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On representing RE languages by one-sided internal
contextual languages®
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Abstract

In this paper we prove that each recursively enumerable language L can
be written in the form L = cut4(L' N R), where L' is a language generated
by a one-sided internal contextual grammar with context-free choice, R is a
regular language, and cuty is the operation which removes the prefix bounded
by the special symbol d, which appears exactly once in the strings for which
cutq is defined.

However, the context-free choice sets are always deterministic linear lan-
guages of a very simple form. Similar representations can be obtained using
one-sided contextual grammars with finite choice and with erased or with
erasing contexts.

Keywords. Formal languages, contextual grammars, recursively enumer-
able languages. '

1 Introduction

In [3] it is proved that each recursively enumerable language L can be written in the
form L = cutqy(L' N R), where L' is a finite choice internal contextual language, R
is a regular language, and cuty is the operation which removes the prefix bounded
by the special symbol d, which appears exactly once in the strings for which cuty is
defined. It is also asked in [3] whether or not the language L' can be generated by
an internal contextual grammar with one-sided contexts only, and it is conjectured
that the answer is negative. We prove that each recursively enumerable language
L can be written in the form L = cutg(L' N R), where L' is a language generated
by a one-sided internal contextual grammar with context-free choice, R is a regular
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language, and cuty is the operation which removes the prefix bounded by the special
symbol d, which appears exactly once in the strings for which cuty is defined.

An internal conteztual (ic, for short) grammar (as introduced in [9], as a coun-
terpart of external contextual grammars in [7]), consists of an alphabet, a finite set
of starting strings (axioms), and a finite set of context adjoining productions of the
form (C,u$v), where C is a finite set of strings and u, v are strings over the given
alphabet. For each z € C' we can assume that there is a rewriting rule z — uzv (the
context (u,v) is adjoined to x). When all productions are of the form (C, $v), then
we say that the grammar is a one-sided one. All the strings obtained by finitely
many adjoinings, starting from axioms, constitute the language generated by the
grammar. When all sets C are of a given type F, we say that the grammar has
F-choice (or F-selection).

The family of languages generated by a (one-sided) ic grammar with finite choice
includes strictly the family of regular languages, is incomparable with each family
_ intermediate between those of linear and of context-free languages and is strictly
included in the family of context-sensitive languages [8], [10].

In [3] it is proved that every recursively enumerable (RE, for short) language L
can be written as L = cutq(L' N R), where L' is a finite choice ic language, R is
a regular language and cuty is the operation which maps z,dz; into z;, providing
z1Z2 contains no occurrence of d. The last section of [3] asks wheter or not L’ above
can be a one-sided ic language. In [10] it is shown that the restriction to one-sided
contexts decreases strictly the power of ic grammars, for all types of selection, which
leads to the conjecture in [3] that the answer to this problem is negative. However,
all context-free languages L can be written as L = h(L’' N R), for h a week coding,
L' a finite choice one-sided ic language, and 'R a regular set. Moreover, there are
non-context-free languages which can be represented in this way.

Here we contribute to this question by proving that for each RE language L
there is a one-sided ic language L’ with contezt-free selection and a regular language
R such that L = cutqy(L' N R). Therefore, we pay the price of using a one-sided ic
language in the representation in [3] by involving context-free languages as choice
sets. In fact, the used context-free languages are of three particular types, namely
finite, deterministic linear, or of the form {z}L}, where 2 is a string of length
two and Ly-is a deterministic linear language. Further arguments supporting the
conjecture in [3] are also discussed. It is shown that representations as above can be
obtained when using grammars with finite selection, providing we also use erased
or erasing contexts, in the sense of [10].

The proof of our results makes use of the one-sided normal form for context-
sensitive grammars, {11].

2 - Formal language prerequisites
We refer to [12] for basic formal language notions and results we use here, and we

specify only some notations.
For an alphabet V', V* is the free monoid generated by V', A is the empty string,
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| | is the length of z € V*, | z |, is the number of occurrences of the symbol a in
z,and VT = V* — {A}. A morphism h: V* = U* is called coding if h(a) € U for
all a € V and week coding if h(a) e UU{A\} forallae V.

The left quotient of a language L, with respect to a language L is:

Li\L2 = {w | vw € L, for some u € L1}.

For the alphabet V,, = {a1,b1,...,an, by}, the Dyck language D, is defined as
the smallest set £ C V;; such that:

1) A€eE,
2) if z,y € E, then zy € E,

3) ify:z: € E, then zja;biz2 € E for all 1 < ¢ < n and z122 € V] such that
T = T1L3. :

A Chomsky grammar is written in the form G = (N, T, S, P), where N is the
nonterminal alphabet, T is the terminal alphabet, S € N is the axiom, and P is
the set of productions. The families of finite, regular, linear, context-free, context-
sensitive, recursively enumerable and of arbitrary languages are denoted by FIN,

REG, LIN,CF, CS, RE, ARB, respectively.

'3 Internal contextual grammars
Let F be a family of languages. An ic grammar (with F choice) is a triple
G=(V,M,P)

where V is an alphabet, M is a finite set of strings over V, and P is a finite set of
pairs (C,u$v), where C € F, u,v are strings over V and § is a special symbol not
in V.

The elements of M are called azioms, those of P are called productions; for a
production 7 = (C,u$v), C is called the selector and (u,v) the contert of .

For any ic grammar G = (V,M,P) and z,y € V*, we write z = y iff £ = z122,,
y = zyuzvze and (C,u$v) is a production of P with z € C. Denoting by =* the
reflexive and transitive closure of =, the language generated by G is defined by:

L(G)={yeV*|z ="y for some z € M}.

If all productions of P are of the form (C, $v), then we say that G is a one-sided -
ic grammar.

We denote by IC(F) the family of languages generated by ic grammars with F-
choice and by 1IC(F) the family of languages generated by one-sided ic grammars
with F' choice.

Proofs of the following results can be found in [8], [9], [10], [3] :
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1) REG C 1IC(FIN) C IC(CS) cCS
2) IC(FIN) C IC(REG) C IC(CF) C IC(CS) C IC(RE) .

3) for all F' containing the finite languages, 17C(F) and IC(F') are incomparable
with each family F’ such that LIN C F' C CF (there are linear languages
not in IC(ARB) and there are non-context-free languages in 1IC(FIN)).

For instance, the linear language
L=atu{a™"|n>1}
is not in IC(ARB) [8]. Consider also the ic grammar
G = ({e,b,c,d,e},{a}, P),
P = {(a, $bc), (a, $cb), (cbbc, $b), (beeb, 8¢), (cbb, $d), {bec, $e) }.

(Usually we write the singleton languages {z} without parenthesis.)
In [3] it is proved that

L(G) N a(cbb)* (de)t = {a(chbb)™(de)™ | m > 1,n > 4™ +2(4™ ! — 1)/3,n even}.

which implies that L(G) is not a context-free language.

4 Representing RE languages using ic languages
For an alphabet V and a symbol d ¢ V, we define the operation
cuty: VdV* - V*
cutg(z1dze) = z2, 21,22 € V.

The main result in 3] is

Theorem 1 Every language L € RE can be written in the form L = cuty(L' N
R), for L' €e IC(FIN), R € REG.

Because we shall use here a similar idea, we recall the construction in (3] :
Take L C V*, L € RE, and a type 0 grammar for L, G = (N,V, S, P). Denote

ths(P)={ue (NUV)" |u—>v € P}

(the left hand sides of rules in P) and consider the new symbols [, ], -, # . We
construct the ic grammar

G= (NUVU{[,],F‘,#},{S#},P’-)

with P’ containing the following productions :
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1) (u,[$]v), for each u - v € P,

2) (afu],t 3a), a € NUV,u € lhs(P),

3) (et B,F%a), fora,f e NUV,

4) (a#,F 8a), forae V.

Consider also the regular language
R={ulluelhs(P)}U{ra|lae NUV}*#V*

Then
cutx(L(G') N R) = L(G).

The symbols [, ], | are called killers ; a pair [ ] kills all symbols bracketed by [ and
], whereas F kills the symbol to the right of it. The intersection with R ensures
that rules of type 1 are applied to alive symbols only, killing the substring u of the
current string and introducing the alive string v. Rules of type 2 and 3 move alive
symbols from the left to the right, crossing over dead symbols. By rules of type 4,
the alive terminal symbols can be transported to the right of #. Eventually a string
of the form w2z is obtained, with w containing only killers and dead symbols and
z € L(G).
The main result of the present paper is:

Theorem 2 Every language L € RE can be written in the form L = cutqs(L' N
R), with L' € 1IC(CF) and R € REG.

Proof Let us recall a result from [11]. A (grammatical) transformation (often
also called a rewriting system) is a triple 7 = (N, T, P), where N is a nonterminal
alphabet, T is a terminal alphabet and P is a finite set of rewriting rules over NUT'.
For a language L C N* we define

T(L)y={z €T" |y ="z for somey € L}.

According to Theorem 3 and the remarks following it in [11] (see also [6]), each
language L € CS, L C T*, can be written in the form L = 7(Ly), for a regular
language Lo € N* and 7 = (N, T, P) a transformation with the productions in P
of the forms

A— B ,AB — AC,A —a, for A,B,C € N,acT.

~ Note that T contains either context-free rules or left-context rules AB — AC' (no
one of them increasing the length of the current string).

Let us now take a language L € RE, L C T*. There are two new symbols
b,c ¢ T, and a language L' C b*cL, L' € CS, such that for every w € L there
is a string b'cw in L'. We denote T' = T U {b,c}. For this language L', consider
Lo € REG, and 7 as above, 7 = (Ny, T', P), Lo C N§, such that NoNT’ = § and
L' = T(Lo). Take a grammar Go = (Nl,No,X(),Po) with N1 ﬂN() = @, N1 NT' = y
generating Lo, with Ny = N{ U {Xy} and with the rules in Py of the forms
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a) X; = XA, for X, ENII,CQENl,AENo,
. b) Xf-)z\.

(Such a grammar always exists for a regular language: take a left-regular grammar
and replace each terminal rule X — A by X — X;A, then add the rule X; — A )
We construct the ic grammar

G = (W, M, P")

with W = N U NgUT' U {],d}, for d a new symbol, M = {X,} and P’ contains
the following productions:

1) (X1,8)X,4), for X; — XaA € Py, X, € N{,X5 € N1, A € Ny,
2) (X5,80),

3) (A,8]a), for A—> a€ P,A€ Ny,a € NoUT',

4) (AB,$]JAC), for AB — AC € P,A, B,C € Ny,

5) ({az]®! |z € (NgUT)*F}, $]a), for « € NgU T,

6) (X;N{z]"! |z € (No UT')*}Tb*c,$d)

Consider also the regular language
R={X]| X € N{}{X;]}(No UT" U{]})"dT".

We claim that:
L = cutg(L(G) N R) (%)

Note that only the productions in groups 5,6 contain selectors which are not sin-
gleton languages. _
Assume NoUT' = {ay,...,a,} and consider the Dyck language D,,. We define
‘the coding ¢ by ¢(a;) = a; p(b;) =], for 1 <i<n.
The intuition behind the previous construction is the following. The symbol ] is
a killer. Each occurrence of ] kills a symbol & in NgUT" according to the following
rules:

1) if z = z1ajz,, for a € Ny, then the specified occurrence of « is killed by the
specified occurrence of |,

2) ifz = zla]mz]|”2|]:z3, for & € NoUT' and z3 € (NgUT')*, then « is killed by
the occurrence of | in front of z3.

The productlons of type 1,2 in P’ produce a string in Gy, together with a
sequence of dead symbols and killers. The productions of type 3,4 simulate corre-
sponding rules in 7. The productions of type 5 move alive symbols from left to the
right, across dead symbols and killers. This is useful both for preparing substrings
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AB for productions of type 4 and for transporting to the right alive copies of ter-
minals. - In order to obtain a string in R we must use exactly once the production of
type 6. This checks whether the pairs X], X' € Ny, appears'in the left of symbols
used when sunulatmg the work of 7-and that all symbols in the left of d are either
“killers or dead symbols (hence the derivation in 7 is termlnal) or ‘alive b and c.

The inclusion L C cutz(L(G) N R) can be easily proved. Namely, take a deriva-
tion in-the grammar Gy,

Xo = X114, =>X2A2A1 :>...=>XkAk...A2A1 iAk...AQAl

According to the form of productions of Gp, Xx = Xy and X; # Xy for all
1 <i<k~-1. Consider also a derivation in 7 starting from Ay ... A3A;.

- wo = Ak A2A1 =W = w2 = L Wy = biC'w,

_forsomeweT* we€ L, z>O
The derivation

Xo = Xo]X1A1 => Xo]Xl]XzAgAl =

L= Xg]Xl] .. .Xk_l]XfAk - A2A1 = X()]Xl] .. .Xk_l]Xf]Ak .. .A2A1

is obviously possible in G.
- For a string z generated by G, let us denote by alive (z) the string obtained by
erasing the dead symbols and the killers from z. Then

’ \
alive (Xo]Xl] . Xk_l]Xf]Ak . A2A1) = Ak PN AQA\I = Wy

and

Xo]Xl] . Xk._l]Xf]Ak Ce A2A1 = Xo}Xl] e Xf]w'1

can be obtained in G with alive (Xo]X1]... XsJwi) = wi. (A rule of type 3, 4 is
in P', corresponding to the rule used inwe = w;.) Now, using rules of type 5, all
the alive symbols in wj can be moved to the right, thus obtaining

X()]Xl] e Xf]w'l =* X()]Xl] e Xf]’ll)i"wl.

The process can be iterated, each step w; = w;41 can be simulated in G and
after such a step the alive symbols can be transported to the right. Finally we
obtain a string z = Xo]X1]... XfJw”w,, hence with alive(z) = ws. The rule of
type 6 is now applicable and we get a string in R ended with bicdw. Using the
operation cuty we obtain the string w € L.

Conversely, let us take a string w € cuty(L{G) N R).

There is a successful derivation in G,

d: Xo =" 21Xy 2dw,
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for some z; € {X]| X € N1}¥ , zo € (NoUT'U{]})* , w € T* (this is the form of
strings in R).

Assertion 1 For every successful derivation § as above there is a successful
derivation of the form

8§ Xo =" 21 X5l = 21 X ¢]zadw,
f f

that is, a derivation with the rules of types 1,2 used before using any rule of other
types.

Indeed, every derivation in G starts by a rule of type 1, NyN(NoUT') = 0, and
the symbols in N; do not appear in rules of type 5 (hence they cannot be moved).
Consequently, the rules of types 1,2 do not interfere with rules of other types, if we
have

Xo] Ce Xj]Xj+1Aj+1 AN Al =* X()] .. .Xj]Xj+1u = Xo] .. .Xj]Xj+1]Xj+2Aj+2u
then we may change the order of using rules, thus producing

Xo] c. Xj]Xj+1Aj+1 LA S
= Xo] R Xj]Xj+1]Xj+2Aj+2Aj+1 LA =*
=" Xo] ... Xj]Xj1]Xjr24512u

By induction on the length of 2; we have the assertion.

Assertion 2 If in a successful derivation ¢’ as above we use further rules of
types 1,2 for deriving the prefix z; Xy], then we obtain a derivation " which is not
successful.

Take z = Xq]...Xg)Xy]. If we use a production (X;, §]Y A), then we obtain
Xo]... Xi—1]X:)Y A]X;41] ... X;] and A, as well as, any symbol in No UT" derived
from A by rules of types 3,4 cannot go to the right of X], the obtained string will
not be in R, the derivation is not a successful one. If we use (X, §}), then we get
Xo] - .- Xk]X¢]] and again the form of strings in R is contradicted.

Consequently, in view of Assertions 1 and 2 we can consider from now on only
derivations in G of the form Z; X¢|wy, =* Z,Xf]Z>dw using productions of types
3-6 for deriving w;. Thus we shall discuss only derivations z =* y, for z € (Ng U
T'u{]})*. We call such a derivation successful when it is a part of a successful
complete derivation in G.

- Assertion 3 If in a derivation v = v in G we use a production of type 3,
(A,8]a), @ € No UT, for an occurrence of A which is alive in u, then A will be
dead in v and the newly introduced occurrence of « is alive in v.

Indeed, if v = u1Auy and u cannot be written in the form v = u; Aujluy for
uhy € o(Dy), then u = u; AJauy and we cannot have u = uj Alavyjuy for some
vh € p(D,) (otherwise u = u; Avy)vy ), hence a is alive in v.
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Assertion 4 If in a derivation u = v in G we use a production of type 4,
(AB,$)JAC), A,B,C € Ny for alive occurrences of A, B in u, then A, B are dead
in v and A, C are alive in v.

. Indeed, if u = u; ABuz and u cannot be written in the form u = u; ABub]Juf,
for u € @(D,), or in the form u = uy ABujlujuy’, for uy,uy € o(Dy), then
v = uy AB]JACu2 and we cannot have v = u; AB]]JACv,}Jvy for some vy € ¢(D5,)
(otherwise u = uy ABvS]Jvy ) or v = uy AB]]ACu;|v5 vy, for vy, vy € ¢(Dy) (oth-

erwise u = uy ABv,jvy]vy’). Consequently, A and C are alive in V.

Assertion 5 If in a derivation u = v in G we use a production of type 3,
(A,8)a), @ € No UT, for an occurrence of A which is dead in v, then both A and
a are dead in v.

Take u = uy Auzlus for us € (Dy). Then v = u; AJaus]us and, clearly, both A
and o are dead symbols in v.

Assertion 6 If in a derivation u = v in G we use a production of type 4,
(AB,$)JAC), A,B,C € Ny, for dead A, B symbols in u, then in v all involved
occurrences of A, B,C are dead. ‘

Indeed, for u = u; ABus]jus, with uy € (D), we get v = u1 AB]]ACus]us,
and for u = u; ABus)usjua, with uz,us € p(D,), we get v = uy AB]]ACus]us]us.
Clearly, the specified occurrences of A, B, C are dead in v.

Assertion 7 If in a derivation u = v in G we use a production of type 4,
(AB,$]]JAC), for A, B such that A is alive and B is dead in u, then the new
occurrence of A will be alive in v, whereas the old occurrence of A, the occurrence
of B and the new occurrence of C are dead in v.

If v = u3 ABuslus, for uz € ¢(D,), but we do not have u = u; ABuyllus, for
uz € ©(Dy), or u = uj ABusluslua, for uz,us € @(Dy)then v = u; AB]|ACus]us
(hence the first occurrence of A, as well as B and C are dead symbols), but we
cannot have v = u; AB]]ACu;]lvs, for vy € ¢(Dy) (otherwise u = u; ABusllvs or
v = u AB]JACv2]us]vs ); consequently, the newly introduced occurrence of A is
alive.

(This is the place where the one-sided normal form for context-sensitive grammars
is essentially useful; for the rest of the proof a grammar in the Kuroda normal form
would suffice.) ' .

As we cannot have A dead and B alive in a substring AB, there are all the cases
of applying productions of types 3,4.

Consider now the use of a production of type 5.

Assertion 8 If in a derivation © = v in G we use a production of type 5, that
is to some az]III we adjoin Jo, @ € NoUT", and the used « is alive in u, then it will
be dead in v and the newly introduced occurrence of & will be alive in v.

If u = u oz]/®luy and we cannot have u = wyaz]l®lubluy for uy € (D) , then
v = uaz]®lJaus (clearly, the first occurrence of a is dead in v) and we cannot
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have v = waz)®]|ajvs]vy, for some v, € @(D,) (otherwise u = ujaz)®lvyus );
consequently, the new occurrence of « is alive.

Assertion 9 If in a derivation v = v in G’ we use a production of type 5,
namely we replace some az]!®! by o, @ € Np UT", such that the used a is dead in
u, then it will be dead in v, too, and also the new occurrence of o will be dead in
v, .
If u = uoz]®]auslus, for us € w(D,), then v = uax]!®ljous]us, which implies
that both specified occurrences of a are dead in v.

As a consequence of Assertions 3-7, we have:

Assertion 10 If in a derivation u = v in G we use a production 7 of types 3,4,
then alive(u) = alive(v) in 7, namely by using the rule in P corresponding to .
Moreover, from Assertions 8,9 we get:

Assertion 11 If u = v is a derivation in G using a production of type 5, then
alive(u) = alive(v).
Consequently, for each (successful) derivation in G,

6 :Xo =* lef]wl = Z]Xf]'LUQ = ... = lef]wk

the subderivation
W = Wy = ... = Wi

corresponds to a derivation in 7
wy = alive(w;) = alive(ws) = ... = alive(wy) (%)

Consider now the use of a production 6. It only introduces an occurrence of
d (and no killer). Because d is not involved in other productions, in view of the
form of strings in R, such a rule can be used exactly once and to the right of
the introduced d we must have only symbols in T. Because the selector of the
production 6 is bounded by the prefix X ;] and a suffix bc, it follows that the whole
string to which this rule is applied is of the form

lef]wk = Zle]ulbiCUQ

for uy € (No UT' U {]})* such that alive(u;) = A, and i > 0, whereas uy € T*.
Hence we obtain A '
21 X flurbleuy = 21 X ¢luib*edus.

In view of (**), this implies that bicus € 7(Lo) = L' hence u; € L. Because
in the above writing, alive(u;) = A, if we continue to apply to u; productions of
types 3,4 or 5, then we have to use in selectors only dead symbols. According to
Assertions 5,6 and 9, we obtain new dead symbols only, hence the string will remain
in the form z; Xs|uibicdus with alive(u)) = A. In conclusion, the derivation will
ultimately produce a string of the form zdu, with ug € L. By the operation cutg we



On representing RE languages by one-sided internal contextual languages 227

obtain uy, hence cuty(L(G) N R) C L, and this completes the proof of the equality
(*), hence of Theorem 2. 0O

Example Here we exemplify the equality () from the above proof, for a simple
case. Take the regular language

Ly=CA*B*
generated by
. Go = ({X1,X2,X3,Xs},{A,B,C}, Xy,
{X1 =2 X1B, X7 - X3B, Xy — A3A, Xy = X34, X3 = XC, X5 — A})
and the transformation
7= ({4,B,C},{a1,a2,b,¢},{C = ¢, A = a1,B — az}).
The produced language is 7(Lo) = calaj. The associated ic grammar is
G = ({X1,Xs, X3, X5, A, B,C,],a1,02,b,¢,d}, {X1}, P")
P'={(X1,$]X1B), (X1, 8] X2 B), (X3, 8] X, 4), (X2, 8] X3A4), (X3, 8] X(C), (X¢,$)) U
U(C, 8]c), (4, $]a1), (B, $laz), JU
U{({az)®' | z € {4,B,C,a1,a2,b,¢,]}7},8]a) | a € {4, B,C,a;,a3,b,c}}U
U{(Xs){=z)*! | z € {4, B,C,a;,a2,b,¢c} b*c,$d)}
whereas
R = {X1], X5), X531} {X{]}{4, B,C, a1,a2,b,¢,]}"d{a1,a2}".
For a derivation in Gy ‘
X1 = X1B = X3BB = X,ABB = X3AABB = X;CAABB = CAABB
followed by a derivation in 7
CAABB = cAABB = ca1ABB = caya; BB = caia1a:B = calalang,
. we construct a derivation in G, leading to the same string ca,a;aqa2 as follows:
X1 = X1)X1B = X1)X1]X2BB = X1])X1])X,]X;) X3 AABB =
= X1)X1)X2)X0] X3]X;CAABB = X1]X1]X,])X2]X3]X¢JCAABB
(we have simulated the derivation Go)
=" X1]X1]X2])X>]X5) X¢]ClcAla, Ale, Bla, Bla,

{we have simulated the derivation 7; all the underlined symbols are alive, the other
are dead)
= X1]X1]X2] X2]) X3] X¢]ClcAla, Ala, Blaz Blla,a, =
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= Xi]...Xf]ClcAla, Alay Bla, a2 Bllaya, =
= Xi]...Xf|C]cAla, Ala; Bl]a,a; Bl|]a,aza, ="
=" X1]... Xs]C]cA]|car A]]Jcara1 Bl]]cai a1a2 Bl||]ica, ¢, a0,

(the alive symbols are separated from the dead ones)
= X1]...Xf]ClcA]] ... caraia2Bl}]|]cdaiayazas.

This is a string in R. Cutting the prefix bounded by d we get the string a,0,a5a,.
]

5 Consequences, variants, comments

Because both the intersection by a regular set and the operation cuty can be real-
ized, at the same time, by a gsm, we obtain

Corollary 1 Every language L € RE can be written in the form L = g(L'), for
gagsmand L' € 1IC(CF).

Moreover, we have

Corollary 2 Every language L € RE, L C T*, can be written in the form
L= (R\L'YNnT* for L' € LIC(CF),R' € REG.

Proof Construct G and R as in the proof of Theorem 2 and take

R = {X]| X € N} (X} (No UT' UT' U {1})"{d}.

Then
cuts(L(G) N R) = (R\L(G))NT*.

-(We need the intersection with T* in order to prevent cases when strings u;b’cdus,
ug ¢ T*, are produced in G; the intersection with R avoids such cases, but by a
left quotient we can get u,, which is a parasitic string.) O

The use of context-free selections is a very powerful feature. For instance, we
have '

Theorem 3 Every language L € RE,L C T*, can be written in the form
L = h(L' N R), where h is a morphism, L' € 1IC(LIN) and R € REG.

Proof 1t is known [1] that each L € RE can be written as L = hy(L; N Ly),
for hy a morphism and L;, Ly, € LIN. For such L,,L; C V*, we construct the ic
grammar

G = (V ) {XlaX21 Yla}/Z}’ {Xl})P)

with P containing the following productions:
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1 X1,$H,),CLEV,

-
2. (X1,8X,),
3. (

X1 XLy, 811),

4. (X1X2LoYh,8Y5).

Take also the regular language

R=X X,V Ys

and the morphism h : (V U {X1,X2,Y1,Y2})* = T* defined by h(a) = hy(a) for
a € V, and h(Xl) = h(XQ) = h(}fl) = h(YZ) =\
Then, clearly,

h(L(G) N R) = h(Xle(Ll n LQ)H)/Z) = hl(Ll N LQ) = L

[

The representation in Theorem 2 cannot be obtained as a consequence of the
results in [1], [4], because LIN — 1IC(CF) # 0.

Note that the main difference between representations in Theorems 2 and 3 is
the use of the operation cuty in Theorem 2 and of an erasing morphism in Theorem
3. Moreover, from Theorem 3 we cannot obtain a consequence as Corollary 2 above.

From the previous representations we get

Theorem 4 The family 1/C(CF) is incomparable with each family F such that
LIN C F C RE, which is closed under

1) left quotient and intersection with regular sets,

or

2) arbitrary morphisms and intersection with regular sets.

L]

Proof We know that LIN — 1IC(CF) # 0, hence F — 1IC(CF) # § for all F
as above. Conversely, 1IC(CF) C F, together with the specified closure properties
imply RE C F', a contradiction. 0

Important families of languages having the properties in Theorem 4 are, for
instance, the family of ETOL languages and the family of languages generated
by programmed (matrix, controlled, etc.}) grammars with A-rules but without ap-
pearance checking. The family 1IC(CF) contains languages outside these fami-
lies. (The same conclusion follows from Theorem 1, with respect to the family
IC(FIN).) .

Comparing the proof in 3] with the proof of Theorem 2, the main difficulty
in the case above arises when changing the place of alive symbols with respect to
dead symbols. For instance, instead of productions of type 6, one might try to use
finite-choice productions of the form
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az]'“' $la),a € NoUT',

for finitely many given strings z. Assume, that we have productions of this form. 7
for all | z |< k, for given k. Take a-substring abb*]¥] (all occurrences of b.are dead).
Moving the' first b, we. get-abb*}*]b], hence we obtain a new dead occurrence of b.

In order to move the alive a to the right,; we cannot use rules as above. Suppose
that we also have a rule

(ab, $]a)

If this rule is used for both ab alive; then we get abja; now with b dead and two
alive occurrences of-a. If it is used to derive abb*]¥], we obtain abb*]¥] = ablabb]].
The first a i still alive, the second one is dead. Using also the rule. (ab], $]a), we
‘get ab]Jaab¥]*].and the alive a is again at the distance-of k 4 I' dead sumbols, to the
first-] to its right. We have obtained. nothmg Thls mlght bé a further argument
supporting the: conjecture that -we cannot represent RE languages startlng from
languages in. 11 C(FIN): ) :

The previous dlfﬁculty -appears because we have substrmgs of klllers 1%, with
i > 2. Such substrings are introduced, for instance, by rules of type 4. If we
could ”distribute” the killers to the killed symbols, then this difficulty would be
avoided. A possible way to do this is to consider paired conteztual grammars,
that is constructs G = (V, M, P), with P containing productions of the form
(zl,z2,$vl,$v2) where 2y, 29,v1,v are strings over V. For z,y € V¥, we write
z-= y, iff T.= 11212070, ¥y = T121V1 22022, for (21, 22; %1, $u2) a production of
P. However, such (one—51ded) grammars can simulate usual two-sided contextual
grammars: for 7= (z,u$v), we consider 7’ = (), z,;%u, $v) and z = y by = if and
only if z = y by «'.

L4
6 Erased and erasing contexts

Two extensions of contextual grammars were considered in [10], adding the possi-
bility to remove symbols, not only to adjoin them.
An ic grammar with erased contexts is a construct

G: (VaMJP17P2)

were V, M, P, are as in an usual ic grammar and P; is a finite set of pairs (C, u$v),
C CV* u,v€V* Forany z,y € V* we write ¢ = y if either

(1) z = 1222,y = T1u2VI,, for (C,uv) € P,z € C,

or

(2) z = z1uzvry,y = T1227 and there is (C,u$v) € P, with z € C.

Hence the contexts in P, are adjoined, those in P, are erased.

When all « as above are equal to A in all productions of Py, P,, we say that G is
one sided. The type of selectors C defines the type of selection of G. We denote by
ICD(F) the families of languages generated by ic grammars with erased contexts
and F-choice; when only one-sided contexts are used, we write 1/CD(F’).
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In [10] it is proved that the extension to erased contexts increases strictly the
generative power of ic grammars with F-choice. In view of the following result, this
increase is considerable.

A variant of the operation cut. has been considered in [3], namely, for ¢ ¢ V,

meut. : (VU {c})"{c}V"

defined by
meut,(Ticxe) = Ta, 29 € V™,

(The maximal prefix bounded by c is erased; ¢ appears at least once in the strings
for which mcut, is defined.)

Theorem 5 Every language L € RE,L € T*, can be written in the form
L =mecut (L' N R), for L' ¢ 1ICD(FIN),R € REG.

Proof Take again a left-linear grammar G = (N1, No, Xo, Po), N1 = N]U{X},
and a transformation 7 = (Ng,T U {b,c}, P), as in the proof of Theorem 2, such
that 7(L(Go)) = L' € CS,L' C b*cL, for L € RE given. We construct the ic
grammar with erased contexts (and finite choice)

GI = (WaMa-Pl;P?)

where W, M are as in the grammar G constructed in the proof of Theorem 2, P,
contains all the rules of types 1,2,3,4 in that proof, and

Py = {(\,$4]) | A € No}.

Consider also the regular set.

R={X]| X e N} {X]}T".

Because no erasing of pairs X], X € Ny, is possible, each derivation in G; ends
by using the symbol X, which appears as a separator in R, all Assertions 1-7 (hence
also Assertion 10) are still true for the use of rules in P;. Moreover, the pairs A],
A € Ny, can be freely erased, and A erased in this way is a dead symbol. Erasing
such pairs, we make possible the use of productions of type 4 (the nonterminals
A, B become neighbours) and we remove the useless symbols. More such erasings
correspond to a string in ¢(D,,). Therefore, each derivation in Gy followed by a
derivation in 7 can be simulated in G' and, conversely, a derivation in G’ which
ends by a string in R corresponds to a derivation in Gy followed by a derivation in,
7, in the sense that the produced string will be of the form 2 X;jw, 2z, € {X]| X €
NI}, w € 7(L(Gyp)). Consequently, z) X fJw = 21 XsJb'cw’,w' € L, hence using the
operation mecut, we obtain w' € L. 0O

An ic grammar with erasing contexts is a construct G = (V, M, Py, P»), where
V, M, Py, P, are as in a grammar with erased context. For z,y € V* we write z = y
if either
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(1) £ = zy2z2,y = T1uZVT,, for (C,udv) € P,z € C,

or

(2) z = T1uzvTe, Yy = zyuvEe and there is (C,u$v) € P, with z € C.

Hence the string z braketted by the context (u,v) is erased when z € C for
some (C,u$v) in Ps.

We denote by ICG(F),1I1CG(F), the families of languages generated by such
grammars.

The use of erasing contexts increases strictly the generative power of ic gram-
mars. As for erased contexts, we have

Theorem 6 Every language L € RE,L C T*, can be written in the form
L = mcut.(L' N R), for L' € 1ICG(FIN),R € REG.

Proof We simply repeat the proof of Theorem 5 taking instead of P, the set
Py ={(4],9) | A € No}.

Erasing the context (A, A]) when bracketing A (as in the case of Ps) is the same
with erasing A] when bracketed by (A, A) (as in P;), hence all arguments in the
proof of Theorem 5 remain valid. 0

Again consequences as in Corollaries 1,2 and in Theorem 4 (point 1) can be
obtained for families 1/CD(FIN),1ICG(FIN).

These representations of RE languages remind the representations of linear
languages by cancellation operations, as in [2], [5]. However, here we start from
families of languages which are incomparable with LIN: again L = at U {a™b" |
n > 1} cannot be generated by an ic grammar with erased or with erasing contexts
and with F' choice, whichever F' is (in order to produce strings a™ with arbitrarly
large m we either need a production (C,at$a?) with CNat #Pandi+j > 1 or
the possibility to erase the occurrences of b from some a™b"; in the first case we
can derive strings aPb? in L into strings a9b” with ¢ > p; in the second case we
have intermediate steps of derivation when strings a®b® with s > n,¢t > n,s > ¢, are
produced; in both cases we have obtained parasitic strings).

Since the family RFE is closed under all the operations involved in the previous
proofs, all the representations given above are in fact characterizations of recursively
enumerable languages.
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