Acta Cybernetica 12 (1996) 411-425.

On Regular Characterizations of Languages by
Grammar Systems*

Lucian ILIE 1 Arto SALOMAA‘_

Abstract

We show that grammar systems with communication by command and
with extremely simple rewriting rules are able to generate all recursively enu-
merable languages. The result settles several open problems in the area of
grammar systems.

1 Introduction

The purpose of this paper is to investigate the power of cooperation in rewriting
systems. This is done using the abstract model of a grammar system, [3]. We
show that grammar systems with the most simple components, all rewriting rules
being letter-to-letter, possess the power of generating all recursively enumerable
languages. This result and its corollaries settle several open problems in the area
of grammar systems. We now describe the contents of the paper in non-technical
terms.

A parallel communicating grammar system, as introduced in [12], consists of sev-
eral grammars which work synchronously, each of them rewriting its own sentential
form, the communication being made by request: when a component introduces a
query symbol (from a special set) for another component, then the latter one sends
its current sentential form to the former which rewrites it in place of the query
symbol. The language generated by the system is the set of terminal strings gen-
erated (using communication or not) by a distinguished component called master.
(For results and references see [3].)

Another kind of parallel communicating grammar systems, with communication
by command, is introduced in [4] with suggestions from the WAVE paradigm for
data flow in highly parallel machines ([5], [6], [14]), Boltzmann machine ([7]), the
Connection Machine ([8], [15]), and other well-known parallel machines.
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The communication by command means that when the current sentential form
derived in a component coresponds to another component, i.e., belongs to the
regular language associated to the respective component or fits the pattern (in the
sense of [1], [11]) associated to that component, then the sentential form is sent
to the other component. The language generated by the system is also the set of
terminal strings generated by a component designed as master. Here we investigate
only the case when each component has associated a regular language.

In [4] it is proved that any context-sensitive language can be generated by a
grammar system with communication by command with context-free components
while in [10] it is shown that the grammar systems with context-sensitive com-
ponents and the same type of communication can generate only context-sensitive
languages. The characterization of the family of context-sensitive languages as the
family of languages generated by grammar systems with context-free components
and communication by command follows. We shall strengthen this result by show-
ing that the family of context-sensitive languages is exactly the family of languages
generated by the grammar systems with regular components and communication
by command.

We consider also the case when the splitting is allowed in communication, that
is, if the current sentential form of a component is a concatenation of strings each
belonging to the regular language associated to another component, then the com-
munication can still be performed: each factor of the sentential form can be sent
to the respective component, with the restriction that only one factor can be sent
to one component. .

As already mentioned in [4], this type of communication is natural: following
the logic flow paradigm proposed in [6] as a basic architecture for parallel symbolic
processing, we deal with a symbolic process which develops in a virtually complete
graph having processors which are able to handle data, in its nodes. The process
starts by injecting data in a node and each node having data can perform a local
processing; under well defined conditions, the local data are spread to other nodes
by replication or by splitting.

In this case we prove a characterization of recursively enumerable languages
by grammar systems with (non-erasing) regular rules. In fact, the rules have a
particularly simple form: a letter (nonterminal) always goes to a letter (terminal
or nonterminal).

2 Grammar systems

We shall denote by V* the set of all finite strings over the alphabet V', the empty
string is denoted by A, and V+ = V*—{A}. The set of regular, context-free, context-
sensitive, and recursively enumerable languages will be denoted by REG,CF,CS,
and RE, respectively. For further elements of formal language theory we refer to
[9} and [13]. ‘

A parallel communicating grammar system with communication by command of
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degree n > 1 is a construct of the form
= (N)T’ (SI) PI)RI), ceey (Sn;Pn)Rn)):

where N is the nonterminal alphabet, T is the terminal alphabet, and (S;, P;, R;),
1 < i < n, are the components of the system: S; is the aziom, P; is the (finite) set
of rules, (note that we do not allow A-rules, that is rules in which the right-hand
member is empty), and R; € REG is the selector language for the component .

Such a system works as follows:

— start from the initial configuration (Si, Sz, ..., Sa),

— at each step, the configuration of the system will be described by an n-tuple
(z1,22,...,24) € (NUT)*)",

— the configuration of the system can be modified either by rewriting steps or
by communication steps,

— rewriting steps are performed componentwise and the derivation must be
maximal in each component (that is the component can not rewrite its sentential
form any longer),

— communication steps are performed as follows:

(i) communication without splitting: when (after maximal derivations) some com-
ponents S;,,Si;,...,Si,1 < 41 < i3 < --- < ix < n, have derived the strings
Wy, ws,...,wg € R, for some 1 < i< n,i ¢ {i1,is,...,4} (a component may not
communicate with itself) and these are all the components, at that moment, able to
communicate their sentential forms to the component i, then the string wiw; ... w;
will replace the sentential form of the component ¢ becoming the current senten-
tial form of this component; the components which send their sentential forms will
restart from the initial symbol,
(i) communication with splitting: similar to the one without splitting, the difference
being that if the sentential form of a component is a catenation of strings each of
them belonging to the regular set associated to another component, then each factor
of the current string can be sent to the respective component with the following
restrictions:

1. only one string can be sent to one component,

2. a component cannot send a factor of its current sentential form to itself
(also not the entire string),

3. the catenation of the factors of the current string which are sent must be
the entire string (nothing is lost).

~ if, after a sequence of rewriting/ commumcatlon steps, the string on the first
position in the current configuration is a terminal one, then it belongs to the gen-
erated language (so the master is always the first component).

Formally, a rewriting step is

(1, 20) = (w1, - ,y,,) iff z; =*y in P; and
there is no z; € (NUT)* with y; => 2; in P;.
In order to define a communication step without splitting, let us denote
oo A, if:c.-¢Rjori=j,
6("’1)‘{ zi, ifz; € R; and i # j,
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for1<i,j<mn,
A(f) = 8(z41,1)8(z2,1) ... 8(zn, 1),

8(1) = 6(zi,1)8(2:,2) .. .8(zi,n),

for1 <i<n.
A communication step without splitting is:

AG), AG)#
(z1,-. - za) P (Y1, - un) iff 4 = { zi, if A(f) = A and (i) = ),
Si, if A(s) = A and 6(3) # A.

Because the splitting will not be used very much, we define it rather informally.
A commaunication step with splitling is

(21,32,...,33") '-5 (ylxyZ)"'>yn)

if and only if there is aset @ # M C {1,2,...,n} (M is the set of indices of those
components which send their sentential forms) such that

(i) for any i € M there is a permutation of n elements m; € S, and a
decomposition z; = ;i ;(1)Tixi(2)- - - Tixi(n) Such that z;; = A and, for any
1<k<nk# Wi—l(i), Zix(k) € Rr;(k) O Zi x.(k) = A

(ii) for any i € {1,2,...,n} — M and any 1 < j < n,z;; = ],

(iii) for any 1 < j < n, if A ¢ R;, then

{ Z1,jT25---Tnj, if T1,%2,5---Tn j # A
Yi =4 zj, if (there is no i € M with z; ; € R;) and j ¢ M,
S;, if (there isno i € M with z; ; € R;) and j € M.
If A € R;j, then, nondeterministically, the component j can receive A or can work
as in the case when A ¢ R;.

Note that the communication without splitting is a particular case of the com-
munication with splitting and also that the empty string can be sent.

The generated language is

L(l) = {w €T" | (Sy,..,5:) = (212w be (1 0)) =
G,k G ) = (o s,
for some k > 1 such that w = z(lk)},

where, for ¢ = A, we identify L,(T') with L(T') and +, with I and, for ¢ = S, we
have Lg(T') and tFs.

We denote by CCPC, X the family of languages L(I'), generated by grammar
systems of degree at most n,n > 1, with components of type X € {REG, CF,CS},
working with communication without splitting, and by SCCPC, X the family of
languages Ls(I'), generated by grammar systems of degree at most n,n > 1, with
components of type X, working with communication with splitting. When the num-
ber of components is arbitrary, we write CCPCo X and, respectively, SCCPCq X.



On Regular Characterizations of Languages by Grammar Systems 415

3 The characterization results

We begin with the following simple observation. Because in the case when the
system has only two components no communication by splitting can be done, we
have

Lemma 1 For any family X, CCPC2X = SCCPC,X.

Our first theorem shows that, in the case of communication with splitting, any
recursively enumerable language can be generated using a system with four regular
components. Because the languages associated to the components are regular too,
we can say that this is a fully regular characterization of recursively enumerable
languages. (Note that we do not allow A-rules and also not the rewriting of the.
terminal symbols. The sets of nonterminals and terminals are defined at the level
of the system.) -

Actually, three regular components suffice, as seen in Theorem 2 below. From
the point of view of exposition, it is convenient to consider first the weaker version.
A further reduction to fwoe components is not possible because of Lemma 1 and a
result in [4] which shows that in the case of communication without splitting, using
two components, only regular languges can be produced.

Theorem 1 SCCPC4REG = RE.

Proof. Let L be a recursively enumerable language over the alphabet T. Then,
by a slight modification of Theorem 9.9 in [13], there is a context-sensitive language
L, and two symbols a;,a; & T, such that:

(i) L1 consists of words of the form waza?,n > 0,w € L, and

(ii) for every w € L, there is a n > 0 such that wazal € L;.

The main idea of our proof is: we construct a system (with four regular com-
ponents) which generates in one component (which is not the master) any string
waza? € L; and then, by splitting, the string w is communicated to the master
and the garbage azaf is communicated to another component. (In fact this is the
only moment when the splitting is used, the entire derivation, excepting this, being
as in a usual grammar system with communication by command.)

So let G = (N,T U {a1,a2}, S, P) be a context-sensitive grammar generating
L;. Suppose that G is in Kuroda normal form, that is, all productions in G are of
the form AB — CD,A — BC, and A — a where A, B,C, D are nonterminals
and a is a terminal symbol. By introducing, whenever needed, productions of the
form A — B, A, B nonterminals, we may suppose that if a production of the form
AB — CD appears in P, then A # B.

For a reason that will be seen later, we introduce also the production S —
S. We label all productions in P by natural numbers r,1 < r < card(P). (We
construct a bijection between P and the set {1,2,...,card(P)}, each production
being uniquely identified by its associated number.)

Let S1,S53,S3, X, and Y be symbols not in N UT U {a1, a2} and let us put

N'={A'"|Ae N}u{X"}
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and

V= {A-|A€EN,r:AB—CDePorr:BA— CDe P}U
U{A, |AEN,r:A— a€ P}U
U{X,|r:A— BC € PJU
U{ZA,WAIAEN}.

We consider the system

'= (NUN'U{S{,55,55 X, YUV, TU{a1,a,}, .
(Sir Plle)y (Sé) P21 R2)v (S:IS: P3s Ra),(S4, P41 R4))

where 54 = S and

' Pl = @1
Rl = 'I"U{Y}’

P, = {§—X,S—Y}
Ry = azaj,

Ps = {AA— A|AeNU{X}}U
U{A, —a|r:A—a€ P}U
U{A, — B|r:A— Be€P}uU
U{A, — C,B, — D | r: AB — CD € P}U
WX, — B,A, — C|r:A— BC € P}U
U{Zs — A W4 — X | A€ N},

Rz = {adAraz|aj,a2 € (N'UTU{a1,a2})*,r:A— a€ P}U
U{a14raz | ay,a2 € (N'UTU {a1,a3})*,r: A— B € P}U
U{a14,B,a; | a1,a2 € (N'UT U {ay,a,})*,r: AB— CD € P}U
U{a1XrAray | a1,a2 € (N'UT U {a1,82})*,r: A — BC € P}U
U{aleWAaz |(!1,02 € (N’UTU {al,az})‘,A € N},

Py = {A— A |AeNU{X}}U
U{A— A, |r:A—a€Porr:A— BeP}U
U{X —X,,A— A, |r:A— BC € P}uU
U{A— A,,B— B, |r: AB— CDe€ P}U
U{X — Z4,A— W, | A€ N},

Ry = (NU{X}UTU({a;,a})?*.

(Note that A € R4, hence the fourth component cannot be restarted by receiving
A in a communication with splitting.)
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Let us prove that the construction is correct, that is Ls(l') = L. We shall do
this by showing inclusion in both directions.

Claim 1. If waza} € Ly, then the system I’ can reach a configuration which has
in the third position the string wasa?.

Remark. If Claim 1 holds, then L C Lg(T'). Indeed, for any w € L, there is
an n > 0 such that waza} € L;. But, by Claim 1, T can reach a configuration
with wazal as the current sentential form of the third component. In this case,
as w € T* C R; and a2a] € Ry, by splitting, w is communicated to the first
component and aza? to the second one. Consequently, w is a terminal string and
it is the current sentential form of the master, hence w € Ls(T).

Proof of Claim 1. Let wazaf} be a string in L;. It follows that there is a
derivation in GG generating it. We show that if @ and § are two sentential forms of
G such that « =>¢ (3, then, having a as the current sentential form of the third
component of I', we can obtain also 8 as the sentential form of the third component
of T.

Because the case when o = S requires some additional explanations, we shall
investigate it separately. (In fact, in the first case it will be shown that the deriva-
tion in I' can simulate any beginning of a derivation in G, that is, we can obtain
any § with S =>¢ 3 as the sentential form of the third component of I'.)

Case 1 a = S. Depending on the form of 3, we have three cases:

(i) B=a€TU{ay,a} and r : S — a € P. (As an observation, because
L, C Laja}, a cannot be a;.) We simulate this in I by

(S1,5%,55,5) =r (51,Y,55,5) br (v, 53, 5-,5) =r (Y,Y,qa,S,).
(i) f=A€Nandr:S— A. InT we have
(51, 53,53, 8) =1 (51,Y, 83, 5;) br (¥, 53, 5r, 5) =>r (Y,Y, 4,5,).

(ili) 8= AB,A,B€ N and r: S — AB. Supposing that p: S — S € P, we
perform in '

(Si’ é’ I’S’S) =T (Si)Y’ S:,issp) Fr (Y’ SQ,S,,,S) =T (Y’ X, S, Sp) Fr
Fr (Y, S5, S, XS) =1 (V,Y, 5, X, 5,) Fr (Y, S2, X,.S,, S) =1 (V,Y, AB, S,).

In words, we have added the rule S — S to P in order to be able to perform
this type of rule (S — AB) with S on the left-hand side. If the rule S — S is
not provided, then we are forced to apply in the fourth component another rule
instead of S — S, (p : § — S) and, as at this moment we did not yet get an
X in the sentential form of the fourth component, after sending the current string
of the last component to the third one, only rules of the form S — a,a € T or
S — A, A € N, can be applied. Consequently, we would not be able to apply a
rule of the form S —» AB, A, B € N, in this case.

Case 2a € (NUTU {ay,a3})* — {S}. Depending on the form of the applied
production, we have four cases here.
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(i) a = ayAaz,A € N, = aqaaz,a € TU{ay,82}, r: A — a € P. We
simulate this in T' as follows. If the current sentential form of a component is not
important at some moment, we shall replace it by —.

(—, Y, alAaz, —) Fr (Y, Sé, - alezz) =T (Y, Y, -, a’lA,.a’z) Fr
Fr (Y, S5, A, ah, ) =1 (Y, Y, waaz, —)

(where for @ € (N U {X}UT U {a;,a;})* we have denoted by a’ the string h(a)
where h : (NU{X}UT U {a1a2})* — (N'UT U {a1a2})* is the homomorphism
defined by h(A) = A’, for any A € NU {X}, h(a) = a, for any a € T U {a;,a}).
(ii) a = a1Aay,f = eyBay, A,B € N,r : A — B € P. This is handled as
Case 2 (i).
(ifi) @ = ey ABag, f = a1CDasy, A,B,C,D € N,r : AB — CD € P. This
rule is simulated in T’ by

(=,Y,a1ABaz, =) br (Y, S, —, a1ABaz) =1 (Y,Y,—,ajA. B, ab) br
Fr (Y, S5, aA,Bray, =) =>r (Y,Y,0:CDay, -).

(iv) @ = aqdaz,f = a1BCaz,A,B,C € N,r : A — BC € P. Because
the string generated by P, (X or Y) is communicated by the second component
(to the fourth component or to the first one, respectively) at each communication
step, the derivation in the second component is restarted after each communication
performed in the system. Therefore, after each communication step, the second
component is able to produce a new X, if needed. (It can also produce a Y if
an X is not needed.) As a # S, there exists a sentential form ¥ of G such that
¥ =>¢ o and we can suppose that (*) when the current sentential form of the third
component of I is «, then the current string in the second component is X. (We
can suppose, for instance, that the second component has introduced an X when
v was obtained in the third one. It is essential here that a # S; we have seen in
Case 1 (iii) how the alternative a = S is handled.)

We may also suppose that the string o contains only nonterminal symbols.
(We may obviously suppose that, in a derivation in G, ‘we can apply first only
productions of the foorm A — B or A — BC or AB — CD, A,B,C,D € N,
and, after that, only productions of the form A — a, A € N,a € T U {ay,a3}.)
Consequently, we can put a; = AjA;... A, A1, A2,..., Ak € NNk >0 (k=0
implies a; = A) and we can write (using (*))

(—,X,a, —) = (—,X,AlAg .. .AkAaz,—) Fr (—, S’z, -, XA1A,y.. .AkAaz) -=r
—sp (=, Y, =, Za, Wa, Ay ... Ay o) Fr (Y, S, Za, Way Ay ... Ay Alady, —) =>r
=T (Y, Y, A1 XA, ... ArAa,y, —) Fr (Y, Sé, -, A1 XA, .. .AkAaz) =r
S —=r
=71 (Y, Y A .. .Ak_IXAkAag, —) Fp (Y, Sé, -—,Al ‘. .Ak_lXA,,Aag) =—r
=>1‘(Y, Y,—,A’l .. ‘A;c—IZAh WA,‘A’alz)l‘r‘(Y, Sé, All . 2_1ZA“ WA.‘AIQ,Z,—) =T
==r (Y, Y, A .. A 1A X Aaq, —-) Fp (Y, S;, '—,Al .. .Ak_lAkXAaz) =T
—r (V,Y,—, A, .. AL X, Aral) Fr (Y, Sh, A} .. ALX, Araly, —) =>r
=T (Y, Y, A1A2... Ay BCas, —) = (Y, Y, 53, —).

(1
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Thus Claim 1 is proved.

Claim 2. If w € T* was communicated to the master component in T' (by the
third one - this is the only possibility), then, at the moment of communication, the
current sentential form of the third component was wasa? € L, and , by splitting,
w was communicated to the master and aza? to the second component.

Remark. Obviously, Claim 2 implies Lg(F) C L.

Proof of Claim 2. Observe that the only possible communications among the
components of I are represented by the following graph. (An arrow from i to j is
present if and only if it is possible that the component i communicates, at some
moment, its sentential form to the component j; some arrows are labeled by the
regular sets which control the communication.)

1

[ )
'S

We make the following further observations:

1. The second component can communicate to the first one only the string Y
which is not terminal. (This communication takes place in order to restart the
second component, making it able to produce an X at any moment.) :

2. The second component can communicate to the fourth one only the string
X.

3. The communication from the third component to the first and the second
ones can be done only in the same time by splitting and only when the sentential
form of the third component is of the form wasa?, n > 0, w being communicated to
the master and aza? to the second component. (Note that the string communicated
to the first component can be empty.)

4. Always, after a maximal derivation in the third component, its current
sentential form can be communicated to the fourth component.

5. Due to the form of Rg, if the current sentential form of the fourth component
is communicated to the third one (and only to the third one) then a production
in P will be correctly applied at the next step in the third component. Indeed,
everything should be clear in what concerns the productions of the form A — a
or A— B,A,B€ N,a € TU {a;,az}. A discussion is needed only for the other
two types of productions.

(i) Forr: AB— CD € P;A,B,C,D € N. In order to apply this production,
in the fourth component one performs A — A, and B — B, (providing, of
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course, that these productions can be applied). After that, the current sentential
form is communicated to the third component if and only if the occurrences of A,
and B, appear consecutively and in this order (i.e., A, B, ). In the third component,
using the rules A, — C and B, — D, the string CD is obtained. Because we
have supposed that A # B, there is no danger to apply the production AB — DC
instead of AB — CD.

(ii) For r : A — BC € P;A,B,C € N. As it was already seen, for applying
a production of this type an occurrence of an X in needed. Without it, the fourth
component applies A — A, but the current sentential form cannot be communi-
cated to the third component because an occurrence of the string A, X, is asked
by Ra.

Because an occurrence of the symbol X can be communicated by the second
component to the fourth one at each communication step (we can apply in P,
only S5 — X) there is only the danger that too many X’s are contained in the
sentential form communicated between the last two components. But if the number
of X’s communicated by the second component to the last one is strictly greater
than the number of productions of the form A — BC applied, then the string can
be never communicated to the master (no string in R; contains X). Hence nothing
will be produced in this case.

From the observations above, it should be clear that no parasitic string can be
obtained in I'. Consequently, Claim 2 is proved so we have Lg(T') = L.

O

As said before, the number of the components can be reduced to three.

Theorem 2 SCCPC3REG = RE.

Proof. We use the same notations as in Theorem 1 with the only difference
that we consider here one new nonterminal symbol, Z, which is added to the set of
nonterminals of the system I' (with three components)

T'= (NUNIU{S;, '2, XY, Z}UV, TU{al, az}, (S{, P, Rl), (S;, Py, Rz), (53, P, R3))
where S3 = S and, supposing that p: S — S € P,

P = {Y—»X,Y——*Z},
Ry = T‘U{Y},

P, = {S,—Y}u
U{A'— A|AeNU{X}}U
U{A, — a|r:A—a€P}U
U{A, — B|r:A— BeP}uU
U{A, — C,B, — D|r: AB— CDE€ P}U
U{X, — B,A, — C |r: A—> BC € P}U
U{ZA —PA,WA—*XlAEN},
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Ry, = {mAraz|ay,a2 € (N'UTU{ay,a3})"',r:A—a€P}U
U{ai1Araz | 1,02 € (N'UT U {a;,a2})",r: A— B € P}U
U{x1A,Braz | a1,a2 € (N'UT U {a1,a,})*,r: AB— CD € P}U
War X, Aray | ag,az € (N'UT U {ay,a2})*,r: A— BC € P}U
U{aleWAaz | ay,z € (NI uTu {al,ag})",A € N},

Py = U{A— A |AeNU{X}}U
U{A— A |r:A—a€Porr:A— B€P}U
U{X —X,,A— A, |r:A— BC€P}U
U{A — A,,B— B, |r: AB—CDe€ P}U
U{X — Z4,A— W4 | A€ N},

R3 = (NU{X}UTU({as,a:})* Uaza}.

The system is working similarly to the one in the proof of Theorem 1. The only
differences are the following two:

1. Any string waza? € L, is produced here in the second component (instead of
the third) and, by splitting, w is sent to the master and aza? to the third component
(instead of the fourth one). But, because the communication by splitting from the
second component to the other two is made only in the case when the sentential
form of the second component is of the form waza?, w being necessarily sent to the
master and aza? to the last component, this step is correctly performed.

2. The way in which the occurrences of X are handled in order to help us to use
the productions of the form A — BC, A, B,C € N, is slightly different. However,
if the number of X’s is too big, then no string will be produced (see observation 5
(ii) in the proof of Claim 2 above). We have only to show that indeed we can get
sufficiently many X’s to be able to apply a rule of the form A — BC anytime it
is needed. Supposing that the derivation in G is ayAa; =2 a1 BCa3, we have
two cases:

()aer =az=AA=8r:5— BCe€ P;B,Ce€ N. Wehave in I" (with
p:S—SEP)

(Si) é,S) =T (Si) Q,Sp)_*‘r (Si)Sp)S) =r (Si,Y, Sp) Fr
Fr (Y, 5,5) =r (X,S,5) Fr (51, Sp, XS) =r (51,5, X:S:)br - (2)
br (S1, X+Sr, S) =r (51, BC, Sp).

(ii) ajAaz # S,;r: A— BC € P,A,B,C € N. Let us prove first that we can
have an X as the current sentential form of the first component anytime needed.

Any simulation in I of a derivation in one step, say « =>g 3, consists of one
or several iterations of the following sequence of steps: being the current sentential
form of the second component, o is sent to the third one, is rewritten there, is sent
back to the second component, and again rewritten. Because p : § — S € P,
we have S, — S € P, and S — S, € P3. Thus, we can suppose that when
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the main string (that is the string which is at the beginning « and, rewritten and
communicated between the last two components, will be 8) is communicated from
component 2 to the component 3 (or from 3 to 2), then the string S, is commu-
nicated from the component 3 to the component 2 (or from 2 to 3, respectively).
That can be also seen in (2).

Because we can perform in T’

(= =8) Fr (=5, =) =r (.Y, =) Fr (Y, -, 5) =r (X, -, 5),

using the observations above, it should be clear that we can get an X as the current
sentential form of the first component whenever we need one. (It is also seen that
the role of the production § — S introduced in P is much more important here.)

Going back to our case, we can suppose (as in the proof of Claim 1, Case 2 (iv))
that when the current sentential form of the second component is a1 Aas, then the
current string in the first component is X. We can also suppose (also as in the
proof of Claim 1, Case 2 (iv)) that @y = A1 A, ... Ay € N*. The derivation goes
now similarly to (1). ' .

Consequently, the system constructed here generates the same language as the
one in the proof of Theorem 1. It follows that Lg(T) = L and the proof is over.

- o

We notice that in the system I' in Theorem 2, the splitting communication is
used only at the end when the string w € L is sent to the master and it will be
the output of the system and the garbage azal is sent to the third component. In
fact, the splitting communication is done in order to allow a workspace as big as
needed.

If the splitting communication is not allowed, we can still obtain (using only
regular rules) any context-sensitive language. The following result is a strength-
ening of Theorem 1 in [4] or of Corollary 3.4 in [10] (which establish that
CCPCCF = CS.) It solves also the problem, open so far, of the hierarchy
(CCPCRREG)n>0.

Theorem 3 CCPC3REG = CS.

Proof. The construction is very similar to the one in Theorem 2. The difference
18 that the second component there is the master one here because we do not need
any communication after obtaining the terminal string in the given language.

Let L be a context-sensitive language and let G = (N, T, S, P) be a context-
sensitive grammar generating L. We have seen in the proof of Theorem 1 that any
production of G can be supposed to be of one of the following forms: AB — CD
with A# B, A— BC,A— B,or A — a forsome A,B,C,De N,aeT.

Let 53,53, X, and Y be symbols not in N UT and

N ={A|Ae N}u{X'},

V= {A/|A€eN,r:AB-—CD€Porr:BA— CDe€ P}U
U{A, |AEN,r: A— a€ P}U
U{X,|r:A— BC € P}u
U{ZA)WAIAEN}
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The system is here:
r= (N UN'U {S;, é, X,Y} uv,T, (Sl, B, Rl), (S;, Py, Rz), (S:/,;, P, R3))
where S; = S and

P = {S, —Y}u
U{A' — A|Ae NU{X}}U
U{A —a|r:A—a€ P}U
u{4, — B|r:A— B€ P}uU
U{Ar — C,B, — D |r: AB—CDE€ P}U
U{X, — B,A, — C|R:A— BC € P}U
U{Z4 — A,W4 — X | A€ N},

Ry = {amAraz|aj,a2€ (NVUT)*,r:A— a€ P}U
U{anAdraz | a1,a2 € (N'UT)*,r: A— B € P}U
U{e1A,B,az | aj,a2 € (N'UT)*,r:AB — CD € P} U
V{1 X, Aray | g, € (N'UT)*,r: A— BC € P}U
UWar1ZaWaas | a1,a2 € (N'UT)*, A € N},

P, = {A— A |AeNU{X}}U
U{A— A |r:A—a€Porr:A— BE€P}U
U{X —X,,A— A, |r:A— BCe€P}U
U{A— A,,B— B, |r:AB— CD¢€ P}U
U{X — Z4,A-— W, | A€ N},

R, = (NU{X}uDt.

Py o= {Y —X,Y — 2},
Ry = {Y}’

The proof for L(T') = L is very similar to the proof of Theorem 1 and therefore
omitted. ,
a

It is proved in [4] that CCPC3;REG = REG hence, using Lemma 1, we obtain
that the results in Theorem 2 and Theorem 3 are optimal. Using also the results
CCPCxCS = CS from (10} and CS C CCPC,CF from [4], we can draw the
following diagram which shows the generative power of all types of systems with
communication by command investigated so far by comparing them with the fam-
ilies in Chomsky hierarchy. (The place of the families SCCPC,X,CCPC,X not
mentioned in the diagram is obvious.)
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SCCPC3REG
SCCPCsCF )= RE
SCCPCsCS
CCPC3REG = --- = CCPCxREG
i@‘é’;@"é’; }— cs =! CCPC,CF =...= CCPCLCF
2 CCPC,CS=---=CCPCxCS

SCCPC,CF= CF =CCPC,CF

SCCPC;REG = REG = CCPCREG
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