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Measure of Infinitary Codes

Nguyen Huong Lam * Do Long Van *

Abstract

An attempt to define a measure on the set A" of infinite words over an
alphabet A starting from any Bernoulli distribution on A is proposed. With
respect to this measure, any recognizable (in the sense of Biichi-McNaughton)
language is measurable and the Kraft-McMillan inequality holds for measur-
able infinitary codes. Nevertheless, we face some “anomalies” in contrast with
ordinary codes.

1 Introduction

In this paper we need only very basic concepts and facts from the formal language
theory and the theory of codes, for which we always refer to [Ei] and [Be-Pe|. Let
A be a finite or countable alphabet and A* be the set of (finite) words on A (that is
A* is the free monoid with base A) with the empty word (the unit of A*) denoted
by €. The set of nonempty words is denoted by A* = A* — ¢. The product of two
words u and v is the concatenation uv of them.

A factorization of a word w on a given subset X of A* is a sequence uy,...,u,
of words of X such that w =u;...u,. A subset X of A* is a code if every word of
A* has at most one factorization on X.

Intuitively, a code may not contain too many words and this idea has been stated
mathematically in the remarkable Kraft-McMillan inequality. Let us mention it
now.
A Bernoulli distribution on A is a function

p:A— Ry

associating with each letter a nonnegative real number such that

Z p(a) = 1.

aEA

A distribution p is posstive if p(a) > O for all a € A. We extend p in a natural way
to a word u = a3 ...a, of A* (ay,...,a, are letters) by

p(s) = [T (e
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and then to a subset X of A* by

P(X) = p(u)-

ueX

The value p(X) is called the measure of X, which may be finite or infinite. If finite,
the measure is the sum of an absolutely convergent numerical series, so the order
of summation is not important and the definition is correct.

The well-known in the information theory Kraft-McMillan inequality ([Mc] or
[Be-Pe]) says that:

For any Bernoulls distribution, the measure of any code does not exceed
1.

The presentation that follows is an attempt to resolve a question, quite natural, in
the mainstream of extensive studies on infinite words: how can one define a measure
(in some sense) on the set of infinite words A¥ so that this measure should be well
compatible with the measure structure and properties of languages in A*? Besides,
we want this measure to satisfy our own demand: to prove something like the
Kraft-McMillan inequality for infinitary codes, introduced in [Va]. To do this we
come to the theory of measure, making use of its very basic concepts (Lebesgue
extension of measures, infinite product of probability spaces) and we also exploit
some techniques suggested by [Sml].

2 Measure Theory
2.1 Basic

We give a brief survey of facts for furthergoing treatment. For more details the
reader is referred to [Ha]. Let X be any fixed set; we always deal with subsets of X,
so in the sequel sets always mean subsets of this “base” set. Also we use the Euler
fraktur alphabet to indicate classes (collections) of sets, for example, P (X) is the
class of all subsets of X (the power set). A class ® is called a (Boolean) ring of sets
provided for any E, F € ® the set-theoretic difference £ — F and union EU F are
alsoin # . A ring is called o-ring if ® is closed under the formation of countable
unions, i.e., U2, E; isin R for any countable sequence of sets E1, E;,...of ® . A
ring (o-ring) containing the base set X, is said to be an algebra (a o-algebra resp.).
Since ENF =EUF — ((E-F)U(F—E)) and N2, E; = X — U2, (X — E;),
we see that a ring is also closed under the formation o} finite, and moreover if 1t
is a o-algebra, of countable intersections. Since the intersection of any number of
rings (o-rings) is also a ring (o-ring), for any class € there exists the smallest ring
(o-ring) containing it, which 1s called the ring (o-ring) generated by ¢ and denoted
by Rg ) (S(¢ ) resp.). We say that € is a hereditary class if for every E € €
F C E implies F € ¢ . Clearly, the hereditarity of classes is preserved under any
intersection therefore we can say of the smallest hereditary class H(€ ) containing
a given class € .
Let ¢ be any class of sets. A set function on € is a mapping

f:¢ = RiUoo

defined on ¢ , taking real nonnegative values including infinity. A set function f is
called



Measure of Infinitary Codes 129
— additive, if for any disjoint sets Ey, E; of € such that By UE; € ¢

f(E1U Eg) = f(E1) + f(E2);

— countably additive, or o-additive, if for any countable sequence of mutually
disjioint sets Ey, Es,... of € such that U2, E; € ¢

f(_U E)= Z F(E:).

A o-additive set function u on aring ® is said to be a measure (on ® ). The
value u(E) is the measure of E. A measure u is finite if every E of ® has finite
measure and is o-finite if every E of ® is a countable union of sets of ® , all of
them having finite measure.

2.2 Lebesgue Extension of Measures

Let u1, uz be measures respectively on the rings ® ; and ® 2 with ® ; C ® 5,
then p; is an eztension of p if restricted to ® q, uq is equal to ;.

Provided the o-additivity of the measure uz on some ring ® , we can extend it
considerably further to a o-ring which is in some sense maximal as follows.

Let H(% ) be the smallest hereditary o-ring containing ® . For any set E €
H(® ), we define the outer measure of E

/.t‘(E) = inf{ip(E,') :EC G E, E;en }

i=1

Indeed, p*(E) = u(E) for E € ® . Following [Ko-Fo|, a set E € H(® ) is called
measurable if for any € > 0 there exist Eyg € ® such that

p*(EAE,) < ¢

where EAE, = (E — Ep) U (E — Ep) is the symmetric difference of E and F.

It is proved that the class M of all measurable sets is a o-ring and the function
p* is o-additive on it and S(® ) C m [Ko-Fol.

Thus the measure y on % has been extended to the measure u* on the o-ring
S(® ) generated by ® and certainly u*(E) = p(E) when E € ® . Usually, the
triple (X, ,u) consisting of the base set X, a o-ring 2 of subsets of X and
a measure px on M is called a measure space; when X € M and p(X) = 1 the
measure space is called a probability space. :

We now make a remark that will be useful in the sequel. Sometimes, the starting
point is not the ring R itself, but some subclass & such that it can generates ® and
the latter is easily constructed from &. An example of such classes are semirings,
considered in {Ko-Fo|: a class & is a semsring provided, first, it is closed under the
formation of finite intersections and, second, if £, F € 6, E C F then F splits into
a finite number of mutually disjoint subsets Eg, E1,..., E, of & such that £ = Ey:
F =] E:i If 6 isa semiring, R(6) is then the class of all finite unions of
subsets of &. It is easy to see also that if 4 is g-additive on &, so is in R(&).
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2.3 Infinite Product Measure

‘Another fundamental construction we need here is the infinite product measure.
More specifically, we treate only the countable product.

Let (Xi, M ;, 1:),5 = 1,2,... be a countable collection of probability spaces, i.e.
measure spaces with X; € M ; and p;(X;) = 1. Further, let X = [[72, X; be the
set-theoretic Cartesian product of the sets X;, X5,.... A subset A of X of the form

o«
A= H A, A;em g

=1
and A; = X, for alrr}ost all 1, is called a measurable rectangle. The class of mea-
surable rectangles is obviously a semiring and is denoted by @ . Let us denote
m = S(2 ) the o-ring generated by the measurable rectangles. Theorem 2 of [Ha,
Chapter VII, §38 | states, in fact, that there exists uniquely a measure p on M
such that if

A=A; x...x A, XXn+1 XX,-,+2 X .o

is a measurable rectangle then

#(A) = p1(A41) ... pn(44)-

Since u;ng;) = 1 for all ¢, p is well-defined on 2 and u(X) = 1. Therefore, the
triple (X, 9 , u) is a probability space that is called the product measure space of
spaces (X;, M ;,p:) and the measure p on M is then called the product measure
of measures y;.

This construction ensures the existence of a measure on the set of infinite words,
which we shall consider in the next section.

3 Measure on AY

An infinite word « on the alphabet A is an infinite sequense of letters indexed by
natural numbers '
. =a182....

The set of all infinite words on A is denoted by AN . We consider also the set A® =
A* U AV | on which we define the monoid structure as follows [Va]: for o, 8 € A%,
if @ € A* then the product « - 8 is the concatenation af of a and f; otherwise, if
a € AN« - 8 is defined to be a. Naturally, the product of words can be extended
for languages, i.e. subsets of A®: XY = {a-fla€ X C A, B€Y C A*}. Not
to be too strict, in the folowing, we omit the dot in the product of words and when
a set is a singleton we frequently identify it with its element.

Let now p be any Bernoulli distribution on A, as before extended to A*; then
(A, (A),p) actually forms a probability space, where P (A} is the set of all
subsets of A. Next, we can view AV as the Cartesian product of w (the cardinality

of N) copies of A
AV=T] 4

seN
and we can say of the class % of measurable rectangles R

R=ﬁA;, A;em

=1
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with A; = A for almost all ¢, which is, needless to say, a semiring. We define a set
function 4 on 2 by

w(m) = [ o(40).

Clearly, by consideration of product measure in 2.3, p is o-additive on % and thus
issoon ® = R(2 ). Now we can extend u further to a o-algebra m = S(% ) =
S(2 ) by measure extension procedure.

Beside measurable rectangles we also consider a subclass & of measurable rect-
angles S of the special form

S =(a1,...,an,4,4,...), a; €A n>1

which are nothing but the subset wAY of AN, where w = a;...a, € A*. Clearly,
each measurable rectangle of 2 is a union no more than countable of sets from &,
and consequently S(6)=S(2 )=mm .

As an immediate consequence of the existence of the product measure on AY,
we have

Theorem 1 If X C A* is a code of A* such that AN = X AN, then X is a prefiz
code and for any Bernoulli distribution p on A, p(X) = 1, so X is a mazimal code.

Proof. Set X' = X — XA*t. Then X' is a prefix code and AN = XAN = X'AVN =
Uwex'wAY . The union is certainly countable and disjoint, therefore

1= p(A¥) = p( | wA¥) = 3 p(wa") = 3 plw) = p(X') < p(X).

weX! weX! weX!'

But X is a code, by the Kraft-McMillan inequality, p(X) < 1, which implies p(X') =
p(X) =1 and X = X’ is a maximal prefix code. O

For any subset X C A¥, a cover of X is a finite or countable collection ¢ of
sets from | such that X C Ugee¢ E. Since every set of ® is a finite or countable
union of sets of G, so we can assume that a cover is always a countable collection of
sets from 6 and we write ¢ = {w; AN :{ € I}, where ] C N. From ¢ we discard
the redundant subsets, that is, the subsets having no intersection with X = @ or
containing another subset ¢ to obtain a subclass ¢ ' = {w'AY : v € J C I}

which, evidently, is still a cover of X and besides {w' : w'AY € ¢ '} is a prefix
subset of A*. From now on, speaking of covers, we always mean covers with these
properties. Obviously, the outer measure of X is

pX)=inf S pwAN)=inf 3 plu).

wANEge ¢ wANge
We prove now one simple property of the measure u*.
Proposition 2 For any set X C AN and w € A*, p*(wX) = p(w)u*(X).

Proof. For any € > 0 let ¢ = {w; AN :i € I} be a cover of X such that

B (X) < Y mlwiA™) = 3 plu) < w°(X) + ¢
i€l el
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then ¢ ' = {ww; AN : ¢ € I} is a cover of wX and

pX) <Y pluwa”) = Y plww)

s€l s€l
=p(w) Y _p(wi) = p(w) Y u(w;A¥) < p(w)(u"(X)+e)
tel sel

that means p*(wX) < p(w)p*(X).
For the reverse inequality, suppose that ¢ = {w; AV :1i € I} is a cover of wX,

wXTg:LJURAN (1)
s€rl
such that
B (wX) <D p(w;AY) < p*(wX) + e (2)
sel

If w = w;w' for some ¢ and w' € A%, then, in fact, ¢ must be a singleton class,
I = {1}, hence
B (wX) + > p(wi) 2 p(w) 2 p(w)p*(X).
If now for all 7, w is a prefix of w;, w; = ww!, from (1) we have
XcC U w‘f'AN
i€l

that means ¢’ = {w} A" :i € I} is a cover, for which from (2) we get

p(w)u®(X) < p(w) D p(w/4Y) = )~ p(wuwja®)

s€l t€l
= Z p(w;AV) < p*(wX)+e
€l

That is, in both cases, € abitrarily small, we have p(w)p*(X) < p*(wX) that
concludes the proof. O

For any word w € A® and any subset £ C A™ we define
wlE = {feA®:(wfeE)&(we AV) = g =¢};
Ew™! = {c€A®:(aweE)&(ace€ AV) = w=¢}.

The fisrt set is clear; the last one has the following meaning: empty word is the
only one to be allowed to cut on the right of an infinite word in E. For any subset
F C A™, we write

F'E=|Jw'E, EF'=|JEuv"
weF w€EF

Further on, p is assumed to be positive.

Proposition 8 Let X be a subset of AN and w a finite word . Then X 1s

0 *
measurable if and only if wX is measurable and p(wX) = p(w),ué().
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Proof. 1t is easy to check that
w(XAE) = (wXAwE) (3)

for any subset E C AY. Set E; = w™1E, we have

wX-wE, = wX-E,
wE, ~wX C FE-uwlX.
Hence
w(XAE;) = (wXAwE,) C (WXAE). (4)
Proposition 2, monotonicity of u*, (3) and (4) imply that
p(w)p* (XAE) b (wXAwE),

p(w)p*(XAE,) ; p*(wWXAE).

Note that if E € ® then wE,w™!E € ® , s0 X is measurable iff wX is measurable.
The second claim immediately follows from Proposition 2. O

Any language X C A® is a disjoint union of its finitary part X5, = X N A*
and its infinitaty part Xijns = X N AV:

X = Xga U Xjns.

For a langague of finite words X C A*, commonly, X* denotes its Kleene closure,
that is X* = {e} J;2, X*, or in other words, X* is the smallest submonoid of A*
(thus of A®®) containing X. We can extend this notion for any language X of A>,
namely, X* by definition is the smallest submonoid of A* containing X, which, as
one can easily verify, is Xz U Xg Xins.

We recall now the concept of codes on A [Va]. Given any language X of
A® and a word w € A®, a factorization of w on X is a finite sequence of words
Z1,...,Zn—1,Zp such that ,...,2,1 € Xy, zp € X andw =21 ...2,-12,. X
is said to be an tnfinttary code, or code for short, if every word of A has at most
one factorization on X. Clearly, if restricted to A*, the infinitary codes are just the
ordinary ones.

Naturally, we say that a subset X C A™ is measurable if its infinitary part Xjys
is measurable, and the measure u(X) is defined to be

p(X) = p(Xan) + #(Xine)-

Now we are in a position to prove the Kraft-McMillan inequality for infinitary
codes. :

Theorem 4 (Kraft-McMillan Inequality) For any measurable code X of A%,
p(X) <1

Proof. Set f = p(Xgn),t = p(Xins). We have f < 1 by Kraft-McMillan Inequality
for ordinary codes. Since X is an infinitary code, the union

*
XiaXint= | wXint
wEXEn
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is disjoint. Therefore, by Proposition 2

WX Xin)) = Y pwXiw)= D p(w)u(Xin) =

- -
wEXﬁn wGXﬁn

P(Xga)8(Xint) < 1= p(AV).

If f <1, then
PXGa) =1+ f+ 4= 7.

Consequently, T—:T < 1,ie, p(X) =1+ f < 1. In the case f = 1, we show
that + = 0. In fact, for all n, p(Xg, U --- U X7 )us(Xing) = ni. Hence, if i > 0,
p(X§, Xint) = limp o0 74 = 00, a contradiction. O

Example 5 A prefiz of a word a € A is a finite word w such that « = wp for
some § € A® — ¢; a subset X C A is called prefiz if for any two words in X none
of them is a prefix of the other i.e. Xan(A® —€)N X = 0; X is prefiz-mazimal
if for any prefix subset Y, X C Y implies ¥ = X. Evidently, a prefix subset is a
code. Every prefix-maximal subset P is measurable and u(P) = 1. Indeed, since
P is prefix-maximal, every word not in P,y has a prefix in Pgy, therefore

AN= inf U wAN
wePgy

is a disjoint union. Consequently

1=pu(A") = p(Pu) + D s(wA)=p(Pu)+ D p(Pan) =n(P). D
w€Pgy w€Pgy

When A is a finite alphabet, any recognizable language is measurable, thus we
have got a large class of measurable languages, which, by the way, are algorith-
mically constructible by finite means. Recall that a language X C AY is said to
be recognizable if it is recognized by a finite Biichi automaton [Ei]. It has been
well-known that the family Rec AN of recognizable languages of AV is the Boolean
closure of the family Det A" of deterministic recognizable ones (Biichi-McNaughton
Theorem), i.e. the languages recognized by finite deterministic Bichi automata,
which are the finite unions |J{_, B;C¢, where B;, C; are (regular) prefix subsets of
A* and CY stands for the set of infinite words obtained by infinite concatenation
of nonempty words of C; : C¥ = {z123...: 21,23,... € Ci}.

Proposition 8 Every recognizable language X of AV 1is measurable, i.e. Rec AN C
m .

Proof. For any subset B;CY with B;, C; préﬁx subsets of A* we have
(o]
B;cY = (] B:.crAM.
n=1

By proposition 2, B;C*AY is measurable for all n. Since the o-algebra m of
measurable subsets is closed under the formation of Boolean operations, moreover,
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of countable unions and intersections, B;C¥ is measurable, hence DetAN C o
and thus RecAYN Cam . O

We now resume the assumption that A is finite or countable. A code is said to
be mazimal if it cannot be included properly in another code. The existence of a
maximal code containing a given code X is easily verified by mean of the Zorn’s

lemma. A maximal code must has a “nonnegligible” fraction of words in A" . More
precisely, we have

Proposition 7 For every mazsmal code X, the outer measure of Xins 13 positive:
/“ (Xinf) > 0.
Proof. Let

FD (Xint) = {a € AN : Jw € A" : wa € Xing}.
be the subset of suffizes of Xins. Suppose that p*(Xint) = 0, hence pu*(FD (Xiu)) =
0. For any w € A%, w(w™ 1 Xiys) C Xing, we have

0 < p*(w(w ! Xing)) = p(w)s* (v ! Xins) < B (Xing) = 0,
hence p(w)p* (w™ ! Xint) = 0 and so p*(w~!Xjy¢) = 0. Consequently

0 < u*(FD (Xin)) = 4*( |J @ ' Xind) € D 4" (@™ Xing) =0

wEA* wEA®*

(subadditivity of u*).
On the other hand, being a maximal code, X is complete [Va], ie., AN =
FD (Xf‘inXinf)' By I“(Xinf) =0

0 < p*(XgnXint) < Z B (wXint) = Z p(w)p* (Xiar) = 0,
that is p* (X3, Xins) = 0, therefore
4 (FD (X3 Xine)) = 0 = u(AY) = 1,

a contradiction. O

Example 8 (2 non-measurable subset of A¥) A suffiz of a word & € A is a
word A such that & = wp for some w € At; X C A® is called a suffiz subset
if there are no words in X one of which is a suffix of the other, i.e. for every
we At : XNnwX = 6. A suffix set of AV is called suffiz-mazimal if it is not
contained properly in any other suffix subset of AY. Let S be any suffix-maximal
subset of AN, Suppose that S is measurable; it is easy to see that S U A is a code,
so we have p(S) = 0. On the other hand, since S U A is even a maximal code, the
previous proposition shows that p(S) = u*(S) > 0. This contradition means that
S is not measurable.

In the propositions that follow we prove some properties of codes imposed with
special conditions.

Proposition 9 Let X be a measurable code of A% with u(X) =1 and p(Xiat) > 0,
then Xg, s a prefiz code.
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Proof. We show that X}, is left unitary, ie., X3 = (X7.)"1 X}, whose base Xg,
is then a prefix code. Always, Xg, C (X3,)”'Xj,. For the converse inclusion,
we take any nonempty word w € (X3,) !Xz, so there exist u,v € X3 such that
uw = v. Since p(X) = 1, u(Xg, Xing) = T:-—/ =% =1, we have wXintN X}, Xint # 0

otherwise '
#(wXint U X5, Xing) = p(wXing) + #( X5 Xint) = p(w)i +1> 1

that is an obvious contradiction. So there exist z € Xi ,a,f € Xjur such that
wa = zf. Hence va = uzf, that implies v = uz, a8 X isa code. Thusw =z € Xg, .
O

Theorem 10 If X is a measurable mazimal code with u(X) = 1 then Xg, 1s a
prefiz code.

Proof. By Proposition 7, p(Xins) > 0 and by the previous proposition the result
immediately follows. O

A language X C A® is called finite-state provided the collection {w™!X :w €
A*} is finite. It is not difficult to prove that the family of finite-state languages is
closed under the formation of finite unions, of finite intersections and the w-product.
It is noteworthy that Rec A¥ is a subfamily of finite-state languages.

Proposition 11 If X is a mazsmal code over A satisfying (X7, )71 X}, = A*, then
Xint 13 not a finite-state language tf A consists of at least two elements.

Proof. Under the assumption (X3, )"'X;, = A*, X is a (maximal) code iff Xyt is
a suffix(-maximal) set. We show that a suffix-maximal language is not finite-state
(the fact that it is not recognizable is shown in Example 8).

Fix z € A*, for any r € AT we take a word
a=(A*(rz)Y UFD (rz*)) N Xint # 0.

This can be done, as Xy is suffix-maximal. We write a = a(rz)¥, where a € A*,
hence a = arz(rz)¥ and (rz) € (arz) ! Xins. Thus for any z, there exists u € A*
such that (uz)~! X, # 0. Consequently, there exists an infinite sequence vy, vo,. ..
such that v; is a suffix of v;4; and U;.lXinf # @ for all 1. As X, is a suffix set,
7 Xint # 07 Xing fori # 5. O

Proposition 12 If X 1s a mazimal code with X5, a nonsingleton prefiz code, then
Xint ts not finite-state.
Proof. Suppose on the contrary that X is finite-state. Consider the subset
o Y= X N X3, C X35, (5)
which is nonempty, since X is a maximal code. For every w € X}, it is clear that
w—lYinf = w_IXinf nXgn C X:i'n (6)
Let now ¢ be a coding morphism for Xg,

¢: B — Xg,,
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where B is an a]phabet of the same cardinality as Xg,. As X is a prefix code, we
may correctly extend ¢ to an injective morphism of monoids 4

¢: B® — Xg°,

where X2 _denotes Xzn U Xg,. Therefore (5) and (6) and the fact that X is finite-

state maximal code imply that BUc™ SD int) is also a finite-state maximal code on
B* with Card B > 2 that contradicts ropos1t10n 11. Thus X is not ﬁmte-state
0

Putting the propositions 6, 10 and 12 all together, we are lead to a sxtuatlon
quite opposxte to the case of ordlna.ry codes

Theorem 13 Let X bé a code on the finite alphabet A with Xins a recognizable
language of AN, then the following two assertions are sncompatible

1. p(X)=1

2. X 1s a mazimal code.
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