IfC is a biflow over an af-ssmc and a ba-ssmc and sf F : B —
C 1s a biflow morphism, then there exzists a unique biflow, aff-ssmc and ba-ssmc
morphism H : J(B)/ =— C, such that F = Jg e H.

Proof. Using the proof of proposition 6.4 and keeping the same notation, it is
sufficient to prove that G is a flow morphism.
Let (y, f,z) € J(B)(c + a,c + ). Then we have:

190 G(y, £,2) =17 [(Ip(o4a) + Tr)) FIH)LF® + Ipeyy)] =
= (Ir(a) + Tr() 17 [F(AFEXFE) 4 Ip))|(LFE + Ipy) =

= (Ir(@) + Tr@) F(1° (S X+ BT + Ipg) =
= G(Tc (yy f) z))
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