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On isomorphic representation of
nondeterministic tree automata*

B. Imreh f

Abstract

In this paper we deal with isomorphically complete systems of finite non-
deterministic tree automata with respect to the general product and the cube-
product. In both cases characterizations of isomorphically complete systems
are presented which imply that the general product and the cube-product are
equivalent regarding isomorphic completeness.

In the theory of finite automata it is a central problem to characterize such
systems from which any automaton can be represented isomorphically or homo-
morphically under a given composition. Such systems are called isomorphically,
respectively, homomorphically complete with respect to the composition consid-
ered. From the practical point of view, finite complete systems have great impor-
tance. The first composition admitting finite isomorphically complete systems was
introduced by V. M. Glushkov in [7& who gave a characterization of the isomor-
- phically complete systems. Later F. Gécseg f2] introduced a product hierarchy, the

as-products, s =0, 1,..., and Z. Esik [1] proved that, from the point of view of ho-
momorphic completeness, Glushkov’s composition is equivalent to the o;-product
for + > 2. Regarding isomorphic completeness, it turned out that there is no finite
isomorphically complete system with respect to any of the a;-products. A system-
atic account.of the results on a;-products including the ones mentioned above can
be found in the monograph [3].

The first generalization of Glushkov’s result to tree automata was given by M.
Steinby in [10]. The generalization of the notion of finite automata to trees has a
rigorius mathematical discussion in [6]. Another generalization of Gluskhov’s result
to nondeterministic automata is given in 1[4] In this paper we extend this result
to nondeterministic tree automata. Namely, we define the Glushkov-type product
of nondeterministic tree automata and characterize the isomorphically complete
systems with respect to this composition. Our characterization implies the existence
of finite isomorphically complete systems of nondeterministic tree automata with
respect to this product.

The cube-product, which is a simpler composition than Glushkov’s one, was
introduced in [8] where a characterization of the isomorphically complete systems
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with respect to this product was presented as well. From this characterization
it follows that the Glushkov-type product and the cube-product are equivalent
regarding isomorphic completeness.

The generalization of the cube-product to tree automata and the characteriza-
tion of the isomorphically complete systems with respect to it is given in [9]. A sim-
ilar generalization and characterization for nondeterministic automata is presented
in [Sﬁ In both cases the characterization of the isomorphically complete systems
implies that the Glushkov-type composition and the cube-pruduct are equivalent
regarding isomorphic completeness. Here we generalize the cube-product to non-
deterministic tree automata and give a characterization of the isomorphically com-
plete systems with respect to it. Our characterization shows that the cube-product
and the Glushkov-type product are equivalent regarding isomorphic completeness
for the class of nondeterministic tree automata, too.

To start the discussion, we introduce some notions and notations. By a set
of relational symbols we mean a nonempty union £ = I, |JE;J..., where Z,,,
m = 1,2,..., are pairwise disjoint sets of symbols. For any m > 1, the set L,,
is called the set of m-ary relational symbols. It is said that the rank or arity of a
symbol c € £ is m if 0 € L.,,,. Now let a set T of relational symbols and a set R of
positive integers be given. R is called the rank-type of ¥ if for any integer m > 0,
T, # 9 if and only if m € R. In the sequel we shall work under a fixed rank-type
R.

Now let X be a set of relational symbols with rank-type R. By a nondetermsn-
istic L-algebra A we mean a pair consisting of a nonempty set A and a mapping
that assigns to every relational symbol ¢ € £ an m-ary relation 0% C A™, where
the arity of ¢ is m. The set A is called the set of elements of 4 and o# is the real-
szation of o tn 4. The mapping ¢ — ¢# will not be mentioned explicitly, we only
write 4 = (A,Z). For any m € R, 0 € £, (a1,...,8m—1) € A™~}, we denote by
(81,---r8m—1)0* the set {a:a € A & o0#(a1,...,am-1,a)}. If (a1,...,8m—1)0?
is a one-element set {a}, then we write (a1,...,8n-1)0% = a.

It is said that a nondeterministic L-algebra 4 is finite if A is finite, and it is
of finite type if T is finite. By a nondeterministsc tree automaton we mean a finite
nondeterministic algebra of finite type. Finally, it is said that the rank-type of a
nondeterministic tree automaton 4 = (A, X) is R if the rank-type of T is R.

Let 4 = (A, X) and 8 = (B, X) be nondeterministic tree automata with rank-
type R. B is called a subautomaton of A if BC A and, for all m€ R and 0 € I,,,,
o? is the restriction of 0% to B™. A one-to-one mapping p of A onto B is called
an ssomorphism of A onto B if 0#(ay,...,a,) if and only if 08 (u(ay),...,s(am)),
for all m € R, (a1,...,8m) € A™, 0 € X,,. In this case it 1s said that 4 and
B are tsomorphsc. It is easy to see that p is an isomorphism of 4 onto B8 if and
only if (a1, ...,am-1)0%p = (u(a1), ..., #(am-1))o® holds, forallm € R, 0 € T,n,
(01, ces ,am_l) €A™ L,

Now let us denote by ilp the class of all nondeterministic tree automata with
rank-type R. A composition of nondeterministic tree automata from Uz can be
represented as a network in which each vertex denotes a nondeterministic tree
automaton and the actual relation of a component automaton may depend only on
those automata which have a direct connection to it.

In order to define this notion of composition let ® denote an arbitrary nonempty
fixed set of finite directed graphs. We assume that the vertices of any graph in ®
having n vertices are denoted by the numbers 1,...,n. Let 4 = (4,L) € ur and

A; = (A;, £() e up, 5 =1,...,n. Furthermore, take a family ¥ of mappings
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,,,,:(Alx...xA,,)'"'lxzm—oES,{), meR, 1<j<n.

It is said that the nondeterministic tree automaton A is a D-product of the automata
Aj, 7=1,...,n, with respect to ¥ if the following conditions are satisfied:

(i) A= H;"=1 A

(ii) there exists a graph D = ({1,...,n},E) in D such that for any m € R,
J € {1 ,n} and ((011, ,61"), (am_n, am_l,.)) € A™ ! the
mapping \I’,,,,- 18 independent of the elements Geay t = 1 .,m—1,if (s, 7) ¢ E,

(iii) for any m € R, 0 € B, and
((au,...,al,.),...,(a,,._u,...,am_m))EAm—x’
((au,...,al,,),...,(am_u,...,am_l,,))cr‘ =

(011,...,6";_11)61“ X...X (aln,...,am_ln)a,{‘"

where
o5 = \I’mj((allx ey aln)’ ceey (am—lly . °°)a;n—1n))o)) J=1...,n

We shall use the notation

f[ 4;(Z,9,D)

j=1

for the product introduced above. In particular, if A;, 7 = 1,...,n, are identical
copies of some nondeterministic tree automaton é then we speak of a general power
and we write B"(Z, ¥, D) for []}_, 4,(Z, ¥, D).

Let B be a system of nondeterministic tree automata from ug. It is said
that B is 1somorphically complete for up with respect to the D-product if any
nondeterministic tree automaton from iy is isomorphic to a subautomaton of a

D-product of nondeterministic tree automata from 8.

In the sequel we shall need a special two-state nondeterministic tree automata.
For every m € R, let us assign a symbol to each m-ary relation on {0,1}. Let £,
denote the set of these symbols and let £ = UmE R £,.. Define the nondeterministic

tree automaton § = ({0, 1}, £) such that, for every m € R and 0 € £,,,, 09 is the
corresponding m-ary relation.

Now let D be the set of all finite directed complete graphs having as vertices the
sets {1,...,n}, n =1,2,.... Then the D-product is equal to the Glushkov-type
product which is also called general product. We note that in this case the finite
directed complete graphs are considered as possible networks. Since n determines
the corresponding complete graph uniquely, we omit the graph component from
the notation of the general product.

Regarding the general product, the following statement can be proved easily.
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Lemma. Let A = (A,L) € up, A; = (4;,E) € ug, 7 = 1,...,n, and
Bje = (Bj,ZU) € Ug, t = 1,...,8;, 7 = 1,...,n. If A is isomorphic to a
subautomaton of a general product H;-'=1 A;(Z, V) and, for each y € {1,...,n}, 4;
is 1somorphic to a subautomaton of a general product n"= B;¢(Z9), W(), then 4

12 1somorphic to a subautomaton of a general product of the nondeterministic tree
automata By, t=1,...,4;,7=1,...,n.

The following theorem provides necessary and sufficient conditions for a system
of nondeterministic tree automata from Uy to be isomorphically complete for 3 g
with respect to the general product. .

Theorem 1. A system B .of nondeterministic tree automata from U g 15 ss0-
morphically complete for Ur with respect to the general product sf and only sf, for
allm € R and i = (i1,...,tm) € {0,1}™, B contains & nondeterminsstic tree

automata AV = (A(i),E(i)) satisfying the following conditions:

(1) AD has two different elements a,gi) and a(li),

(2) there ezists a 3; € Es,i.) with (ag), il 1)c‘ri‘m ﬂ{a(()l),a(li)} = {a‘(-i)},

I

(3) for allu € R and 8 = (s3,...,84-1) € {0,1}*"1, there 1s a oig € }39) Jor

which {a(()i), agl)} - (aﬁ),. . .,agi‘)_,)ai‘:) provided that u # 1, and there 15 a

o € 20 with (oY, eV} C 024 if1€ R andu=1.
r 4

Proof. In order to prove the necessity, let us suppose that 8 is an isomorphically
complete system of nondeterministic tree automata for sz with respect to the

general product. Then there are A; = (4,,5()) € ugr, = 1,...,n, such that §
is isomorphic to a subautomaton A = (4, £) of a general product []}_, 4;(Z, ¥).
Let p denote a suitable isomorphism and let

p(0) = (ao1,...,80n) and p(1) = (a1y,...,a1p).

Let us denote by K theset {k: 1<k <n & agx # al’:}' Obviouély, K # 8. Now
let m € R and (i3,...,tm) € {0,1}™ be arbitrarily fixed elements. We distinguish
two cases depending on m.

First let us suppose that m # 1. By the definition of §, there is a & € S with
(s1,---,%m—1)% = i,. Since p is an isomorphism, this yields

(F‘(il): v )l‘(im—l))a‘ = “(im)'
Thei‘efore, 8i k € (Giyky. ey ai,,.;,k)&:' holds, for all k € K, where

O = \Ilmk((a.-ll, con ,a.-l,.), ey (a.-m_,l, ey a;m_ln), t-T).
But then there exists at least one index ! € K such that

(aiyt, ...,a;m_,,)&,“ ﬂ{aot, au} = {ai.}



On isomorphic representation of nondeterministic tree automata 15

Now let 1 # u € R and 8 = (sy,...,84-1) € {0,1}*~! be arbitrary. By the

definition of §, there exists a g € £, with (31,...,3.,_1)089 = {0,1}. Since u is
an isomorphism, this implies

(o) -, wlsur))ord = {1s(0), 1(1)}.

Then {aox, d1x} C (G4,k)-- -, a,"_‘,c)a;"’;e holds, for all £ € K, where

o8k = Wuk((anl) s 1a01n)) AR ] (ao._llv" ) ao.-ln)) US)°

Therefore, {aos, a1} € (a.ll,...,a,-_l;)a:",. If 1 € R and u = 1, then, by the
definition of §, there is a 0* € £; with o* = {0,1}. But then o*4 = {1(0), (1)},
and s0, {aok,61x} C o‘,:"‘, for all k € K, where o = ¥;x(0*). Thus {aoi, 61} C
a‘,‘“. This ends the proof of the necessity in the case m # 1.

Let us assume that m = 1. By the definition of §, there is a ¢ € £; with
&9 =1;. But then 8% = p(31). Therefore, a;,x € c‘r‘f“ is valid, for all £k € K, where
3, = ¥1x(8). From this it follows that there exists at least one | € K such that

5,“ n{aot, au} = {aiu}.

Now let u € R and 8 = (s1,...,8,-1) € {0,1}*~? be fixed arbitrarily. In a similar
way as above, it is easy to see that there iz a o5 € E.(f) such that {ag, a1} C
(3ayty--- ,a.‘_,;)a:“, if u # 1, and there is a o] € E(ll) with o7 % = {0,1} if u = 1.
This ends the proof of the necessity.

In order to prove the sufficiency, let us suppose that B satisfies the conditions
of Theorem 1. The isomorphic completeness of B is proved in two steps.

First we show that § is isomorphic to a subautomaton of a general product of
nondeterministic tree automata from 8. For this reason let us denote by W the set
Unner{0,1}™ and let |W| = n. Moreover, let 7 denote a one-to-one mapping of

the set {1,...,n} onto W. By our assumption on B, for any y € {1,...,n}, there
exists an A1) = (4(1(1)) £(())) € B satisfying conditions (1), (2) and (3) with
i =(s). Form the general product []7_, 4 (()) (£, ¥) in the following way.

Let A = {(a((;’(m,...,ag7("))),(a£7(1)),...,0(17(")))}. Since a(()‘r(J')) # a(l'r(j))’
7 =1,...,n, we obtain that |[A| = 2. Let us define the mapping u of {0,1} onto 4
by

“(0) - (a((,‘r(l)), . ’a(()‘r("))) and “(1) = (65‘1(1)), . ’0(1‘1("))).

Nowlet 1 #me R, o0 € £, (a'(-;'(l)),...,ag;'("))) €A t=1,...,m~1, be
arbitrarily fixed elements and let i* denote the vector (i1,...,4,—1). Then, for any
J€{1,...,n}, let
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Yy ((a‘(.;l(l))’ . ,a‘(z(ﬂ))), (a(‘r(l)) . (‘1("))) a) -

tm—1 7" lm 1
(035)  f1°09 =i and 4(j) = (i1,...,5m),
Ty)ie i i*09 =4, and (7)) # ($1,---,%m),
o, Hi09 ={0,1},
= 4 - Oq4(5) ifi*o% =0 and ('1(])= (f]_,...,‘l:m_l,O)
or 7(7) = ($1,.-+,¥m-1,1)),
U,,(j)’i. if i*0% =9 and 7(.7.) # (ilyﬂ-yim—-l,o) )
\ and ’7(.7.) # (‘.1)-"1':771—1:1)-

In all other cases when 1 # m € R, let the value of ¥,,; be an arbitrarily fixed
element of 2(7(1)) .

If 1 € R and m = 1, then the mappings ¥;;, 7 = 1,...,n, are defined in the
following way. For any o € £ 1, let.

oy 0% =iy and 2(s) = (ia),
V(o) = 4 0oty i of =i and 2() # (ia),
99V =1 0,6y oS =0 and (1) = (0) or +(3) = (1),

*
%36) otherwise.

Now consider the subautomaton A = (A,L) of the general product
[17-, AVU)(E, ¥) which is determined by the set A. It is easy to show that u
is an isomorphism of § onto the subautomaton A.

As a second step, we prove that an arbitrary nondeterministic tree automaton
from 4 g is isomorphic to a subautomaton of a general power of .§. For this rea-
son let C = SC’ ,L) € Ugr be arbitrary with C = {c;,...,c,}. Let us take all the
r-dimensional column vectors with components 0, 1, and order them in lexicograph-

ically i mcreasmg order. Let Q(r) denote the matrix formed by these column vectors.

Then Q(") is a matrix of type r X 2" over {0,1} and its row vectors are pairwise

different. Moreover, let us observe that for any subset V' of the set {1,...,r}, there

exists exactly one index k € {1,...,2"} such that for all t € {1,.. ,r}, teVif
(

and only if qtk) = 0. Let us define the one-to-one mappmg v of {¢c1,...,¢,} onto
the set of the row vectors of Q(*) by v(c;) = (q‘ ,- ,qu) 1 =1,...,r. Let
A={v(e):i{=1,...,r}. Then A C {0,1}*". Now we define the general power
6?7 (Z, ¥) in the following way.

Let 1#meR, oL, (q"l, ,qnz,) EAt=1,. — 1, be arbitrary
elements. In this case v(c;,) = (q-,u ,q“z,), t=1,...,m— 1. Let us suppose
that (ci,,---,¢,_,)0¢ = {coyr---1¢s}. Then 0 < U<, For each y € {1,...,27},
let us denote by V; the set {qf';l, ,q”)} Obviously, V; C {0, 1}, j =1,...,2".
Thus, by the definition of §, there exists a g; € £,, with (q.(g, ,q‘m lJ)a =
Let us define the mappig ¥p,; by

(r) ()

‘I’mj((qi,v :‘1.,2')» :(q‘,,._,p »qsm_lzv)’”)="j-
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In all other cases when 1 # m € R, let the value of ¥,;,; be an arbitrarily fixed
" symbol from £,,.-
1€ R, o€y, € {l,...,2}, then the mappings ¥;;, y = 1,...,2", are
defined as follows. Let us assume that o€ = {cos, ...,c,a} and define the sets V;,
j=1,...,2", in the same way as above. Again, by the definition of §, there is a

o; € £, with a;-g: V;. We put
V(o) = oj.

Now let us consider the subautomaton 4 = (A4,L) of the general power

92'&)‘3,\7). Then it is easy to see that v is an isomorphism of C onto A. By
our Lemma, the above isomorphic representations imply the sufficiency of the con-
ditions which ends the proof of Theorem 1.

Remark. If R = {2}, then i((5) is the class of all nondeterministic automata.

In this case our theorem gives a characterization of the isomorphically complete
systems for the class of nondeterministic automata with respect to the general
product. Therefore, Theorem 1 in [4] can be obtained as a corollary of our theorem.

In (8], n-dimensional hypercubes are used as possible networks. Now we de-
fine the product related to these networks for nondeterministic tree automata and
characterize the isomorphically complete systems with respect to this product.

To introduce the formal definition of cube-product we need some preparation.
Let n > 2 be an arbitrary integer and consider the n-dimensional hypercube. The
set of vertices of this hypercube is S, ={0,1}". Define the mapping A,, on this set
as follows: for any vector (sy,...,8,) € Sy, let

. n
An(sl,...,s,.) = I+Zs; '2'.—‘ .
. t=1

Then A, is a one-to-one mapping of S, onto the set {1,...;2"}.

Let us form the graph D, = ({1,...,2"}, E,), where for any 1 < 1,5 < 2",
(¢,7) € E, if and only if A;!(s) is adjacent to A;2(j). For any j € {1,...,2"}, let
us denote by JJ(.") the set of all ancestors of 7 in D,,. Then JJ(.") c{1,...,2"}.

It is easy to see that for any n > 2 and integer 5 > 1,

4 | =nif1<j<om
EJ

(5) J(.n+1) -

(n) N n s N n
{JJ. u{s+2°} ifl1<j<2m,
J

{t+2n:1edyu(i-2") if2r <j<ant,

Now let n > 2 be an arbitrary integer and let 4 = (A, L) € Up, A; =
(A4;,E)) € Ug, 7 =1,...,2". In addition, take a family ¥ of mappings
Uit (A1X,..., X A=) ' xEn = Z), meR, 1<5<2™

It is said that the nondeterministic tree automaton 4 = (A, T).is a cube-product
of 47, 7 =1,...,2", with respect to V if the following conditions are satisfied:
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(a) A=l 4

(b) for any m € R, 0 € L,, and (a;y,...,0i2~) € H?;JA,-, it=1,...,m—1, the
mapping ¥,,,; is independent of the elements a¢,, t =1,...,m—1,if s ¢ JJ(."),

(c) for a.r;y m € R, ¢ € T, and ((611,...,812%),-++,(8m=11,-++,8m—120)) €
A™Y,

((au, ceay am-), ey (Gm-u, veey ﬂm_nn))U‘ =

Alx

»(au, oy Gm— 11)0 . X (012~,---,am—12~)0:3' ’

where
oy = \I’m_,'((an, e ,alzn), ey (a,,,_u, .o .,am_lzn),d), j = 1,. vey 2"

Since n determmes the hypercube uniquely, we use the nota.tlon H 1 A5 (2, ¥) for
the cube-product Just 1ntroduced

Now we are ready to prove the following statement.

Theorem 2. A system B of nondeterministic tree automata from Ug 18 iso-
morphically complete for g with respect to the cube-product if and only if, for all
meERandi= (tl, -im) € {0,1}™, B contains a nondeterministic tree automata

AD = (A(l) E(')) satisfying the following conditions:
(6) AD) has two different elements a( ) and a(l)

(7) there ezists a 65 € ES,‘;) with (a,(.:) o )a ah MN{ay (l) (l)} = {a(l)},

) ‘m_

(8) for all u € R and 8 = (s1,...,84—1) € {0,1}¥"1, there is a oig € E.(.i)
Jor which {agl),a(ll)} C (a?,) aw_,)a'i‘:) provided that u # 1, and there is a

op € 2 with (o, oM} ¢ a.‘“ ) f1€Randu=1.

Proof. The necessity follows from the proof of Theorem 1. In order to prove the
sufficiency, let us denote by W the set |J,, . {0,1}™ and let W' = {(1;,..
(515.-.,%m) EW & 1,, = 0}. Let |W’| = n and let vy denote a one-to-one ma.ppmg of
the set {1,...,n} onto W’'. Then, by our assumption on B, for any p € {1,...,n},
there exists a nondeterministic tree automaton A(7(?)) = (4(r(p)), E("(P))) EB
satisfying-conditions (6), (7) and (8) with i = (i1,...,im) = '1(p) where 1, =
0. For the sake of simplicity, let us denote by 0, 1 the elements a("(p)) (17(" 28
respectively, for all p € {1,...,n}.

Now consider the matrices Q) k=2,3,..., introduced in the proof of Theo-
rem 1. In our argument we make use of some properties of these matrices. First
let us observe that
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(9) QU+t = (Q(()k) Q%k))

where 0 and 1 denote the costant vectors of sise 1 X 2* with components 0 and 1,
respectively. On the other hand, it can be seen (cf. [8] or [9]) that

(10) for any k > 2 and 1 < j < 2*, the k + 1-tuples (qt(f),qg? ,qu)),

t=1,...,k, are pairwise different where {71,...,5} = J,(-k).

Now using (5), (9) and (10), it is easy to see that

(11) for any k > 2, k > s > 1, 1 < 7 < 2%, the k-tuples (qth ’th))’

t=s8+1,...,k, are pairwise different where {51,...,5} = JJ(-k).

Now let € = ({c1,...,¢,},Z) be an arbitrary nondeterministic tree automaton
from Up. We prove that C is isomorphic to a subautomaton of a cube-product of
nondeterministic tree automata from 8.

For this purpose, let us denote by s the least positive integer with n < 2°. Let
k = r + s. Delete the first s rows of Q(¥). Then, by (9), the resulting matrix
consists of 2° copies of Q) in its partitioned form. Let Q denote this matrix. For
the sake of simplicity, let us denote by g, t =1,...,r, 7 =1,...,2%, the elements
of Q. Then from (11) it follows that

(12) for any 1 < 5 < 2*, the k-tuples (gesy,.--,Qts:), t = 1,...,r, are pairwise
different where JJ(.k) ={71,---y Ik}

Let us define the one-to-one mapping ;4 of {cl, ,Cr } onto the set of the row vectors
of Q by “(cu) = (qﬂ.) ,qu“)y 1=1,...,r, a'nd let’ B = {l‘(c') t=1,...,r}

Form the cube-product
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AT 5 40 5 400D i e 409(m))

-~ ——

27 times 27 times

x .4("(1)) X ... X .4(7(1))()3 W)

2+ —n2' times

in the following way. Observe that
BC A=

=AU x x AT 5 4O 5 A0(R)) 5 400(0)) 5 5 46V

-~ ~” v

27 times 27 times 2%k —n27 times

Now let 1 # m € R, 0 € T, (1,1 %,2¢) € B, t = 1,...,m — 1, be
arbitrary elements. Then u(c;,) = (gi,1,.--,¢;,2¢), t =1,...,m— 1. Let us assume
that (ciy,...,¢i_,)0¢ = {coy,---,¢u,}- Then 0 < ! < r. By the structure of Q,
there exists exactly one integer d € {1,...,2"} such that for each p € {1,...,2°},
the following assertion is valid:

forallt € {1,...,r}, g (p-1)2r+4 = 0 if and only if ¢ € {vy,...,u}.

On the other hand, let us observe that the column vectors of Q with indices (p —
1)2" +d, p = 1,...,2°, are identical copies of some r-dimensional vector over
{0,1}. Therefore, the vectors (%1, (p=1)27+ds - - ’q'm-ly(P 1a2r4d)s P = 1,...,2°,
are the copies of an (m — 1)-dimensional vector (i},...,1,,_;) over {0,1}. Now let
i=(s},...,9),_1,0). Since i € W', there exists one and only one py € {1,...,n}

thh '7(p0) =1i. Let jo = (po— 1)2" +d. Then for each j € {1,...,2*%}, the mapping
V¥,,; is defined by

mj((Qt';l, .. 'JQilﬁ"): ey (ql'm-l ly-»-y qim_12“))a) =

% ify =20, .
Ooy(p)u(3ynit,_,) T # Joand (p—1)2" <5 < p2°
for some p € {1,...,2*}.

In all other cases when 1 # m € R, ¥,,,, can be defined arbitrarily in accordance
with the definition of the cube—product

Now let us suppose that 1 € R. Let 0 € , be arbitrary and 6¢ = {cors---rCu }-
Then there exists again exactly one integer d € {1,...,2"} such that the following
statement holds for each p € {1,...,2°}:

forallt € {1,...,r}, g¢ (p-1)2r+4 = O if and only if t € {vy,...,u}.

In this case (0) € W’, and so, there is one and only one py € {1,...,n} with

7{po) = (0). Let jo = (po — 1)2" + d. For each 5 € {1,...,2*%}, let us define the
mapping ¥,; as follows.

_fo0) Hi=130
¥i5(0) = {‘7;(,,) if  # jo and (p—1)2" < 5 < p2" forsomep € {1,...,2°}.
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By (12), the mappings ¥, m € R, 1 < 5 < 2%, are well-defined. On the
other hand, it is easy to see that the mapping s is an isomorphism of C onto
that subautomaton of the defined cube-product which is determined by the set B.
Therefore, B is isomorphically complete for 4z with respect to the cube-product.
This ends the proof of Theorem 2.

Remark. In the case R = {2} we obtain a characterization of the isomorphi-
cally complete systems for the class of nondeterministic automata with respect to
the cube-product. Therefore, the main result of [5| can be obtain as a corollary of
Theorem 2.

Notice that the necessary and sufficient conditions stated by Theorem 1 and
Theorem 2 are the same which gives us the following corollary.

Corollary. A system of nondeterministic tree automata from Up 15 1somor-
phically complete for Up with respect to the general product if and only if it 1s
ssomorphically complete for Up with respect to the cube-product.
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