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A Lower Bound for On-Line Vector-Packing
Algorithms*
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Abstract

In this paper we deal with the vector-packing problem which is
a generalization of the well known one-dimensional bin-packing
problem to higher dimensions. We give the first, non-trivial
lower bounds on the asymptotic worst case ratio of any on-line
d-dimensional vector packing algorithm.
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1 Introduction

We consider the following problem, called wvector-packing: Given a list L, =
{(a1,...a,) of n elements where each element is a d dimensional vector (d > 1).
The i-th vector in the liste is denoted by wv(a;) = (vi(a:),...,v4(a;)), where
0 < vi{a;) < 1for 7 = 1,2,...,d. The goal is to pack all elements into the
minimal number of bins in such a way that for any non-empty B bin of the packing
and for any index 1 < 5 <d

Z vi{a;) < 1.

a;EB

For d = 1, this problem is the famous ”classical” bin-packing problem, which is
known to-be NP-hard. Hence, we are mainly interested in ’good’ approximation
algorithms.

The quality of an approximation algorithm is usually measured by its asymptotic
worst-case ratio that is defined as follows. For an arbitrary vector-packing algorithm
A and an arbitrary list of d-dimensional vectors L, we denote by L* the minimal
number of bins needed to pack the list L and by A(L) the number of bins which
algorithm A uses to pack-the elements of L. Let R4(k) denote the supremum of
the ratios A(L)/L* over all lists L with L* = k. The asymptotic worst case ratio
R4 is defined by the equation

R4 = limsup R4 (k).
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The first approximation algorithms for vector-packing were designed by Kou and
Markowsky [31 . They défined so-called srreductbie algorithms as-follows. During
the packing of an irreducible algorithm, for any two non-empty bins B, and B,
there exists an index 5, 1 < 7 < d with

Y vila)+ Y vi(a) > 1.

a€B, a€B,g

{(This means that the algorithm only opens a new bin if a newly arrived item can not
be packed into any old bin.) Kou and Markowsky proved the following proposition.

Proposition 1.1 {Kou and Markowsky, [3]) The asymptotic worst case ratio of
any irreducible algorithm fulfills

Ra<d+1.

Garey, Graham, Johnson and Yao [1] generalized the First-Fit (FF) and the
First-Fit Decreasing (FFD) algorithms to the d-dimensional case. They proved
that

7

Rep=d+ —
FF +10,

3
d< R <d+ —
= FFD > 10

Note that both of these algorithms are irreducible and hence fulfill the statement
of Proposition 1.1.

Now let us turn to lower bounds on the worst case ratios of heuristics. Yao
in 6] studied the following class of the "decision-tree” algorithms. Let A be an
algorithm for the vector-packing problem. For each n > O, the action of A on a
list L can be represented by a ternary tree 7,,(A). Each internal node of T}, (A)
contains a test. For any input L, the algorithm moves down the tree, testing and
branching according to the result of the test, until it reaches some leaf. At the leaf,
a packing valid for all lists that lead to this leaf is produced. The cost of A for
input size n, C,{A), is defined to be the number of tests made in the worst-case.
(In fact, this is the height of T),(A)). Yao proved that if 4 is such an algorithm for
which C,;(A) = o(nlogn) then Ry > d.

In this paper we deal with the class of the on-line algorithms: If an algorithm A
is in this class then it packs the elements one by one in the order given by the list
L. After having packed an element into some bin, the element will be never moved
again. E.g. algorithm FF mentioned above is an on-line algorithm. For d > 2 FF
has the best worst case ratio among all known on-line heuristics for d-dimensional
vector-packing.

As a consequence of the classical result of Liang [5} for one-dimensional on-
line bin-packing algorithms, the inequality R4, > 1.5364... holds for all d > 1.
Till today there is no better results were known. In this paper we will prove a
d-dependent lower bound for on-line vector-packing algorithms. A formula for our
lower bounds is given in Theorem 2.1. Table 1 depicts the numerical values for
some small dimensions.

The rest of the paper is organized as follows. Section 2 contains some pre-
liminaries and describes the construction of a bad item list for on-line heuristics.
Section 3 gives a rigorous proof for the lower bound. Section 4 finishes with the
conclusions.
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[ d | Lower Bound [ d | Lower Bound |

2 1.67072 7 1.87504
3 1.75098 8 1.88891
4 1.80035 9 1.90002
5 1.83348 10 1.90910
6 1.85722 oo 2.00000

Table 1: Our lower bounds, rounded to five decimal places.

2 The construction

We start with defining the following sequence for any fixed d > 1. (Note that for
every d, the reciprocal values 1/t;(d) sum up to 1/2d). .

t,'(d) = t;_l(d)(t;._l(d) - 1) +1, 12> 1.
A similar sequence introduced by Golomb [2| became one of the main tools in on-line

bin-packing. Lee and Lee [4] used it to design a good one-dimensional bin-packing
heuristic, and Liang [5] based his lower bound proof on the Golomb sequence.

With this definition, our main result may be stated as follows.

Theorem 2.1 For any on-line d- dzmen.nonal vector-packing algorithm A, 1its
asymptotic worst case ratio 1s at least

d
(d)> 2d+21 lﬁﬁl_l
j= 1——(37-_—+d+2

Remark. If we set d = 1 in Theorem 2.1, we exactly arrive at the well-known
lower bound of Liang [5].

The exact values for 2 < d < 10 are deplcted in Table 1. As d tends to infinity,
the lower bound tends to 2. The remaining part of thls paper is devoted to the
proof of Theorem 2.1.

Intuitively speaking, the underlying idea of our paper is as follows. We construct
an adverse strategy that forces every on-line algorithm A to behave poorly on a
special item list L or on some prefix of L. In the first step, we give A a list of very
small items to pack. In case A spreads these items on many bins, it does not receive
any further item and looses the game. In case A produces a 'reasonable’ packing for
the small items, it receives another list of items. Again, A has the choice between
either producing a bad packing and loosing the game immediately, or producing a
(currently) good packing and receiving another list. Then in the final step, A gets
a list of big items. Now it turns out that everything it did before was wrong. It
had better packed the smaller items in such a way that remained enough space to
pack the big 1tems A looses the game against the adversary.

Now we start with the definition of the item lists. Let d > 1 and r > 1
be arbitrarily fixed integers. :We con31der the followmg hsts each cons1st.1ng of n.
elements. - ,
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[ T Lo s L« Is L, L, | I AN
w() || 1+6 L+6 o o 0 0 0 0
vl) || 2+6 146 L+5 0 0 0 0 0

va(-) || 2+6 3246

1 1
i3 Te1 1307 te2

Table 2: The elements used in the lists for d = 3 and r = 2

1. For any je{L,...,

v‘(a) { —(—T +€J(T) ]_fz =
2. For any k€ {1,...,

vi{a) =

3. For anyke{i,...

M@={

where

and

ejn(r)

r} and a€ L,

ifi'<d

d} and a € Lax_;,
1<d-k

0 if
2ﬁ1+5 if i=d-k+1
146 i

i=d—k+pp=2,...,k
,d} and a € Ly, ‘

0 if :1<d~-k
=x+6 if i=d-k+pp=1,...,k
1
< —— ——,
: 4d(tr41(d) — 1)
eifr) < 1

2r{t 1(d) — 1)’

1<j<r-1

1
<‘ t,‘(d) — 1€j-("),

The lists- are presented to the on-line heuristic in the following order: First there

come the lists L7 ‘with 7
lists L; with 7 going up

going down from rto 1, and afterwards there come the
from 1 to 2d. The’lists L’ with superscript contain the

very small items (all components of the correspondmg vectors -are zero ‘with the
exception of the component with index d) The lists L; with subscript, 1 <5< d

contain the larger items;

list Log is the list thh the blg items that arnve in the

final step. An illustration for d = 3 and r = 2 is given in Table 2.

Convention. Next we shall work under a fixed dimension d-and a fixed r. Toi

simplify our notations, we shall use ¢, and ¢; instead of t; ;(d) and ;(r).
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3 The Proof

In this section we prove that any on-line heuristic must perform poorly on the list
L=1L"...L'L;...Ly4 (as defined in the preceding section) or on some prefix of
L. ' :

~ Observation 8.1 For any integer 1 <5<,

Z( +e)< -——2d6

i=j
Proof. It can be provea by induction from definitions of ¢;, &; and 4. O v

-_Zemma 3.2 For any integer n > 0, if (t,41 — 1)|n then

)< <j<r
(L. L)_tJ_1 1<j<r

. t,-':l (7 = 1,2,...,r) are positive integers. On the other hand,

by Observation 3.1, we can pack t; — 1 items of each of the lists L, ..., L’ tdgether
into one bin. O
Now for any integer 1 < 7 < 2d let us define the set Ny in the following way:

N1 = N2 = {k(tr+1 - 1) k= 1,2, },
Ni={n(2d+1—j):ne Nj_;} 3<j<2d
It is clear that Ny D Ny D ... D Naq.
Lemma 8.8 Forany1<j<2dandn€ N,-,.

L' L L L) <o
( - L) < ggem

Proof. The statement is proved by induction on j. First, the simple cases 7 = 1
and 5 = 2 are considered; the induction step is structured into two subcases. All
we have to do that is to give a feasible packing. Note that Observation 3.1 yields

Z( +6i) < ;g 26,

(]f = 1). Let n € Ny be arbitrary. By the deﬁnition of N;, 2d|n. So we always
pack 2d elements from each list of (L"...L'Ly) together into one bin B. If i < d
then for any a € B vi(a) = 0 holds, and if ¢ = d we have

' 1 !
‘g""(“)<2d(2d+1+6+2d(2d+1) 2d_§) <1

Hence we have a legal packlng, usmg bms
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( = 2). Let n € N, be arbitrary. Then djn. Let us pack together d elements

from every list. For ¢ < d v;{(a) = 0 holds for each a'€ (L'...L*L;L,), and for
i = d we have

Zud(a)<d( L s+ tys —1——)—2d6)51.

+
P 2d + 1 2d 2d(2d + 1

Therefore we obtain a-feasible packing, using 3 bins.

(Induction step) Now let 3 < j < 2d and assume that for any positive integer
7' < 7, the statement is valid. Let n € N; be arbitrary. We shall distinguish two
cases depending on whether j is odd or even.

A. 7 =2l—1for some 2 <1< d. In the sequel we say that a non-empty bin has

type 7 = (r7,...7%,71,...,724) if it contains exactly 7* resp. 7; elements from the

list L’ resp. L;. Let us pack the elements of the concatenated list L" ... L*L, ... L;
together into a bin B with type

r=(1,...,1,2d~ 21 +2,0,...,0).
N — N i’
2+r—-2 2d--2i41

First, we will prove that this gives a legal packing, i.e. the following claim holds

for the bin B.
Claim 3.4

dowmf@ <1 1<i<d
a€EB

Proof. The proof of this claim is divided into cases (i) thru (iv).

(i) Ifi <d -1 then ) pvi(a) =0.

(it) If = d — I + 1 then only the elements of Ly;_; have non-zero coordinates
and therefore

' 1
(a) = (2d— — 48 <1
> wvifa) = (2d A+ g5 +9 <1
a€EB
(i) ¥d—1+1 <% <dthen
1 . Ny
D> wvila), = (2d—2+2) (5 +6) + (20— 2—2d+ ) (5 +6)
21 21
a€EB
+ (et
2i+1

. 1 1
5 = (21—1)(E+5)+(m+5)<1.
(iv) If :+ = d then

Tuld) < (2d—'21+2)(§;+6)+(j—2)($+5)
! 1
* G O * ey~
2d-1 1 1

— =1
20 T2d+1 2d@d+1)
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This completes the proof of Claim 3.4 0

To get a feasible packing for (L*...L*Ly ... L;), we first take 24_';,+2 = 5l

pieces of 7 type bins. By the definition of N;, we know that 2d +1— 5 n, and so,
we can pack all the elements of L; into Taisg bins. From the other lists, there

remain fi = n— gl = 50— (2d 7) items. By the definition of N, i € N;_;.
But then, by our induction hypothesis, these remaining items can be packed into
’*Ldl bins. Therefore, we can pack all elements of (L™ ... L'L; ... L;) into

n =1 2d+(G-1)(2d-3) _ j
2d—5+1 " 2d " (@d+1-7)2d  "2d

bins, and case A is settled.
B.j=2l, 2 <1< d In this case we are going to pack d—1+1 1tems using the
bin type below:
r=(1,...,1,d-1+1,d—-1+1,0,...,0).
24r-2 © o 2d-21

Claim 3.5

Zv;(a)SI 1<:<d.

a€EB

Proof. The proof is done in a similar way as the proof of Claim 3.4:
(i) f 1 < d— 1 holds then the above sum is equal to 0,

g]) ifi = d—1+1 then only the lists Ly;—; and Ly; have positive coordinates
" on the position 1

Eu,(a) (d—l+1)(—+6)+(d—l+ 1)(—+6) <1,
a€B

(i) f d— 1+ 1 <1 < d then

Z v;(a) -

a€EB’

-1 . w1l . |
(2d—21+2)(§+6)+(2:—3—2d+J)(E+6)+(m+6)

(21—1)(—+6)+( +468) <1,

2+1

(iv) if i = d then’

Zv‘(a) < (d-2+2)(5; +,s)+(,'—3)(2—2+-5)+(2d+1+‘5)_

a€B

b 1

2d(2d+1) 2d6) =1
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Thus,r Claim 3.5 is true.

To obtain a feasible packing for (L5 ... L*L; ... L;), we first take ;=% -1 Pieces of
7 type bins. By the definition of N}, from n € N} it ‘follows that n = (2d+1-7)(2d+
2—j)n' with n* € Nj_,, provided that 7 > 4. But then n = 2(2d+1—7)(d—l+1)n".
Therefore, d—1+ 1|n, and so, we can pack all the elements of L‘1 1 and L; into
=77 bins. After this packing each list from (L',..., L, L,,..., L;_7) contains A
unpacked elements where i = n — == l+1(d 1.

Now let us observe that i € N; _2 Then, ‘by our induction hypothesis, the

unpacked items can be packed into Al 2 bins. Therefore, we can pack all elements
of (L*...L'L, ... Lj), into ‘

n | 7-2 2d+ (7 —2)(d-1)

n = = L
d—i+1 " 2d " @-I+1)2d. . "2d
bins, which corﬁpletes the considered case and the proof of Lemma 3.3 too. O

. Lemmas 3.2 and 3.3 give us upper bounds for the number of bins in the optimal
packings. Next, we will investigate the potential behaviour of arbxtrary on-line
algorithms on the constructed list L. We introduce the following notations:

= {By,..., BA(LmexleL“)}"d‘enotes the ﬁnal'packing of the concate-
nated list (L". . L'L,.. .Ly4) produced by the on-line heuristic A.. For any.

type 7 = (r"...7l7 .. 1'24), the number a(r) equals the number of bms of

. type 7 in the pa.ckmg ,B

o. The subset B resp. B, contain only those bins which were used for the first
- time by the on-line heuristic A during the packing of the list L* resp. L; (ie.

their first item comes from L* resp. L;). Moreover; define for every 1 <i < r
and 1< 7 £ 2d the sets:

= {7 : there exists a bin of type r in §*},
Tj = {7 : there exists a bin of type 7 in §,},
and '
T = {7 : there exists a bin of type 7 in 8} = Ui<i<r T'U Ui<j<2a T

" Now we investigate the number of bins used by an arbitrary on-line algorithm
A while A is packing the elements of the concatenated list (L™ ...L'L; ... L;).

A(L" ... L) =vzrj > afr), 1<i<r (1)

I=i reT!

A(L ...L*Ll...L,-)’=er San)+Y Y6y 1<5<2d (2

I=1 reT! CI=11€T)

and the number of the packed elements for each i resp. 7,1 <i<r, I<5< 2d:
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n= z f‘a(r), 1<i<r (3)
rET '

n=>) rar), 1<j<2d (4)
T€T

Let us multiply the equations of (3) by f—:‘i’% Sumina.riiing the equations of (1)
- (2) and subtracting the multiplied equations of (3) and (4) we get:

Z':A( L‘+ZA(L' A A L)—zdn-nZ““:

=D (2d+3) D a(r) + > (2d~5+1) Y a(r) - (5)
i=1 T€TY =1 T€T; . .

3 ()(Z“*’ f+zr,)

T€T i=1
Lemma 3.6 The right hand side of {5) is non- nega.twe

Proof. The proof is constructed into three parts. '
A. First we prove that for any 1 < ¢ <rand 7 € T

‘r » 2d
2d+s , .
T° + T, < 2d + 1.
Zt,—l ;"—

a=1

Sincer €T, 1" =...= 7*t1 = 0 and 7* > 0. Now if we have some component
7y > 0 for some v (i.e. some item from L, is contained in the corresponding

bin), then we replace this item by 2d elements of L'. After the replacement we
obtain a feasible packing of the considered bin and a new bin type ¥ which is not

neccessarily contained in T*, but its first nonzero component is (7)'. On the other
hand, it is easy to check that the weighted sums on the left hand side do not
decrease. Therefore, it is enough to prove that for any bin type 7 of the items from
the lists L",..., LY, Ly,...,Laq, if " = ... = *t1 = 0, then

r 2d .
Z—Jr—sr' <2d+i:
25, -1

Now we replace each element of L* by t, — 1 elements of L“*!. This replacement
results a feasxble packing, since . : ,

. 1 1
(t = 1)(7— + €ut1) € — +€u.
Clurr 12
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On the other hand, the weighted sum in the newly constructed packing increases:

2d+u+1 2d+u+1 2d+u
(tua—1) = > :

tugr —1 ty ty—1°
Repeating this procedure for every u < 1, we finally obtain a feasible packing
with only items from L' and with an increased weighted sum. Since for every
feasible packing in a bin, r* <¢; — 1 holds, we obtain the desired result.

B. Secondly, we prove that forany 1< j<2dand 71 € T;

2d 2d

Yon(=) rn)<2d-j+1.

v=1 v=yg .
B1. Let us consider the subcase j = 2k, 1 < k < d. We examine the (d — k + 1)-th
coordinate of the list L;,..., Lyg. Because of the definitions, it follows for each list

that for any a € (L; ... Lza), va-s+1(a) = 532535 +§, and so the statement is true.

B2. If j = 2k — 1 then we again consider the (d — k + 1)-th coordinate. Now
the smallest elements in this coordinate are those ones which belong to the list L;:

if a € L; then vg_g41(a) = fd——lj_-i—'i + 6, and so the desired inequality holds.

C. Finally, we prove that the right hand side of (5) is nonnegative. Indeed, by
case A, we obtain

Z(zd“) Yoalr) = Y. c;(r)(zd+i)

r€TS i=1reT®
2d
> Y% <)Z = +Zn>
i=1reT¥
- r 2d + 2d
= fEUZ Tia(T)(le ta_:r’-{-;ﬂ,).
1<i<r

On the other hand by the case B,

dd-j+1) ) > D a(r)(ed—j5+1)

=1 r€T; J=11€T;

Z > a(f)(z 7o)

J=171€T;

Z a(r)(z_rv).

TEU1g; <24 T

v

Let us observe that forany 1< j<2dandre€T;,r"=...=7! =0, and so

> a(r)(Z )=

TGU;SJ'SQ.;T
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Therefore the last three inequalities give us that the considered right hand side is
nonnegative which completes the proof of Lemma (3.6). 0

Now we are ready to prove of Theorem 2.1. For this reason let n € N34 be arbitrary.
Lemma 3.6 together with equation (5) yields

r 2d . 2d + 1
ZA(L’...L‘)+ZA(L’...L‘L1... >2dn+nZt — (6)
=1 1=1
We define A(L L‘)
"= - e e <.<
TEwr Ly ST
r 1 .
rJ_:A(L ..L'Ly...Lj) 1< j<ad

.. . I'L;.. L))"

and
R = max { maxr', m;xxrj-}.
i 3

Now plugging R into (6) and using the results stated in Lemmas 3.2 and 3.3, we

get
’
1 2d+1,
> n(2d +
- e >

i=1

Finally, dividing by n and making r — oo yields the statement of Theorem 2.1
: 0

4 Conclusion

In this paper we derived the first non-trivial lower bound for d-dimensional on-line
vector packing algorithms. The best on-line algorithm known today, the First-Fit
algorithm has asymptotic worst case ratio d + 10 In relation to this result, our
lower bound is not too attractive, as it remain beneath 2 for any given d and there
is a wide gap to the upper bound.

Of course, the main open (and probably very hard) problem consists in giving
a better lower bound for on-line approximation algorithms that tends to infinity
as d tends to infinity, e. g. (v/d) or Q(logd). Moreover, we invite the researchers
to design better on-line algorithms with smaller asymptotic worst-case ratios. A
good candidate might be the vector-generalization of the Harmonic Fit algorithm
analysed by Lee and Lee [4].

Acknowledgment. We thank Giinter Rote and Balizs Imreh for constructive
criticisms on the earlier version of this paper.
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