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Regular expression star-freeness is
. PSPACE-complete

Lészl6 Bernatsky *f

Abstract
It is proved that the problem of deciding if a regular expression denotes a
star-free language is PSPACE-complete. The paper also includes a new proof
of the PSPACE-completeness of the finite automaton aperiodicity problem.

1 Introduction

Star-free languages form an important subclass of regular languages: they are the
ones that can be obtained from the singleton languages by a finite number of appli-
cations of the operations of union, complement and product. By Schiitzenberger’s
famous theorem [8], a regular language is star-free if and only if its syntactic monoid
is aperiodic, or equivalently, if it is recognized by an aperiodic DFA. Moreover, a
language is star-free if and only if it can be defined by a first-order formula of a
suitable formal language, see [10]. In his 1985 paper (9], Jacques Stern proved that
the problem of deciding whether a DFA is aperiodic is Co-INP-hard and belongs to
PSPACE. A few years later Sang Cho and Dung T. Huynh strengthened Stern’s
result by showing that this problem is in fact PSPACE-complete, see [3]. Not
knowing about their work I proved the same result while Zoltan Esik and I were
working on the description of the free Conway theories, see [1]. The present paper
contains a slightly modified version of my original proof, which rests on the same
basic idea as the proof of Cho and Huynh, but uses a different construction, see
Construction 4.1. This different construction makes it easy to extend the proof to
regular expressions.

2 Deﬁnitions' and preliminary facts

2.1 Sets and relations

The set of nonnegative integers is denoted N, and w stands for the set of positive
integers. For n € N, [n] denotes the set {1,...,n}, so that [0] is another name for
the empty set 0.
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The power-set P(S) of a set .S consists of all subsets of S, and the direct product
A x B of two sets A and B consists of all pairs (a,b) witha€ Aand b€ B. A
binary relation from A to B is just a subset of A x B, so that P(A x B) is the set of
all binary relations from A to B. The composite of two binary relations p C A x B
and p' C B x C is the relation

pop = {(a,c) |FbEB (a,b)epA(bc)ep} C AxC.

We use the infix notation apb instead of (a,b) € p. Suppose that A’ is subset of A,
and B’ is a subset of B. We write A'pB’ if there exist a € A’ and b € B’ with apb.
The image of A’ under p is denoted A'p, i.e.,

A'lp = {beB|Jac A apb}.

When A4’ = {a} is a singleton, we write ap instead of A'p.

2.2 Words and languages

Suppose that A and B are alphabets, i.e., nonempty finite sets. We denote by
A* the set of all finite words over A including the empty word €, while A* stands
for A* \ {€}. The set A“ is the collection of all infinite words over A. The length
of a finite word u € A* is denoted |u|, and the ith letter of a finite or infinite
word w € A* U A% is denoted w;. Thus, any finite word u© € A* can be written as
U1Usz . . . Ujy|, Where each u; is an element of A. A word v € A* is called a prefix of
a word u € A* U A% if u = vw, for some w € A* U A¥. A function p : A* - B* is
called a homomorphism if p(uv) = p(u)p(v), for all words u,v € A*. Note that
each homomorphism A* — B* is totally determined by its restriction to A.

For the reader’s convenience we restate the theorem of Schiitzenberger.

THEOREM 2.1 (Schiitzenberger [8]) A regular language L C ©* is star-free if and
only if there erists some integer k > 0 such that -

wfwel = wlwel,
for all words u,v,w € &*.
A proof of the following lemma is given in the appendix.
LEMMA 2.1 Suppose that £ = {o1,...,0,} is an alphabet and | = [log,(n + 1)].
Then there exists an injective homomorphism ¢ : * — {0,1}* satisfying the fol-
lowing conditions.

e The Y-image of each letter o € ¥ is a word of length 2l beginning with a
sequence of 1 zeros and containing the letter 1. In other words,

P(E) € 040,1}\ {0*). (1)
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e For all words u,v,w € {0,1}*

wow € Y(Z*) = 2l divides |v|. (2)

e For all reqular languages L C ¥*

L is star-free <= (L) is star-free. (3)

2.3 Regular expressions

Let R be the ranked alphabet consisting of the constant symbol @, unary symbols
*, ~ and binary symbols -,U,N. Suppose that ¥ is an alphabet such that X NR = §.
For any subset R’ of R, the set ¥ U R’ can be considered as a ranked alphabet in
which the elements of ¥ have rank 0, and the elements of R’ have the same rank
as in R. An R'-type regular expression over ¥ is a ground (£ U R')-term,
i.e., a term over the ranked alphabet ¥ U R’ containing no variable symbols. A
{0, -,U, *}-type regular expression is simply called a regular expression, and an
(R\ {*})-type regular expression is also called a star-free regular expression.

As for the syntactical conventions, we use infix notation for the binary opera-
tions U, N and -, postfix notation for *, and we write @ instead of ~ a. The operation
symbol - is usually omitted. If £’ = {o4,...,0,} is a subset of £, we simply write
Y instead of 61 U---Uo,.

The language L(E) C ¥* denoted by an R-type regular expression E over T is
defined in the usual way, see [7]. Note that a regular language L C * is star-free
if and only if it is denoted by some star-free regular expression over .

We recall from [7] that the star-height sh(E) of a regular expression E is
defined by

sh(e) = 0
sh(®) = 0
sh(EUF) = max{sh(E),sh(F)}
sh(E - F) = max{sh(E),sh(F)}
sh(E*) = 1+sh(E),

for all letters o € X and regular expressions E, F' over X.

2.4 Finite automata

Most of our automata-theoretical notations and definitions are adopted from [4].
A (nondeterministic) finite automaton (NFA) is represented as a 5-tuple
A=(Q,%,7,1,F), where

e () is the finite set of states,

e Y is the input alphabet,
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e 7: X = P(Q x Q) is the transition function,
e I C @ is the set of initial states,
e F C @ is the set of final states.

Note that for each input symbol o € X, 7(0) is a binary relation on @, called the
relation induced by ¢ in the automaton A. We prefer the notation o4 to
7(c). When u € £* is an input word, uz4 denotes the relation induced by u in
A, defined by

ug = T(ur)o---o7(up).

Note that €4 is the identity relation.

The automaton A can be visualized as a directed graph with vertices @, and
edges labeled by input symbols in 3. Motivated by this point of view, we shall
sometimes denote the relation u4 by —»4 . Then gq—»4 ¢’ means that there is a
directed u-labeled path from vertex g to vertex q'.

The language L(A) recognized by 4 consists of those words u € ¥* for which
there exists a u-labeled path from some initial state to a final state, formally

L(A) = {ueXx* |IS,F)

When A is understood, we sometimes omit the subscript in —»4 and u4.

We call A a deterministic finite automaton (DFA) if it has at most one
initial state, and each relation o4 (o0 € ) is a partial function Q — Q. A deter-
ministic automaton is called complete if it has a unique initial state, and each of
its input symbols induces a total function. b

The automaton A4 is called a reset autornaton if it has at most one initial
state and each input symbol ¢ € % induces either the identity function or a partial
constant function @ — Q.

A state g of A is called accessible (respectively, coaccessible) if there exists
some input word u € £* with T —»4 {q} (respectively, {q} —»4 F). Note that each
initial state is accessible and each final state is coaccessible. A biaccessible state
is one which is both accessible and coaccessible. Two states q,q' € Q are called
equivalent, denoted g = 4 ¢/, if

{g} >4 F < {¢}>aF,
for all input words v € £*. Suppose that A is a DFA. Then A is called
minimal if all of its states are biaccessible, and it has no different equivalent states,

aperiodic if there exists an integer k¥ > 0 such that (u¥), = (u**1),, for all
u € X*.

Observe that if A is a reset automaton then (u?) , = (u3) 4, and if A is a complete
reset automaton then ug = (u?)}, for all words u € L*.
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REMARK 2.1 It is well known (see [{]) that a deterministic automaton A =
(@,%,7,1,F) is aperiodic if and only if it satisfies the implication
’U,k u
q—»Aq = q—»4Qq,
for all states q € Q, input words w € LT and integers k > 2.

Suppose that n > 1, and A; = (Q;,E, 7, I;, F;) is an NFA, for each i € [n].
Then the product of the A;’s is the NFA

H'A = (HQi’ ZaT7HIi7HE)7
i€[n] i€(n] i€[n]  i€n]

where

7(0) = {((a1--58n). (r1,--.,mn)) | Vi € [n] (g5, 7:3) € 7(0)},

for all o € . It is easy to see that

L[] 40 = () L4

i€(n] i€(n]

2.5 Turing machines

A deterministic Turing machine (DTM) with a single one-way infinite tape is
a system M = (Q,T',%,9,q0,95), where

e () is the finite set of states,
o T' is the tape alphabet containing the special “blank” symbol b,
e ¥ C I is the input alphabet, b ¢ X,

0:Q@xI = @ xTI x{-1,0,1} is the partial transition function,

go € @ is the initial state,
e g5 € Q is the final state.

We say the machlne M is in the configuration (q,z,u) for a state ¢ € @, integer
i € w and infinite word u € I'¥ if in state g it scans the ith tape cell and the
content of the tape is u. We define a binary relation 4 on the set Q x w x I'¥ of
configurations by

(q,iau) }_M (T,j,’l)) — é(qaui):(r,vh]‘_i) A VtEw(t;éz = 'Utzut)'
Note that | o4 is a partial function. The machine M accepts an input word u € &*
if

(q07 17 Ubw) I—j\/t (qfa 1) bw),
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otherwise M rejects u. The language L(M) C £* recognized by M consists
of those words v € £* which are accepted by M. Thus, for each word u € L(M),

there exists a shortest sequence (gy,%1,w1),---, (g, 2k, wk) of configurations such
that

(41,i1,w1) = (QO)]-)Ubw)a

(Qk,ik,’wk) = (Qfalybw)a and

(@5, we) Fa (@1, 041, Weg),
for all ¢ € [k — 1]. Then we define

SPACEr(u) := max 4.
te(k]

Suppose that S : N — N is a (space constructible) function. The machine M is said
to have space complexity S if SPACEp(u) < S(Ju|), for all words u € L(M).
The language class PSPACE consists of those languages which are recognized by
some Turing machine A having space-complexity p, for some polynomial function
p:N—->N.

We assume the reader is familiar with the concept of logspace-reducibility (see
{2], for example).

Suppose L and L' are languages. In this paper, L <;,, L' stands for “L is
logspace-reducible to L'”. The language L is called PSPACE-hard with respect
to logspace-reductions, written PSPACE <;,, L, if every language in PSPACE
is logspace-reducible to L. Lastly, L is called PSPACE-complete with respect to
logspace-reductions if L € PSPACE and PSPACE <, L.

3 Problems

We are interested in the computational complexity of the following decision prob-
lems:

1. The automata intersection problem (AIP):

INPUT: A sequence Ay, ..., A, (n > 2) of nondeterministic finite automata
with a common input alphabet.

QUESTION: Does Niepmy L(Ai) # 0 hold?
2. A restricted version of the automata intersection problem (AIPg):

INPUT: A sequence Aj,...,An, (n > 2) of minimal reset automata with a
common input alphabet.

QUESTION: Does ;¢ L(A:) # 0 hold?

.

3. Automaton star-freeness (ASF):
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INPUT: A nondeterministic finite automaton A.
QUESTION: Does A recognize a star-free language?

4. A restricted version of automaton star-freeness (ASF g):
INPUT: A minimal DFA A with input alphabet {0,1}.
QUESTION: Does A recognize a star-free language?
5. Regular expression star-freeness (RSF):
INPUT: A regular expression E.
QUESTION: Does E denote a star-free language?
6. A restricted version of regular expression star-freeness (RSFg):
INPUT: A regular expression E of star-height 2 over the alphabet {0,1}.

QUESTION: Does E denote a star-free language?

Assuming some efficient encoding of automata and regular expressions (see [5])
with words over a fixed finite alphabet, all these problems can be considered as
languages. We are going to prove

PRrROPOSITION 3.1 The problems AIP, AIPg, ASF, ASFg, RSF and RSFpg are
PSPACE-complete with respect to logspace reductions.

4 Constructions

In this section we present the constructions of automata and regular expressions
which are needed to show that the restricted problems AIP g, ASFr and RSFy are
PSPACE-hard. The first construction shows how can one replace a deterministic
Turing machine with a sequence of reset automata.

CONSTRUCTION 4.1 Input: A polynomial function p : N - N, a DTM M =
(Q,T,%,4,qo,qs) of space-complexity p, and an input word v € £*, n > 0.
Output: A sequenceS,P, Ay, ..., An, of reset automata, where m = max{p(n), 1},
and

uwe L(M) <= LS)NLP)N [ L(4:) #0. (4)
i€[(m]

Description: Let

S = (@475, {9} {ar})
P = ([m],A,’r‘p,{l},{l}),

and for each i € [m],

Ai = (T, A7, {(ub*)}, {b}),
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where

A = {{g. k) | geqQ, kem], yeT}

and the transition functions 7s,7p,T1,. .., Tm are defined as follows.
Suppose that a = (g, k,v) is an element of A. If §(g,y) is undefined then

7s(a) = tp(a) = 7i(a) = -+ = Tm(a) = 0,
and if 6(g,~) is defined, say d(q,y) = (1,7, 1), then
ts(a) = {(g,n)}

{ {(k,k+t)} ifk+te[m],
0 ifk+1t¢[m],

{ {(v,7)} if k=1
{(0,0) |cel} ifk#i.

mp(a)
T,»(a)

Proof. The intuition is that the automata S,P, A, ..., A, together “simulate”
the computation of M on the input word u, such that S knows the current state
of M, P knows the position of the read-write head, and each A; (i € [m]) knows
the content of the ith tape-cell. An input symbol (g, k,~v) € A corresponds to the
statement “the current state of M is g, the position of the read-write head is k,
and the content of the kth tape-cell is v”.

It is easy to see that each one of S, P, As,. .., Anm is a reset automaton. (In fact
they are even more restricted: for all input symbols a € A, the relation induced by
a in each one of the automata S, P, Ay, ..., An is either empty, or a singleton, or
the identity function.)

Consider the product automaton

A = SxPx HAi.

i€[m)]
We know

.L(A) = LS)NLP)N [ L(A4).

i€{m)]

Observe that for all g,r € Q, v,w € '™, j k€ [m],and a € A

(q,j,vl,...,vm)—a»A(r,k,wl,...,wm) =
a = (qajavj) A 6(q,Uj):—‘(7',’lUj,k—j) A Vte [m](t¢]:>wt :'Ut),

and thus

(q,j,vb“’)‘l—M (r,k,wh*) <= 3Jae€ A(q,j,vl,...,'um)—a»A (rk,wy, ..., wm).
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It follows that
u€ LM) <= (g0, 1,ub*) Fyy (qr,1,0)
= e A (0,1, @), .., uWh")m) =4 (g, 1,b,...,b)
< L(A)#0.
O

Although the automata S, P, Ai, ..., A, constructed above have a very simple
structure, they are not always minimal. In the next construction we show an
easy way of modifying these automata so that they become minimal. Note that
the standard procedure of automata minimization is not suitable for our purposes
since it requires linear space.

CONSTRUCTION 4.2 Input: A sequence A;,..., A, (n > 2) of reset automata of
the form A; = (Qi,Z,n, {Si}, {fz})

Output: A sequence By, ..., B, of minimal reset automata such that
() LA) = () LBy (5)
i€(n] i€[n]

Description: For each i € [n] let

B’i = (Qi)EUE’yTiI;{Si}a{fi})a

where
TZ'I-(U) = ’7','(0'),
Ay = {j@OIreQrrad i2s

forall o € 2, (¢,7) € &'.

Proof. For each j € [n] let &} denote the set {{g,7) | ¢ € Q;}. Consider the
automaton B; for some i € [n]. It is obvious that B; is a reset automaton. Since
the elements of ¥' \ ¥} induce the empty relation in B;,

LB;) € (Tuz)™~.
Moreover, since each input symbol ¢ € X induces the same relation in B; as in A;,
L(B)NY = L(A).
These two observations and n > 2 imply (5). Lastly, for all states p,q € Q; we have
gFsi = s <—q’i)-> q,
qg# fi = q<—fi)> fis

pFEFGANgF fi = plg,i)(fi,s) = {fi} N ¢lg,i){fi,i) =0,
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showing B; is minimal. m)

The next construction shows that for each reset automaton A there exists a
“short” regular expression denoting the complement of the language recognized by
A. This fact plays a key role in proving that the problem RSF g is PSPACE-hard.

CONSTRUCTION 4.3 Input: A reset automaton
A=(Q,%,7,I, F).
Output: A regular expression E over the alphabet ¥ such that

L(E) = L(A). (6)

Description: If I = @ then (6) holds for the regular expression E = ¥*. From
now on we assume that A has an initial state go. Let

X, = {0€3|Qoa={q}}
Y, = {0€3|goa={q}}
Zq = {0€E|qUA=0},

for all ¢ € Q. Using these subsets of ¥ we define the regular expressions

B - [ TXY if g% qo
1 LX) YuY) if g=qo,

for all ¢ € Q. Lastly, let

E=| U E|vllEzz=z
q€EQ\F 9€Q
Proof. We claim
uveL(E) = qouC{q} (7)
and
gou ={q} == wu€ L(E,), (8)

for all ¢ € Q, u € X*. Then (6) follows since the definition of E expresses the fact,
that an input word u € ¥* is rejected by the automaton A either if gou = {q} for
some non-final state g, or gou = 0.

As (7) is quite obvious, we only prove (8). Suppose that gou = {q} for some state
g € @ and input word v € ¥™, n > 0. Then there exist some states ¢;,...,qn_1
such that

uy Uz Un—1 Un
go —» Q1 — +++ —» (4pn-1 —» (.
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Ifgo =q1 = =qn-1 = qthen u € Y C L(E,;). Otherwise let k € [n] be the
largest index for which gx_; # g, so that
Uk Uk41 Un —1 Un
qF qGg—1—> g —> - ——> g —> q.
Since A is deterministic it follows that ugy1,...,u, € Y;. Moreover, since g #

Qh—1 —2»- g, the relation induced by uy is not the identity function. Thus, ug
induces a partial constant function with range {q}, so that u; € X,. We see
u € XX, Y, C L(E,). ul

The next construction presents the main idea of reducing AIPp to ASFr. The
very same idea was used by Cho and Huynh in [3].

CONSTRUCTION 4.4 Input: A sequence Bi,...,B, (n > 2) of minimal reset au-
tomata of the form B; = (Q;, X, =, I;, F3).
QOutput: A minimal DFA C such that

(Y LB)=0 <= L(C) is star-free. (9)
} .

i€ln

Description: If I; = 0 for some ¢ € [n] then let C be the minimal DFA with input
alphabet {0} recognizing the star-free language #. From now on we assume that
each automaton B; has a unique initial state s;. Thus L(B;) # 0, for all ¢ € [n].
Let p be the least prime number with p > n. It is well known (see [6]) that p < 2n.
For integers i € {n +1,n+2,...,p} let B; = (Q:, 2,7, {s:}, Fi) be a minimal
DFA recognizing the language £*. For the sake of simplicity assume that the sets
Q; (¢ € [p]) are pairwise disjoint, and that # ¢ X is a new input symbol. Let
v : N — [p] be the function mapping each integer ¢ to ((¢ — 1) mod p) + 1. Then
we define

¢ = (| @uZu{#hn{si} {s1}),

i€[p] .
where
#) = U Fx{suen)
i€[p]
(o) = UT,‘(U),
i€(p]

for all input symbols o € X. See Figure 1.
Proof. Clearly, C is a DFA with



12 LdszI6 Berndtsky

Figure 1: The automaton C

By Schiitzenberger’s theorem, (9) is equivalent to the condition

m L(B)#0® <= C isnot aperiodic. (10)
i€{n]

The “=" part of (10) is obvious: if u € ¥* is a common element of the languages

L(B,y),...,L(B,) then s; ﬂ»—c s1 and s, u—#>c s9 # 1, so that C is not aperi-
odic by Remark 2.1. Before we prove the ”<=" part of (10) observe that if the
letter # appears [ times in an input word v € (X U {#})*, and q € Q; is a state
such that g(u#), # 0 then q(u#); = {s,(i414+1)}. Moreover, if s;(v#), # @ for
some integer j € [p] and word v € £* then v € L(B;). Now suppose that C is not
aperiodic, i.e.

and
q _u>C ‘J’, . (12)

for some different states ¢ € Q;, ¢' € Qy, i,i € [p], input word w € (T U {#}+
and integer k£ > 2. Note that by (11) we have g(u'), # 0, for all t > 0. Let [ be the
number of #’s in u, so that u can be written as

u(o)#u(l)# o #u(l),

*
where u(® ... u® are words in £*. If ] were 0 then we would have i’ = i, ¢ —»g, ¢,
and q—u>3i q' # q, contradicting the fact that B; is aperiodic. Thus, [ > 0.

Let v denote the word w(@# - - - #u(=1) so that u = v#u® and

v
q —»c 3

where j = v(i +1). By (11) we have

uk 1y u?
q ~——————>»c S§; —> (.



Regular expression star-freeness is PSPACE-complete 13

m
If p were a divisor of ! then it would follow that j = ¢ and q—v-f»c 8i —c q,

contradicting (12). Thus p is not a divisor of {.
Let j be an arbitrary element of [n]. As pis a prime not dividing [, there exists
some integer ¢ > 0 such that v(: + lt) = j. For this ¢ we have

ut "ty

q —¢c S;-

Moreover, since u!~lo#uYul®4# is a prefix of u**! and g(u!*!), # 0, it follows
that ’
sj(u(’)u(o)#)c - q(ut—lv#u(l)u(o)#)c £ 0,

showing u(Vu(® ¢ L(B;). Since j € [n] was arbitrary,
ully@ ¢ ﬂ L(B;).
j€[n]

In order to prove C is minimal suppose that ¢ € @; and r € Q. are two different
states of the automaton C. For each i € [p] choose an arbitrary word v € L(B;).
Since g is a biaccessible state of B;, there exist words v, w € £* with

v w
s; —»B; ¢ —; Fj.

Then
U(l)#---#v(j_l)#u w#u(j+1)#,,,#u(1’)#
. q —>

-
»C

81 C S1,

showing ¢ is a biaccessible state of C. If j # k, say j < k, then

qlue UV H P, = {51} and
rlwo UV # P ) {sejnal-
Lastly, suppose that j = k. Since B; is minimal, there exists some word z € *

such that exactly one of the sets gzp; NF; and rz5; NF} is empty, say rzp; NF; = 0.
Then g(z#); = {s.(j+1)}, 7(¢#), = 0 and we have

q(w#v(j+l)#---#v(”)#)c {51} and
r(z#v(j+1)#-~-#v(”)#)c = 0.

O

The last construction gives the second part of the reduction AIPg <;oy ASFp.

CONSTRUCTION 4.5 Input: A minimal DFA C = (Q,%, 7,1, F).
Output: A minimal DFA €’ with input alphabet {0, 1} such that

L(C) is star-free <= L(C') is star-free. (13)
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Description: Let % : £* — {0,1}* be an injective homomorphism satisfying the
conditions of Lemma 2.1. In particular, the image ¥(o) of each symbol 0 € T is a
word in {0,1}%, where I = [log,(]£] + 1)]. For each state ¢ € Q let

Sy = {$lo)d |o€Z, ¢ €Q, ¢Dcq},

so that S, is a set of words over the alphabet {0,1} U Q, more precisely, S; C
{0,1}#Q. When S is a set of words and u is a word over the same alphabet, u\S
denotes the set {v | uv € S}. For each integer j € [2I — 1] let

Q; = {u\S;|q€Q, uwe{0,1}7}\{0}.
Thus each element of Q) is a nonempty subset of {0, 1}2-3Q. Now let
¢ = (QuUQ,{0,1}, 7,1, F),
where

Q = U @,

jel2t-1)

and 7' is defined such that
{ {z\S,} if z\S; # 0,
]

grer =

otherwise,
{¢'} ifz\S={¢'}, for some ¢’ € Q,
S(L’cl = 0 if E\S = @,

{z\S} otherwise,
forallge Q, Se @', ze€ {0,1}.
Proof. Let us denote Q by Q. It is easy to see that C' is a DFA satisfying

e qd = WeT u=9@w) A q>cq, (14)

v
and

Qi5c Q) = |u=j-i (mod2l), (15)

for all ¢,¢' € Q, u € {0,1}*, 0 < 4,5 < 2l. It follows in particular that L(C') =
P(L(C)), so that (13) holds by Lemma 2.1.

In order to prove C' is minimal suppose that s € @; and s’ € Q) (0 < 4,5 < 21)
are two different states of C'. It is clear from the description of C’ that there exist

words v € {0,1}¢, v' € {0,1}?~*, and states gq,q' € Q such that g—s¢: s —»¢' ¢'.

Since C is minimal, there exist words u,u’ € T* with I 2 g and ¢’ —»¢ F. By
(14) we have

(u) v v’ , Y)
I —%¢ g ¢ 5§ —¢ ¢ —¢' F,
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showing s is a biaccessible state of C'. If i # j then s and s’ are not equivalent by
(15), so suppose ¢ = j. If i = j = O then s and s’ are two different elements of
@, and since C is minimal there exists a word w € £* such that exactly one of the
two sets swe N F = syp(w)g, N F and s'we N F = s'P(w)e N F is empty. Lastly
suppose that ¢ = j € [20 — 1]. Then s and s’ are two different subsets of the set
{0,1}2-Q, say s € s’. Let ug be an arbitrary element in s which is not in ',
where u € {0,1}%~¢ and ¢ € Q. There are two possibilities: either s'u¢: = § or
s'uc = {¢'} for some state ¢’ € Q, ¢’ # q. In the first case we have sup(v) . NF # )
and s'uy(v), NF =0, where v € X* is an arbitrary word with g F. (Suchawv
exists since ¢ is a coaccessible state of C.) The second case can be handled similarly
to the case 1 = j = 0. a

5 Results

THEOREM 5.1 The problems AIP and AIP g are PSPACE-complete with respecf
to logspace reductions.

Proof. We show
PSPACE <,;,;, AIPg <40y AIP € PSPACE.

Suppose that L C ¥* is a language in PSPACE. Then there exists a polynomial
function p : N — N and a deterministic Turing machine M of space-complexity
p such that L(M) = L. Applying Construction 4.1 followed by Construction 4.2
to M and an input word u € ¥*, we obtain a list Al, ..., An of minimal reset
automata such that

wel <= () LA)#D

i€[n)

Since both constructions can be carried out by a logspace-bounded Turing machine,
PSPACE <., AIPg. The claim AIPgr <,y AIP is trivial. In order to prove
AIP € PSPACE suppose that A, ..., A, are NFA’s with a common input alpha-
bet ¥, say A; = (Q:, X, 75, i, F;). The following nondeterministic PASCAL-style
program accepts the automata A, ..., A, if and only if i[n] L(A;) #9:

function Solve AIP(A;,... A, :NFA):boolean;

var
Si1,...,5, :set of state;
o : input symbol;

begin

Sy =1

Sp = TIn;
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while S NF =0 or - or S, NF, =0 do

begin
guess 0 € ¥;

Sl = Slo'Al ;

S, =804,
end;
Solve AIP:=true;
end;

The space complexity of the program is linear. It follows by Savitch’s theorem that
AIP € PSPACE. O

THEOREM 5.2 The problems ASF and ASF g are PSPACE-complete with respect
to logspace reductions.

Proof. We show
AIPg <oy ASFR <oy ASF € PSPACE.

Suppose that By, ..., B, (n > 2) are minimal reset automata with a common input
alphabet. Applying Construction 4.4 followed by Construction 4.5 to By,...,B,,
we obtain a minimal DFA C' with input alphabet {0, 1} such that

ﬂ L(B;))=0 < L(C') is star-free.
i€[n]

Since both constructions can be carried out by a logspace-bounded Turing machine,
AIPgr < ASFg. The claim ASFgr <oy ASF is trivial. In order to prove
ASF € PSPACE suppose that A = (@, X, 7, I, F} is an NFA. By Schiitzenberger’s
theorem, L(A) is star-free if and only if the minimal DFA recognizing L(A) is
aperiodic. Recall that the power automaton of A is the deterministic automaton

PA) = (P(Q),7{I}F),

where

g
I

{SEP@Q) | SNF#0},
P(@) = {(5S0a) | S €P@Q),

for all o € £. The minimal DFA recognizing L(A) is obtained frgm P(A) by deleting
those states which are not biaccessible, and then identifying the equivalent states.
It follows that L{A) is star-free if and only if there exists some input word u € *,
accessible state S of P(A) and integer k > 2 such that S mp(4y S(u*) , = S(ua)*
and S #p(4) Sua. The following nondeterministic procedure decides if S aép( a4 S
holds for two states S, S’ of P(A):
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function Not Equiv(S,S’ : set of state):boolean;
var
o : input symbol;
begin
while (SNF =0 and S'NF=10) or
(SNF#P and SSNF#) do

begin
guess g € ¥;
S :=S804;
S = S'oy;
end;

Not_Equiv:=true;
end;

By Savitch’s theorem we obtain a deterministic polynomial-space program Equiv
which decides if two states of P(A) are equivalent. The following nondeterministic
program uses Equiv as a subroutine to decide if L(.4) is not star-free:

function Not_ASF(A : NFA) :boolean;

var
o : input symbol;
5,5’ :set of state;
p :relation;
halt : boolean;
begin
S:=1;
repeat
guess o € ¥;
S :=So4;
guess halt;
until halt;
pPi=Ep;
repeat
guess 0 € L;
PI=poo4;
guess halt;
until halt;
S’ := Sp;

if Equiv(S,S’) then
Not_ASF:=false
else begin
repeat
S = 9'p;
until Equiv($,S");
Not_ASF:=true;
end;
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end;

By Savitch’s theorem and the fact that the language class PSPACE is closed
under complementation it follows that ASF € PSPACE. O

THEOREM 5.3 The problems RSF and RSF g are PSPACE-complete with respect
to logspace reductions.

Proof. We show
AIPp <tog RSFp <iog RSF <iog ASF.

The claim RSF g <oy RSF is trivial, and it is also easy to see that RSF <;,, ASF:
given a regular expression E, a logspace-bounded Turing machine can construct a
nondeterministic automaton A such that L(E) = L(A).

Suppose that Bi,..., B, (n > 2) are minimal reset automata with a common
input alphabet X. Let C be the resuli of Construction 4.4 applied to the automata
Bi,...,B,. Then C is a minimal DFA with input alphabet £ U {#} such that

ﬂ L(B)=0 <= L(C) is star-free.

i€[n]
Applying Construction 4.3 to each one of the automata By, ..., B, we get regular
expressions F1,..., E, such that

L(E) = L(By),
for all ¢ € [n]. Recall that
L) = (LBO#LB2)# - LB)#E #)P )",
where p is the least prime number with p > n. It follows that a word v =
v Oy =Dk (5 >0, 4, .. »*) € 5*) belongs to L(C) if and only

if v® = ¢, k is a multiple of p, and v'9 € L(B(imoap)+1), for all i < k with
i mod p < n. The languages denoted by the regular expressions

o= (Zu#)'s

B o= (#7)| U &z
i€[p-1]

Fs = ((Z'#)) ( U (2*#)*“1&#) (Tu#)”
i€(n]

consist of those words v = v #vD# ... o=V gy(*®) for which
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1. v £ ¢,
2. k is not a multiple of p,
3. v & L(B(imodp)+1) for some i < k with 4 mod p < n,

respectively. Thus, the regular expression E := F; UF;UF3 denotes the complement
of the language L(C). Let ¢ : (XU {#})* - {0,1}* be a homomorphism satisfying
the conditions of Lemma 2.1. Let E' be the regular expression obtained from
E by replacing each occurence of every letter z € ¥ U {#} by the word ¢(z) €
{0,1}*. Then E' is a regular expression over the alphabet {0, 1} having star-height

2. Moreover, L(E') = ¢(L(E)) = ¢(L(C)), so that
L(E') is star-free < L(C) is star-free <= ﬂ L(B;) = 0.
i€[n)

The simple structure of E' assures that it can be constructed by a logspace-bounded
Turing machine. O

6 Open problems
The above results suggest that the following questions may be interesting.

1. What is the complexity of deciding whether ;¢ L(A4i) # 9§, for minimal
complete reset automata A;,..., A,7

2. What is the complexity of deciding whether a regular expression of star-height
1 denotes a star-free language?

We conjecture that the answer for the first question is “NP-complete”.

The second question seems to be harder. However, it is our conjecture that
restricting the problem RSF to regular expressions of star-height 1 substantially
decreases its computational complexity.
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A Appendix

Proof of Lemma 2.1. First of all note that n < 28 — 1, so that ! bits are sufficient
to represent the number n in binary. Let ¢ : ¥* — {0,1}* be the homomorphism
mapping each letter g; € T (i € [n]) to the 2/-bit binary representation of <. Then
4 is injective and satisfies (1).

Proof of (2). Suppose that (2) is not true. Then there exist some words u, v, w €
{0,1}* such that uv®w € (Z*), but 21 is not a divisor of |v|. Let us denote |v| by
m. Then m > 0 and ged(21,m) < 2I. Since none of the integers [+1,1+2,...,2[—1
is a divisor of 2[,

ged(2l,m) < L (16)
Moreover, since no word in 1(X*) may contain 0% as a subword, the letter 1 occurs
in the word v?, and thus in v. Let j € [m] be an integer such that the jth letter

of vis 1. If 1 € [2im)] is an integer satisfying

1

i

j (mod m) . (17)
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then the ith letter of v is 1. By (1) it follows that if 1 < i < |uv*w| is an integer
such that (¢ — 1) mod 2/ < I, then the ith letter of uv?w is 0. In other words, if
i € [2lm] is an integer satisfying

i = t—|ul (mod 2l) (18)

for some t € [l], then the ith letter of v* is 0. The diophantic system (17,18) is
solvable in the variable 7 if and only if

t—lu = j (mod ged(2l,m)), (19)
and in this case every solution can be written in the form
i = idg+h-lem(2l,m),

where ig is a fixed solution and A is an integer. Let ¢t be the unique element of
[ged(2l,m)] satisfying (19). Then ¢ € [{], by (16). For this ¢ there exists a unique
integer ¢ € [lcm(2l,m)] C [2lm] such that both (17) and (18) hold. But then we
have.the contradiction that the ith letter of v* is equal to both 0 and 1. This
contradiction was caused by the assumption that (2) fails.

Proof of (3). Suppose that L C X* is a language and (L) C {0,1}* is star-
free. Then L is regular and there exists an integer k& > 0 such that for all words
u, v, w € ¥, -

whw e L <= Pu)p@)p(w) € ¢(L)
= YuwP@) P(w) € (L)

= wrtlwel,

showing L is star-free. Thus, for this direction no special property of the homo-
morphism ¢ is needed other than its injectivity. '

For the converse direction, suppose that L C ¥* is a star-free language. Then
there exists an integer k£ > 0 such that

zyfze L < zyftlzel, (20)

for all words z,y,z € £*. Let m be the maximum of 2/ and k + 1. Suppose that
wv™w € (L), for some u,v,w € {0,1}*. We want to show that uv™ w € ¢(L).
This is obvius if jv| = 0, so suppose that [v] > 0. By (2) it follows that |v] is a
multiple of 2{, so that |v| > 2{. Let a be the shortest prefix of v such that the length
of the word ua is a multiple of 2. Then v can be written as a3, for some word
B € {0,1}*. Since uv™w = ua(Ba)™ 1 Bw € Y(L) and the length of the words uc,
Bo and Bw are multiples of 2[, there exist words z,y, z € ¥* such that ¥(z) = ue,
¥(y) = Ba, ¢¥(2) = Pw and zy™ 'z € L. Since m — 1 > k, it follows by (20) that
zy™z € L. Thus,

Y(ey™z) = wa(fa)"Pw = wmMw € (L)
The implication wv™ w € (L) = uv™w € ¥(L) is proved in a similar way. 0O
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