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The Self-organizing List and Processor
Problems under Randomized Policies

T. Makjamroen*

Abstract

We consider the self-organizing list problem in the case that only one item
has a different request probability and show that transposition has a steady
state cost stochastically smaller than any randomized policy that moves the
requested item, found in position 1, to position j with some probability a;,t >
7. A random variable X is gaid to be stochastically smaller than another
random variable Y, written X <, Y if Pr{X > k} < Pr{Y > k}, for any
k. This iz a stronger statement than E[X] < E[Y]. We also show that the
steady state cost under the policy that moves the requested item 1 positions
forward is stochastically increasing in 1. Sufficient conditions are given for the
steady state cost under a randomized policy A to be stochastically smaller
than that under another randomized policy B. Similar results are obtained
for the processor problem, where a list of processors is considered.

OPTIMAL LIST ORDER; MEMORY CONSTRAINTS; TRANSPOSITION
RULE; RAMDOMIZATION

0 Introduction

A self-organizing list problem is characterized by a sequential list of n items subject
to a reordering policy. At the beginning of each time period, an item is requested
and the list is searched sequentially from the first position until the requested item
is found. Each of these n items has an unknown probability of being requested.
Let p = (p1,p2,-..,Pn) be the request probability vector, where p; is the request
probability of item t,1 = 1,...,n,and 0 < p; < 1, 30~ | p; = 1. At the end of each
period, the items on the list are reardered according to the reordering policy. The
cost of each period is taken to be the position where the requested item is found.
We are interested in the steady state costs under various policies. A reordering
policy is called optimal if it minimizes the expected steady state cost for any given
request probability vector p. The self-organizing list problem will now be called
the list problem and the policy will mean the reordering policy.

Kan and Ross [6] define a no-memory policy as a reordering policy that depends
only on the position of the requested item and the current ordering. Some of
the most studied examples of the no-memory policies are the transposition, move-
to-front, and move-i-position policies. Keeping the relative positions of all other
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items unchanged, the move-t-position policy moves the requested item 1 positions
closer to the front if the requested item is found at position j,7 > 1, otherwise the
requested item is moved to the first position. Transposition is just move-1-position
and move-to-front is move-(n — 1)-posgition for a problem of n items. Hendricks [3,4
gives the steady state probability distributions of states under move-to-front an

transposition. See Hester and Hirschberg (5] for a recent survey of the list problem

Anderson, Nash and Weber [1] show by counterexample that transposition is
not optimal. However, their counterexample not only moves the requested item
but also changes the posn;lons of other items. So it is still an open question if
transposition is optimal among policies that move only the requested item, leaving
the relative ordering of the rest unchanged.

In the special case where only one item has a different request probability, Kan
and Ross [6 and Phelps and Thomas {7] show that transposition is indeed optimal
among policies that move only the requested item. We will show in Section 1.2 that
transposition is optimal in a stronger sense. In particular, by extending the induc-
tion argument used by Phelps and Thomas, we can show that transposition has
a steady state cost stochastically smaller than that of any randomized policy. Let

C(p; A) be the steady state cost of the list problem with request probability vector
p under policy A Then C(p; A) is stochastically smaller than C(p;B), wntten
C(p;A) <, C(p {ﬁPr%C’é‘pA ) > k} <Pr{Cp,B)>k)lc_12
It follows 1mmed1ate y that (p; A)] < E[C(p;B)]. A randomized pohcy is a
policy which, when an item iz requested and found at position 7, moves that item
to position j with some probability a,;, Z
of others unchanged.

Section 1.1 defines the randomized policy and shows its properties. By the
introduction of the randomized policy, we also show in Section 1.2 that move-
1-position has a steady state cost stochastically increasing in i. This partially
supports the conjecture of Gonnett, Munro, and Suwanda [2]. Their conjecture
says that if A and B are two no-memory policies such that if the requested item is
found at position ¢, it is moved forward A(¢) and B(t) positions by the policies A
and B respectively, and A(f) < B(i),1 = 1,...,n, then the expected steady state
cost under A is smaller than or equal to that under B, but B converges to its
asymptotic behavior more quickly than A. Furthermore, it also follows that if the
cost is taken to be an increasing function of the position where the requested item
is found, move-t-position will have an expected steady state cost increasing in 1.
A spec1al case of this situation is found in the paging problem as also discussed by
Phelps and Thomas [7] where for a fixed integer m, 1 < m < n, the cost is taken to
be zero if the requested item is found in a postion less than m, and one otherwise.

Tenenbaum and Nemes [9] consider two spectra of policies. Assummg that only
one item has a different request probability, the policies in each of the two spectra
are ordered by the values of their expected steady state costs. Each spectrum has
transposition at one end with the minimum expected steady state cost and move-
to-front at the other with the maximum expected steady state cost. We will show
in Section 1.2 that the steady state costs of these policies in each spectrum are
stochastically smaller or larger than each other.

A problem related to the list problem is called the processor problem which was
studied by, among others, Topkis [10]. In the processor problem, we consider a
sequential list containing an ordering of the n processors. Each of these processors
has an unknown probability that it will successfully process a given job. At the
beginning of each time priod, there is an arrival of a job to be processed. The job is
attempted by the processors successively according to the ordering in the list until
either one of the processors succeeds or all of them fail. Then the job is dismissed.
The cost in each period is taken to be the number of processors attempted until

j=18i; = 1, leaving the relative ordering
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the job is processed, or, in the case that all n processors fail, it is taken to be n.
At the end of each period, a reordering policy is applied in the same manner as
in the list probelm. For example, we might move the successful processor to the
beginning of the ordering (move-to-front}, or we might just move it one position
closer to the front (transposition).

Topkis [10] gives the steady state probabilities of the move-to-front and move-
to-back policies and shows that move-to-front has a steady state cost stochastically
smaller than move-to-back, which in turn, has a steady state cost stochastically
smaller than the random policy where processors are equally likely to be in any of
the n! orderings.

Section 2.1 shows the properties of randomized policy when applied to the pro-
cessor problem with only one processor having a different success probability. In
this special case, Ross [8] shows that the expected steady state cost under trans-
position is smaller than or equal to that under move-to-front. In Section 2.2, we
also use randomized policies to obtain results closely parallel to those of the list
problem. That is, the steady state cost under transposition is stochastically smaller
than that under any randomized policy. Furthermore, the steady state cost under
move-i-position is stochastically smaller than that under move-(t+ 1)-position. The
steady state costs under the policies in the two spectra proposed by Tenenbaum
and Nemes [9] are also ordered such that the steady state cost of each policy is
stochastically smaller or larger than its neighbors in the same spectrum.

1 The List Problem

When only item 1 has a different request probability, the expected steady state
cost can be written in terms of the expected position of the item 1. That is, by
conditioning on whether item 1 is being requested,

n—1)E[1+2+ - +n—Y(p; A
n—1
pn(n + 1)
2 3

{

E[C(piA)] = cpE[Yi(p;A)]+ B

plc - 1)E{Yi(p; A)] +

where Y; (p; A) is the steady state position of item 1 of the list problem with request
probability vector p under policy A,p; =cp,p2 =p,.-.,Pn =p, and ¢ > 0.

So when ¢ > 1, we want to minimize E[Y; {p;A ], and maximize it when ¢ < 1.
For the rest of the paper, we assume that ¢ > 1. The results for ¢ < 1 will be just
the opposite.

1.1 Randomized Policy

A randomized policy is characterized by a matrix A = [Aj]nxn, Where A;; =
Ei=1 @ik, and a;; is the probability that givgn an item is requested and found at
position 1, it is moved to position 7, where E}:x a;j = 1foralls,and 0 < a;; < 1.

So A;; is the probability that given the requested item is found at position ¢, it is
moved to a position less than or equal to j.

Given a policy A defined in a system of n items, define a related policy A% in
a system of n — 1 items as follows.

Ad = [A:'ijl(n—l)x(n—l)n
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where A%, = Y1 _, ad, and

o — { Git11+aip12 ,7=1
Y Git1,5+1 122 (11)
Let x# be the steady state probability that item 1 is at position ¢ under policy A.
That is, 2 = Pr{Y;(p; A) = ¢}. Alternatively, we can say Y;(p; A) <, Y1(p; B)
by using the notation {x} <,; {x?}. Define KA = xA/x2. Lemma 1.1 to Lemma
1.4 below show the relationships between {x#} and {x#4} under the assumption
that (pd,pg,...pd_,) = (cp?,p%,...,p%). Lemma 1.1 and Lemma 1.2 are also

obtained by Phelps and Thomas (7], where they consider only policies that move
the requested item, found at position 3, to a fixed position 1'(13', (1) < 1.

Lemma 1.1 Under policy A, for:=2,...,n,
"'54/7"‘? =K»A = :'1141/?"2'21-.

Proof. The transition matrix, showing only columns 1,r 41 and n can be written
as

n 3
Cp+pz Ea‘.j e 0 0
1=235=2
cpaz:
cpasy ce 0 PN
n r
P 2 (1.2)
i=r+1y5=1
cpart1,r+1 + pb
€Par42,r4+1 e 0
. : p(l - ann)
L cpany cet CPGn,r+1 Tt Cplpn t+ P(n - 1) J

n 1
where0=r+ Y 3 ai
. t=r+295=r+2
Except the first column, column r+ 1 contains zeros from row 1 to row r. Using
the (r + 1)®* column of the transition matrix and suppressing the superscript A,
we have »

n r
T+l = er( Z Z aij) + Tri1 [Cpar+l,r+l + Pg]
. ) i=r+1y=1 .

n

+ Z CPGi,r+17i,
t=r+2

forr=1,...,n—1.
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Since p = c-i-rll——l’ the above equation becomes
n r
ol 3 3a)
t=r+lj=1
n [ n
= 41 [c +n—1—-cary1,r41 — (r + Z Z a.',')] - Z cai r+17M
s=r+25=r+2 1=r42
n 3 n
= eyl [n +e(l—arprre1)—(r+1) - Z z aij]' —-c Z a; e 4175,
t=r+25=r+2 t=r+2
(1.3)
where r=1,...,n— 1.

For policy A9, using the r*® column of the transition matrix of n — 1 items and
noting that p¢ = we have in the same manner as (1.3) above

1 _
c+n—2?

gty
=1r,[c+n—2—ca <r—1+2 Z )} nilcadwd

i=r+li=r+1 i=r+1
d
=7r,[n+c(1 at)—(r+1) - Z Z ‘J]—c Z ad
i=r+ly=r+1 i=r+1

(1.4)
where r = 2,...,n — 1. By the definition of a; given in (1.1), (1.4) becomes

(55

i=r+1j5=1

n I n
=7ff [n+°(1—ar+1,r+1)—('+1) - Z Z ai:] —¢ Z a;,,+11r,f‘_1,

1=r+2j5=r42 i=r42

1.5
where r = 2,...,n — 1. From (1.3) and (1.5), (#2,...,m,) and («,.. fz—l;
satisfy the same set of equations. We will use this fact to show that K; = K 4 _t=
2,...,n, and this proves the Lemma. Since K, = K¢_, = 1 by definition, we use
the induction hypothesis that K; = K¢ ;,¢ = r+1,...,n. We will show that it
is also true for 1 = r. But this follows immediately by dividing both sides of (1.3)
and (1.5) by #, and x3_, respectively. 0

If we know 1rA, t=1,...,n, then we know 74, ¢ = 1,...,n— 1. The exact

relationship is given in Lemma. 1 2.
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Lemma 1.2 Under policy A, fori=2,3,...,n,

l = (1-nf)aid
Proof. From Lemma 1.1, we need to show that x4 = (1—x{)x34,. By suppressing
_superscript A,

~1

I—Zw ZK" d 1—W-1ZK =nxd_ (1 -m)/mn.

=1

8]
Conversely, given #¢4, i = 1,...,n—1, we can compute 7, i = 1,...,n, using

Lemma 1.2 and the foﬁowmg Lemma 1.3.

Lemma 1.3 Under policy A,

A A A
<A c(az17d + az17d + - + an17)
7 = .

az1+az1+ -+ an;

Proof. The Lemma is proved by using the first column of the transition matrix

(1.2) and noting that p = 7. a
From Lemma 1.1 and Lemma 1.3, Lemma 1.4 below says that we can write K;
in terms of K;41,K;42,...,K,. Note that A;; = a;1,1 = 2,...,n. So Lemma 1.3

and Lemma 1.4 are equivalent when j = 1.

Lemma 1.4 Under policy A, for7=1,2,...,n—1,

KA = C(Aj+1,J'KJ4+1 + AJ‘+2.J'K;"+2 +-oo+ AnJ'K:)

’ Ajp1,i+ Ajezit+ -+ Anj
— Kd — gd_— gd* g, gd?
Proof. From Lemma 1.1, K, = K{, K3 = K3 = K{',...,K; = K" . By exactly
the same argument, we have K& ' = K@ ' = - = Kj4y_1,k=2,...,n— 7+ 1.

From Lemma 1.3,

di=1 grqi=1 dj—l di—1 di-? di-t
c(ag; K2 +31 Ky 4+ +an_iaKn_i41)

n—j+1
d/' 1 di-1 ¢
‘t+a tootag i

-t _
K =

Now, by definiton (1.1),

431 di-? i3
az; a3y +032

LA di=3
= af +aly +ady

aj4+1,1 F G542+ .t 54,5
AJ'+1.J"

Similarly, aﬁ_‘ =Ajpk-1,0k=3,...,n— 3 + 1. So follows the Lemma. 5]
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1.2 Comparison of the Steady State Costs and Probabili-
ties of Two Lists under Two Different Policies

Let S be the set of policies that the resulting probability distribution {1r,-} is

decreasing in ¢+ when p; > p and increasing in ¢ otherwise. The question of how to
determine if a policy is in S will be addressed later. We are now ready to prove

the following Theorem that compares {7r.-} of two different policies.

Theorem 1.5 Let A and B be two policies such that, for y =1,2,...,n— 1,k =
j+1,...,n,

Ajv1st Ajvzsit o+ Agj  Bivii+ Bitast -+ Bey
Ajr15+ Ajizs+ -+ Anj  Biyr;+ Bipai+ -+ By’

(1.6)

and at least one of these two conditions holds:

(a) A €S and B;; 1s decreasting int forallj=1,...,n

() BES and A;; is decreasing in1 forall j=1,...,n
Then {n} <, {#P} for any p = (cp,p,-..,p),c > 1.
Proof. We will prove this Theorem by induction. It is easily checked that the
Theorem is true for n = 2. Assume that it is true for the problem of n — 1 items.

Now given such policies A and B, their corresponding policies A? and B9 also
satisfy all the conditions above. We can check this by first noting by that by (1.1)

d d
AG=afi +ah+ o +ali= a1 F v+ aire o+ G = Aivager

Therefore, A?j is also decreasing in ¢, and

d d d
Aj+1,5 + Ajqoy + -+ Ax; - A ji-1F AJ’+1,J'-1 ++ A 1,5-1
Ajp17+ Ajqo;+ -+ Apy A;ij 1+A?+1 =1 +"'+Ag 1j—1

Bd, 1+BJ+1J 1+"‘+Bl¢ci 1,57-1

2 Bd B¢ Bd
Bt B 5
Secondly, since A € S,nff > x4 > --- > x2. But from Lemma 1.2, 74 =

A N
Zitl 50 7r1 >xddA> ... > Wﬁ‘il. This means A% € S. So we have the induction

1—nf?
{r#) <.t {n22).

hypothesis that
From Lemma 1.2, x# +1r,+1+ c+xd = (1 - wf)(xdA +wIA 4+ wdA ).
All we need to show is that #{! > 2. From Lemma 1.2 and Lemma 1.3,

A217|'1 + A311I’d +---+ Anlwzﬂl
A1+ Az + -+ Anmy ’

i =c(l-n')
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Since #f! > xP if and only if —L,; -—1—5— we need to show that

A211l'1 + A31 d4 +---+ Anl”‘gél > leﬂ'i‘B + B311r(218 + -+ B,,ﬂrffl
Azt + Az + -+ Ans - Bz1 + B3y + -+ + B

Assume first that {a) holds. Then, by (1.6) with j = 1 and, because A? €
S) I?A 2 WgA 22 "dAl)

A217|’1 + A311l' + -+ Anlxn 1 > BQIF?A + B31W§A + -+ Bnlﬂ'ﬁ‘il
Az1 +As1 4+ +Am - 321+Bs1+ -+ + Bna
Boyn{® + B31ng® + -- -+ BuywiB,
B2, +BSI+"'+Bn1

The second inequality follows from the assumption that B;, is decreasing in ¢
and from the induction hypothesis that {w?“‘} <st {ﬂ':-w}.
Similarly, if (b) holds,

Ay w3 4+ Agy7d4+ -+ Anlrﬁfl > Azlrl + A311r + -+ A, 9B
Az1 + A3z +- -+ Ay - Az +As +---+ Apg

BgﬂrfB + B311r‘2’B + -+ B,.lngél
By + B33 + -+ By

n—1

A consequence of this Theorem is that the steady state cost under policy A is
stochastically smaller than the steady state cost under policy B.

Corollary 1.6 Under the conditions of Theorem 1.5, C(p; A) <, C(p;B).

Proof. Conditioning on whether item 1 is at the first position, for k= 2,...,n,
Pr{C’(p;A > Ic}

= Pr{C(p; A) 2 kTi(p; A) = 1} + (1 - nf) Pr{C(p; A) 2 K|V (p; A) # 1}

«f Pr{C(p;B) > HI¥i(p; B) = 1} + (1~ =) Pr{C(p; A) > kY (p; A) # 1}

Now given that item 1 is not at position 1, the probability that it will be at
positiont, 2 <1< n,is 1_:%" which is exactly 7¢4, by Lemma 1.2. That is, given
item 1 is not at position 1, its probability distribution over {2,3,...,n} is the same
as the probability distribution of {r}“} over {1,2,...n — 1}. Using the induction
hypothesis that the Corollary is true for the list of size n — 1, we have

i

Pr{C’(p;A) > k|Y1(p;A) # 1} (1-p) Pr{C(pd; AY) > k- 1}
(1-p) Pr{C(p% BY) > k- 1}

Pr{C(p;B) > k|Yi(p; B) # 1}.

IA
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Therefore,

Pr{C(p;A) > k}

xh Pr{C(p;B) > k|Yi(p;B) = 1} +(1—nf) Pr{C’(p;B) > k|Y; (p; B) # 1}

IA

IA

=8 Pr{C(p;B) 2 K|Yi(p;B) = 1} + (1 - F) Pr{C(pi B) 2 kIVi(p; B) # 1}

Pr{(p;B) 2 k}.

The second inequality follows from the fact that ! > #Z and, when p; > p,
Pr{C(p;B) > k|Y(p; B) = 1} < Pr{C(p;B) 2 k|Y(p; B) # 1}. 0

By Lemma 1.2 and Corollary 1.6, transposition is optimal in the sense that it
has a steady state cost stochastically smaller than any randomized policy. Let T
denote the transposition policy.

Corollary 1.7 For any policy A, C(p; T) <, C(p; A).

Proof. Given ¢ > 1, Phelps and Thomas (7] show that #7 > xZ for any policy
Z that moves the requested item strictly forward by using the fact that =% =
(1 — xZ)xd2,. Since this fact also holds for any randomized policy A as shown in
Lemma 1.2, s0 #¥ > «ff and thus {rfr} <,t {w;‘} by the same induction argument
in Theorem 1.5. The Corollary then follows by Corollary 1.6. O
The next question is how we know if A € S. The counterexample below shows
that not every policy A is in S even with A;; nonincreasing in ¢ for all j.
A counterexample:
Let A be a policy characterized by the following matrix.

[ 1 0 0 0 0 07
€ 1 0
€ 1l—¢ 1
€ 1-¢
A= €
0
1 0
1—¢ 1 0
| € € € € 1—e¢ 1]

Let £ be some small number. The policy A almost always moves the requested
item one position closer unless the requested item is founded at position 2 where
it stays put with probability 1 — ¢ and moves to position 1 with probability . By
selecting small enough ¢, we can get the values of K, as given by Lemma 1.4, to
approach ¢™™* arbitrarily close for + > 2. The value of K, as also given by Lemma
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14, s
K = c(ec“"2+sc"'3+---+sc+e)
v etet - +e
e~ —1)

(n=1)(c-1)

With ¢ = 3 and n = 6, K; = 72.6 while K, = 3* = 81. So here K; is not
decreasing in ¢ when ¢ > 1. Thus not every policy has {n;} decreasing in ¢ when
c> 1.

The following Proposition gives a sufficient condition for A € S. This sufficient
condition turns out to be true for any policy A under which the distribution of
the number of positions to move the requested item is independent of the position
where it is found. In other words, there is only one distribution for all positions.
Call these policies posttion independent. One can interpret a position independent
policy as one that uses a mixture of move-t-position, 1 =1,...,n— 1.

Proposition 1.8 A policy A€ S tf, forj=1,...,n—1,
Ajrit ot Ay o Ayt tAeor; o Ajriit Aives

Aji2,5+1

| (1.7)
Proof. Since A:.‘j = Ai41,j+1, a condition similar to (1.7) holds for A¢. By the
induction hypothesis, A% € S and 74 > x4 > ... > 724, So by using Lemma
1.1 we have 7 > nf > ... > 7 and K > K4 > --- > K#. Thus it remains to
show that 7! > x#. By Lemma 1.3, this means we have to show

Ajrzjri+ o+ Anjtr T Ajrziai oo+ Anoye T

A Kf + A Kf 4+ + A K2 _ Asi+ As1+- + Ay
A3 K$ + A KL+ -+ ApaKA T Asa + Agz + -+ Apa’

Rewrite the nominator on the left hand side of the above inequality as follows.
Ay K§ + A K+ + A K2 = K} A+ Asi+ -+ A1)
+ (Ki_,—Kf)Azx+Asi+- 4 Aacrn) +-
+(K$ — K{)(Az21 + A3y) + (K3 — K$£) Az
The left hand side of the last inequality becomes
KA(Aa1+ Asy +- -+ An) + (K2, — K2) (A1 + Asy + -+ Apcp 1) + -+
KA(Asz + Az + -+ An2) + -+
o+ (Kf - KE) (A2 + A1) + (KF — Ki')An
s+ (K:—l - K,‘f)(Aag + A2+ -+ An_l,,z) +--- 4+ (.Ké4 - Kf)A;;g’

and because KA — K,-{‘H >0,1=2,...,n—1, it is greater than the right hand side
if

Az1 + Az + -+ Ans <A21+A31+"'+An—1,1 <_“<A21+A31
A32+A42+"'+An2_A32+A42+"‘+An_1‘2_ - Aisg !
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which is just (1.7) with 5 = 1. This follows from the fact that, § < §£2if ¢ <
where a,b, ¢ and d are positive.

We will show next that (1.7) holds for any position independent policy that
moves, with probability a;, E::Ol a; = 1, the requested item t positions forward
if it is found at a position greater than or equal to 1 + 1. Otherwise the policy
moves the requested item to the first position. Thus, a;; = a;—;,7 > 1, and
i1 = Gi—1 + G; + -+ Gp—1. Let 4; = :;'1 ar be the probability that the
requested item is moved more than or equal to 1 positions. Thus,

H

g
ado

0

Aij=ai+aiz+ - +a;=(aic1+-+an1) +eicz+ - +ai; = Ai_j.
So (1.7) becomes

A1+ Azt +4ny <XI+XZ+"‘+Zn—2<”'<KI+_A-2
A+ A+ + A2 T A+ A+t Ans T T A

which can be shown to be true by just cross-multiplying terms on each side of each

inequality and noting that A; is decreasing in ¢ by its definition. Thus we have
proved the following Lemma.

Lemma 1.9 Let A be a position independent policy that moves requested stem ¢
positions with probabilsty a;, E?_—_—ol a;=1. Then A€ S.

When ag > 0, we can look at the embedded Markov chain when the items
actually change positions. The probability that item 1 is at position 1 in this
embedded Markov chain will be equal to the proportion of time item 1 is at position
1 in the original chain. The policy governing the embedded chain is characterized
by a} = 1—‘_";,{ =1,...,n, and aj = 0. We can, without loss of generality, restrict
ourselves from now on to the position independent policies that always move the
requested item at least one position closer to the front, unless it is already at the
first position.

When two position independent policies A and B are compared, (1.7) of Propo-
sition 1.8 becomes, for k=1,...,n— 1,

A+ Az + -+ A S Bi+B;+---+ By
Xl+22+...+z,,_1"§1+§2+...+§n_1' (18)

An interpretation of this condition (1.8) is as follows. Let X4 be the renewal
time of some renewal process with Pr{X4 =i} =4a;,t=1,...,n—1, and go = 0.
Then the equilibrium renewal time of X4, called X4, will be distributed by

A+ Az + -+ A,

Pr{X} <k}==—— =
A+ A+ +Any

Therefore, (1.8) means X;‘ <,t Xf . Theorem 1.5 combined with Corollary 1.6
can be restated for position independent policies as follows.

Theorem 1.10 Given two position independent policies A and B such that
XA <, XB, then {rf} <ot {wf} and C(p;A) <,0 C(p;B) for p =
(epypy---,p)c> 1.
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Proof. Direct application of Theorem 1.5, Corollary 1.6 and Lemma 1.9. a

Note that the condition that A;; is decreasing in ¢ in Theorem 1.5. becomes A;
is decreasing in t which is true by its definition. An immediate result of Theorem
1.10 is that moving ¢ positions closer is better than moving ¢ + 1 positions closer.
Formally,

Corollary 1.11 The steady state cost under move-i-position policy 13 stochastically
smaller than that under move-(t + 1)-position policy.

Proof. Direct application of Theorem 1.10. O

Tenembaum and Nemes [9] examine two spectra of policies. For each spectrum,
they show that the policies are ordered by their expected steady state cost, having
tranposition at one end of the spectrum with minimum expected steady state cost
and move-to-front at the other with maximum expected steady state cost. It can be
shown that this also results directly from Theorem 1.5 and Corollary 1.6, and not
only are the policies ordered by their expected steady state cost but their steady
state costs are also stachastically smaller or larger than each other.

The first is a spectrum of policies POS(k),k = 1,..., n where the requested item
found at position j is moved to position k if y > k, and it is moved one position

closer to the front if 7 < k. We can write the matrices A and B representing
policies POS(k + 1) and POS(k) respectively as follows.

- )
11
0 1
0 1
A= (1)11
1
1
: 11
[0 0 011 11 1]

Col. (1) --- (k+1) (n)



The Self-organising List and Processor Problems under Randomized Policies 295

- 1 ;
11
01
0 1
B= (1) i 1
1
1
N oo 11
LO 6 --- 01 1 1 1 1]
Col. (1) - (k) (n)

The upper triangles of both matrices A and B consist of zeros. It can be easily
checked that both policies A and B are in S as they satisfy (1.7} of Proposition 1.8.
Moreover, all the conditions of Theorem 1.5 are also satisfied. We can then make
a stronger statement that the steady state cost under POS(k + 1) is stochastically
smaller than the steady state cost under POS(k).

The second is a spectrum of plicies SWITCH(k),k = 1,...,n, where the re-
quested item found at j is moved one position closer if 7 > k, and 18 moved to the
first position if < k. Al the conditions of Theorem 1.5 and (1.7) of Proposition
1.8 are satisfied by the following matrices A and B representing SWITCH(k) and
SWITHC(k + 1) respectively. :

Row
- ;
11 (1)
1
1

11 11 (k)

A=19 o 01 1

0 1

0 1

s
i
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Row
- |
11 (1)
1
: 1
11 11 (k+1)
B=]o o 01 1
: 0 1
0 1
: 11
(00 - 000 -~ 01 1] (n)

The upper triangles of A and B also consist of zeros. Similarly, the steady state
cost under SWITCH(k) is stochastically smaller than that under SWITCH(k + 1).

2 The Processor Problem

Let C(p; A) now be the steady state cost and Y;(p; A) the steady state position of
processor 1 of the processor problem with success probability vector p under policy
A. When only processor 1 has a different success probability, the expected steady
state cost, conditioning on the position of processor 1, can be written as

E[C(p; A)]

i E[C(p§A)|Y1(P;A) = i] ;

= [1+q1(1+q+---+q"'2)]1r1

n—-1

+ Yate+rd a4 )
=2

+ (l+g+-+¢" Nm

_ o 1-@¢"' pi—-p i

= Ty “p gq s : (2.1)

where p = (p1,p,...,p), 1 = 1—p1, ¢ = 1—p and =; is the steady state probability
that processor 1 is at position 1. From (2.1), since ¢* is decreasing in ¢, if p; > p
and the position of procesor 1 under policy A is stochastically smaller than under
policy B, the expected steady state cost under policy A will be smaller than the
expected steady state cost under policy B. For the rest of the paper, we assume
that p; > p.
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2.1 Randomized Policy

Define the randomized policy A and its related randomized policy A? in exactly
the same way as in the list problem. Also let xf be the steady state probability

that processor 1 is at position ¢ under policy A. Define Kf = xf#/x2. Lemma 2.1
to Lemma 2.4 below show the relationships between {w;‘} and {r}“} under the

assumption that (p¢,p3,...,p3_,) = (p1,p,--.,P)-

Lemma 2.1 Under policy A, fori=2,...,n,
w7 = K& = =2 /=32,

Proof. Similar to Lemma 1.1, the Lemma is proved by using the column r + 1 of
the transition matrix, which is given by

... 0
0
UL VD DR L) Sy T
1—q¢"+ q'plar+l,r+1 +q"qip E?:r-}-z qi-r—-2 E;’=r+2 aij) + Q"—I‘h

1
q'* P1Gr4-2,r41

[ - ¢"tlpran,ri1
]
Lemma 2.2 Under policy A, for1=2,3,...,n,
W.A =(1- ”f)"’gfl-
Proof. Same as Lemma 1.2. 0

Lemma 2.3 Under policy A,

A= &2(0217@" +gas 7P + -+ q"_zanlﬂ',‘f)
! qp az1 +qasy + - -+ ¢ 2a,,

Proof. Similar to Lemma 1.3, the Lemma is proved by using the first column of
the transition matrix, which is given by

p+@pXi,¢? POPIPT-IE X
qp1a2;
42P1031

n

q _lplanl
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Lemma 2.4 Under policy A, for 7=1,2,...,n—1,

KA = P19 (AJ"“'J'K;“-H + qAJ'+2-J'K;‘+2 +--+ qn-j-lAan,f>
7 qip Aji1,y+ qAjpa,+ -+ qrTIT 1A :

Proof. Same as Lemma 1.4. (m]

2.2 Comparison of the Steady State Costs and Probabili-
ties of Two Problems under Two Different Policies

We can now state a result similar to Theorem 1.5 that compares the steady state
probability {x;} under two different policies. As in the list problem, let S be the
set of policies under which the resulting probability distribution {m;} is decreasing
in t when p; > p and increasing in t otherwise.

Theorem 2.5 Let A and B be two policies such that, for j=1,2,...,n—1, k=
7+1...,n,

Aj1,;t qAj42,;+ -+ qk-j_lAkj > Bjt1,; + 9Bz + -+ qk‘j_lBkj
Aji1j+qAjp25+ -+ 9" 7" An; T Biy1; +qBjia,+ o+ ¢ By,

(2.2)

and at least one of these two conditions holds:

(a) A €S and B;; is decreasing ini forallj=1,...,n,
(5) B € S and A;; s decreasing int forallj=1,...,n.

Then {";4} S“ {W;B} fOT any p = (Pl:P;--- ,P),Pl > p.

Proof. Same as Theorem 1.5 because if A;; is decreasing in 1 for all j then so is
q‘—’.—lA.'J'. a

It should be noted that (1.6) and (2.2) are not equivalent when A;; and B;;
are decreasing in ¢ for all 7, even though (2.2) gives (1.6) when ¢ = 1. A simple
counterexample can be constructed as follows. Suppose (1.6) is true. Let 7 = 1
and Az; + A3y + -+ Apr = B2y + B3y + -+ + Bpi, with A2; = B;;. So by
(1.6), (A21, 431, . .-, An1) majorizes (Bgy, Bay,. .., Ba1). With the fact that ¢* is
decreasing in 1, we have

Az + Az + - +q" % An 2 By +qBs1 + -+ ¢" 2By,
which means

A2 < B2,
Az +qAs1+- - +¢"2An T Ba+¢Bai+ -+ 9" 2By

This contradicts (2.2) for y =1 and k = 2.
A consequence of Theorem 2.5 is that the steady state cost under policy A is
stochastically smaller than the steady state cost under policy B.

Corollary 2.8 Under the conditions of Theorem 2.5, C(p; A) <,: C(p;B).
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Proof. Same as Corollary 1.6. o
By exactly the same reason as in Coroflary 1.7, transposition has a steady state
cost stochastically smaller than any randomiged policy.

Corollary 2.7 For any policy A,C(p; T) <,: C(p; A).

Proof. Same as Corollary 1.7. |
A counterexample similar to that in Section 1.2 can be made to show that not
every randomized policy is in S. A sufficient condition for a policy A to be in S

turns out to be the same as in the list problem. That is, when p; > p, {rf‘} is
decreasing in ¢ when (2.3) below, which is (1.7) of Proposition 1.8, holds.

Proposition 2.8 A policy A€ S +f, forj=1,...,n—1,

AJ'+1,J' + -+ Anj <

Ajt1+ -+ An-yy < ... < Aj+15 + Ajias
Ajpz 41+t A1~ Ajrzert ot A1 T

AJ’+2.J'+1

(2.9)

Proof. By the same argument as in Proposition 1.8, A € S if, for k = 743,...,n,

AJ’+1.J' + qu+2,j + -+ qk"f_lAkJ-
Ajrz 41 HqA 341+ 5T A, 5

Ajr1,; 94 42, + o+ ¢ TP A

< _ . (2.4)
Aji2,541 HqAjea 541+ + T3 Ay i

It is then sufficient to show that (2.3) implies (2.4). By cross-multiplying and
rearranging terms, (2.4) is equivalent to

gAx; Ajyr+ -+ Ak,
Ajp1,+qAja+  +@F I Ak s Aj g o Ak

Ag 541 Ajiz+1 1+ Ap—1 541
T Ajrzgit Y qAjiasii o+ I Ak Ajra e+ Akon

(2.5)

Now,
Aki < A j+1
Ajpri+ o+ Ak T Ajpzirt ot Ak
Ajyr, + -+ Axyj < Ajpr;+ + Ag-r g
Ajyzir+ o+ Arjpr ~ Ajezier+ o+ Ak

<

(2.6)
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where the inequality on the right hand side of the equivalence is given by (2.3).
Also from (2.3), for m <k —1,

AjtiittAmi o Ajrzint ot Amgn
Ajprit o+t Aeo1; T Ajrzgnt oo+ Ak

\%

and because ¢* is decreasing in 1 we have

Ajr1;+qAjr2y+ -+ %Ay ;
Aj.'.]_'j + Aj+2,j +---+ Ak—l,j
qAjra 541+ P Ajps e+ -+ 5T 2 Ag 40
Ajv2i+1+ Ajrager+ o+ Ay

2

(2.7)

Then (2.5) follows from (2.6) and (2.7). o

Thus for the processor problem, by the same argument as in Lemma 1.9, any
position independent policy is also in S. Formally,

Lemma 2.9 Let A be a position independent policy that moves the succesful pro-
cessor I positions with probability a;, 2;:01 a;=1. Then A€ S.

Proof. Same as Lemma 1.9. m|

We can then restate Theorem 2.5 combined with Corollary 2.6 for position
independent policies as follows.

Theorem 2.10 Given two positton independent policies A and B such that, for
k=1,...,n-1,

Ai+qhat - +¢* A& | BitgBat - +¢*'B
A +qhAz+ - +q" 240y Bi+gBa+ 4+ ¢" 2B,y

(2.8)

then {r‘f‘} <,t {1r‘-3} and C(p; A) <, C(p;B) for any p = (p1,p,...,p),P1 > p.

Proof. Direct application of Theorem 2.5 Corollary 2.6 and Lemma 2.9. 0

There is no obvious interpretation of (2.8), unlike (1.8), as in the list problem.
However, (2.8) yields the same monotonicity result as in the list problem that
move-i-position has a steady state cost stochastically smaller than move-(s + 1)-
position. Let A and B represent the move-i-position and move-(: + 1)-position
policies respectively. Then,

Ai=Ay= - =Ai=L A1 =Aiys=--=Ap_1=0

By=By;=---=B;4;;=1,Bi43=Bjy3=---=B,_; =0.
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Therefore, for k=1,...,n—1,

Av+qAp+ - +¢ A, 14g+ - +g!
’Zl+qzz+...+qn—22n_x - 1+g+---+¢-1
5> l+g+-—-+¢"
- l4g+---+¢

Fl +qF2 +---+ qk_lﬁk
E-l + qu 4+ -4 qn—ZE"'___1 . (29)

We have proved the following Corollary.

Corollary 2.11 The steady state cost under the move-i-position policy 1s stochas-
tically smaller than that under the move-(i + 1)-position policy.

Proof. By (2.9) and Theorem 2.10, m]

By Theorem 2.5, it also holds, as in the case of the list problem shown in Section
1.2, that the p011c1es in the two spectra. of Tenenbaum and Nemes [9] are ordered
such that the policies in each spectrum have steady state costs stochastically smaller
or larger than each other.
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