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NP-completeness results concerning the
transformation of logic programs into attribute
~ grammars

Markus Lohrey *

Abstract

Attribute grammars and logic programs are two well investigated for-
malisms, which were related in [DM85] for the restricted class of simple logic
programs. In this paper we define the more restricted class of very simple
logic programs and we prove that the problem of deciding, whether a given
logic program is (very) simple, is NP-complete.

1 Introduction

Attribute grammars were introduced in [Knu68] as a formalism for the specification
of the semantics of programming languages. [DJ90] and [AM91] give an overview
of current research trends. One of the most significant features of attribute gram-
mars are their declarative programming style and the existence of efficient attribute
evaluation methods. For the last point, see e.g. [Alb89].

Another declarative programming paradigm are definite program clauses. Their
ability to specify computations was first recognized in [Kow74]. For a modern and
exhaustive introduction to the wide area of logic programming see [Apt96].

In [DM85] a strong relationship between attribute grammars® and definite pro-
gram clauses has been established. The investigation of this relationship is at-
tractive, because one can try to apply a great number of techniques, which were
originally developed for attribute grammars, to logic programs. For instance, de-
pendency graphs can be used to study strictness, necessity of the occur—check or
other run—time properties of logic programs. Moreover, attribute evaluation meth-
ods can be used for giving alternative operational semantics to logic programs.

It has been shown in [DM85] that every attribute grammar, whose function sym-
bols are interpreted as term constructors, can be transformed into a semantically
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1The kind of attribute grammars we use in this paper are called functional attribute grammars
in [DM85].
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equivalent logic program. However, the reverse construction, i.e., the transforma-
tion of a logic program into a semantically equivalent attribute grammar is not
always possible. In [DMB85] the restricted class of simple logic programs has been
defined and a construction has been presented, which transforms a simple logic
program into an equivalent attribute grammar. In general, the semantic domain of
the resulting attribute grammar is not a free term algebra. In Section 3 we will de-
fine the even more restricted class of very simple logic programs. For a very simple
logic program the construction in [DM85] produces an attribute grammar, whose
semantic domain is a free term algebra. It should be noted that the class of simple
logic programs is still Turing—complete whereas very simple logic programs are no
longer Turing-complete (in fact, attribute grammars with a free term algebra as
semantic domain are not Turing—complete).

For a given logic program it can be decided whether this logic program is (very)
simple or not. Since many techniques, developed for attribute grammars, can be
applied to simple logic programs and even more to very simple logic programs, see
the note above and [DM85], [DM93] for more details, it would be useful to have
efficient algorithms for these problems. In this paper we show that the problem
to decide, whether a given logic program is (very) simple, is in fact NP-complete.
Therefore it is unlikely to find efficient algorithms for these problems.

This paper is organized as follows. Section 2 gives some basic definitions con-
cerning attribute grammars and logic programs. In Section 3 we define the class
of simple and very simple logic programs and show how a simple logic program
can be transformed into an attribute grammar. Finally in section 4 we prove the
NP-completeness results mentioned above.

2 Preliminaries

First we recall some basic notions from universal algebra. Throughout this paper
we assume that there is a countable infinite set V' of variables.

Definition 2.1. A ranked alphabet I is a finite set of symbols together with a
mapping rankr : I' - N = {0,1,2,...}. I™ = {f € T' | rankr(f) = n} is the set of
all symbols of rank n. The set of all I'-terms with variables in V, denoted by T (V),
is the smallest set such that (i) V C Tr(V) and (ii) f € T™ 4y,... ,t, € Tr(V)
implies f(t1,... ,tn) € Ir(V). For t € Tr(V), V(¢) denotes the set of all variables,
which occur in ¢t. If z € V(t), we say that = occurs in t.

Definition 2.2. A semantic domain D = (Q,T,I1,¢) consists of a set 2, two
ranked alphabets I' and T of function and predicate symbols, respectively, such
that T NIl = @, and an interpretation function , i.e., for every n > 0, f € I'®),
and ¢ € TI(™, (f) is a partial function @(f) : ™ = Q and ¢(q) is a relation
©(g) € O™ An assignment is a function val : V — ). Every assignment val
can be lifted to a function val : Tr (V) — Q by (i) v/c;l(:z:) = val(z) forz € V
and (i) val(f(t1,. .. ,tn)) = o(f)(val(ty), ... ,val(ty)) for n > 0, f € ™ and
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ti,...,tn € Tr(V) 2,

Note that we allow partial functions. For the rest of the -paper we fix two
ranked alphabets I' and II of function and predicate symbols, respectively, such
that TN =0. ’

Definition 2.3. The free I'~term algebra (generated by V'), denoted by Tr(V),
is the semantic domain (Tt (V),T, 8, »), where o(f)(t1,... ,tn) = f(t1,... ,tn) for
n>0, f e '™ andt,...,t, € Tr(V). Thus, a free I~term algebra does not
contain relations and every function symbol f € T is interpreted by itself. A
substitution is an assignment 6 : V — Tr (V) such that {z € V | 8(z) # z} is finite.
8(x;)=tifor1<i<nandVz e V\{zi,...,zn}: 0(z) = z, we use the notation

-~

t{t:/z; | 1 <@ < n} rather than 6(t) for t € Tr (V).

Next we have to introduce the machinery of attribute grammars. For the simu-
lation of logic programs it is not necessary to include terminals and start symbols
in the grammatical part of attribute grammars. Therefore we just introduce the
notion of an abstract context—free grammar (see [GTWW77]), which is equivalent
to the notion of a many-sorted signature.

Definition 2.4. An abstract context—free grammar, or briefly abstract cfg, Gy =
(N, L, P) consists of a finite set N of nonterminals, a finite set L of labels and a
finite set P C L x N x N*3 of productions such that for every (I, X, ), (I', X', &') €
P, =1 implies (I, X,a) = (I', X', '), i.e., different productions are labeled by
different labels. The production (I, X, @) will be denoted by [ : X — «.

Derivations of abstract cfgs will be represented by trees. Nodes of a tree are
specified by means of the well-known Dewey notation, i.e., a tree node z is a string
x =141y ...9, with 4; > 0 for 1 < 7 < n. Intuitively, this string indicates the path
from the root of the tree to . Thus, the root itself is denoted by the string ¢ of
length 0. Furthermore, for technical reasons it is useful to define .0 = z.

Definition 2.5. Let Gy = (N, L, P) be an abstract cfg. A syntax tree of Gy is a
finite tree s whose nodes are labeled by nonterminals from N such that the following
condition holds:

For every node z there is a production (I : Xp = X;...X,,) € P withn >0
such that z is labeled by Xg, = has exactly n successor nodes z.1,... ,z.n, and
x.1 is labeled by X; for 1 < ¢ < n. In this situation we say that the production
l: Xo— X1...X, is applied at the node z.

Definition 2.6. An attribute grammar, or briefly ag, G = (Go, D, B, R,C) con-
sists of the following components:

e an abstract cfg Go = (N, L, P)

2We assume that p(f)(ai1,...,an) is undefined if one of its arguments a; is undefined.
3As usual, N* denotes the set of all finite sequences of elements of N, including the empty
sequence, which will be denoted by e.
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e a semantic domain D = (Q,[, 11, ¢)

e an attribute description B = (Inh, Syn,inh,syn). Inh and Syn are finite
disjoint sets of inherited and synthesized attributes, respectively. inh and
syn are functions inh : N — 24 and syn : N — 25%" respectively.
Att = Inh U Syn is the set of attributes of G.

e aset R = {R(p) | p € P} of finite sets R(p) of semantic rules. To every
production p € P of the form ! : Xo — X;...X, with n > 0 we assign the
set,

in(p) = {(v,1) | (v € syn(Xo) Ai = 0) V (v € inh(X;) A1 < i <n)}
of inside attribute occurrences of p and the set
out(p) = {(,i) | ( € inh(Xo) Ai=0) V (7 € syn(Xs) A1 < i <)}

of outside attribute occurrences of p . att(p) = in(p) U out(p) is the set of
attribute occurrences of p. For every (v,i) € in(p), the set R(p) contains
exactly one semantic rule of the form (v,7) = ¢t with ¢ € Tr(out(p)). Nothing
else belongs to R(p). :

e aset C = {C(p) | p € P} of finite sets C(p) of semantic conditions. For every
p € P, very element of C(p) has the form q(t,... ,t,) with ¢ € TI™ and
t; € Tr(out(p)) for 1 <i < n.

G is called free iff there is a ranked alphabet I' such that D is the free ['-term
algebra 7r (V). In particular, a free ag does not contain semantic conditions.

The semantic of an ag is the set of all (correctly) decorated syntax trees of the
underlying abstract cfg, defined as follows.

Definition 2.7. Let G = (Go, D, B, R,C) be an ag with an underlying abstract
cfg Go = (N, L, P) and a semantic domain D = (Q,T',II, ¢). Furthermore let s be
a syntax tree of Gp and = be a node of s, which is labeled by X € N. To z we
assign the set inh(z) = {{y,z) | v € inh(X)} of inherited attribute instances of z
and the set syn(z) = {{y,z) | v € syn(X)} of synthesized attribute instances of z.
inst(z) = inh(z) U syn(z) is the set of attribute instances of z. The set inst(s) of
all attribute instances of s is |J{inst(z) | z is a node of s}. A decoration of s is a
function val : inst(s) — Q. A decoration val is called valid iff for every node z of
s the following condition holds:

Assume that production p is applied at node z. Let 8 : out(p) — inst(s) be
the substitution, defined by 6((v',7)) = (v',z.j) for every (v',7) € out(p) (recall
that we defined 2.0 = z), where we assume w.l.o.g. that out(p) is contained in
the set V of variables. Then for every semantic rule (v,7) = ¢t in R(p), the equa-
tion val({y,z.7)) = v/(;l(a(t)) has to hold in D. Furthermore, for every semantic

condition g(t1,... ,tn) € C(p) we must have (v/gl(g(tl)), . ,El(g(tn))) € (q).

1For every set A, 24 denotes the powerset of A.
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A decorated tree of G is a pair, consisting of a syntax tree s of Gy and a valid
decoration of s.

In most investigations only the class of so called non—circular attribute gram-
mars is considered, since non—circularity of an ag G is sufficient for the construction
of an attribute evaluator for G. For our purpose this restriction is not necessary.
Next we give some basic definitions concerning logic programs.

Definition 2.8. The set of all (I',II)-atoms with variables in V, denoted by
Arn(V), is the set {q(t1,... ,tn) | ¢ € O™ A ty,...,th € Tr(V)}. Arn(®) is
the set of all ground (I',II)-atoms. V(g(t1,...,tn)) = UL, V(t:) is the set of all
variables, which occur in the atom ¢(t1,...,ts). A definite (I',II)—clause, or just
clause, is a formula of the form Vzy,... ,z,(A1 A ... A A = Ap), where m > 0,
Aoy, Am € Arn(V) and {z1,... ,zn} = Ujee V(4i). In the sequel we will use
the abbreviation A9 < Ai,...,An for this clause. A definite logic program, or
briefly dip, is a triple H = (T, I1, U), where U is a finite set of definite (T, IT)-clauses.

Definition 2.9. Let 6 be a substitution. The atom 6(4) = q(6(t1), ... ,8(t.))
is called an instance of the atom A = gq(ti,...,tn). The clause #(Ag)
8(A;),... ,0(Ap) is called an instance of the clause Ag « Ay,..., Anm.

There are several ways to assign a semantic to a dlp H = (I, II,U). Probably
the way, which is familiar to most of the readers, is the least Herbrand model of H
(see [Apt96]). The least Herbrand model of H consists of the set of all ground atoms
that are logical consequences of U. This set can be generated by an operational
method as well. ’

Definition 2.10. Let H = (I',II,U) be a dlp. A proof tree of H is a finite tree s
whose nodes are labeled by atoms from Ar (V') such that the following condition
holds:

For every node z of s there is an instance 4g ¢+ A1,..., 4, (n > 0) of a clause
in U such that z is labeled by Ap, = has exactly n successor nodes z.1,... ,z.n,
and z.i is labeled by A4; for 1 <i < n.

As shown in [Cla78] the least Herbrand model of H consists of all ground atoms
that are the root of a proof tree of H.

3 Transformation of definite logic programs into
attribute grammars

In the rest of the paper we fix a dlp H = (T, I, U).

The material in this section is taken from [DM85]. Our aim is to translate the
dlp H into a semantically equivalent ag G. What it means precisely that the dlp H
and the ag G are semantically equivalent, will be defined at the end of this section.
Intuitively, the predicate symbols in II will become the nonterminals of G. The
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clauses in U will be translated into productions of G by simply removing the argu-
ment, positions of the predicate symbols in II. To store the values of the argument
positions of ¢ € 1™, we assign n attributes ¢1,... ,gn to g, one for each argument
position j € {1,...,n} of ¢. Now the formalism of definite logic programs gives
no hint of how to split this attribute set into inherited and synthesized attributes.
Therefore we have to enrich H with some additional information.

Definition 3.1. A direction assignment, or briefly d-assignment, for H is a func-
tion d, mapping every pair (g, j) with ¢ € II{® and 1 < j < n to an element of the
set {1,1}.

d(g,7) =1 means that gj becomes a synthesized attribute, whereas d(q, j) =/
means that ¢j becomes an inherited attribute. In the rest of this section, let d be
a d-assignment for the dlp H. Since the value of an inside attribute occurrence
must be calculated by use of the outside attribute occurrences, we have to impose
a restriction on d.

Definition 3.2. Let

u=(g0(50,1, -+ »80,m0) = Q(S1,1, -, 81,11 )5+ Am(Sm1, -+ s Smm,)) €U (1)

POS(u) = {{gij,i) | 0 < i <m A1 < j < n;}is the set of positions of u
(this set will become the set of attribute occurrences of the translation of the
clause u). For 0 < i < m, 1 < j < n;, the term s;; is denoted by £({g:7,7),u).
For pos € POS(u), we say that t(pos,u) appears at the position pos of u. The
set POS(u) is partitioned into the sets ing(u) and outy(u) of inside and outside
positions under d of u, respectively, defined as follows:

na(u) = {{q:5,9) | (t = 0Ad(go,5) =1) V(1 < i <mAd(g;,5) =)}

outq(u) = {{g:5, 1) | ( =0Ad(go,j) =}) V(1 < i <mAd(g;, ) =1}
d is called safe for H iff '
Vu € U Vpos € inq(u)Vz € V (t(pos,u)) 3pos’ € outq(u) : z € V(t(pos’, u)).

This condition says that for every clause v € U, every variable that occurs in a
term that appears at an inside position of u occurs also in a term that appears at
some outside position of u. d is called very safe for H iff d is safe for H and the
following additional condition holds:

Yu € U VYpos, pos' € outq(u) : t(pos,u),t(pos’,u) € V A (pos # pos' = t(pos,u) #
# t(pos', u))

This condition says that for every clause u € U, the terms that appear at
the outside positions of u are different variables. H is called simple iff a safe d-
assignment for H exists. H is called very simple iff a very safe d—assignment for H
exists.
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Example 3.3. Let H = ({nil,cons}, {app}, {u1,u2}) be the well-known append-
dlp, where u; = (app(nil,L,L) « ), us = (app(cons(X,L1), L, cons(X, L3)) «
app(Ly, Ls, L3)), and X, L, Ly, L3 are variables. Let a d-assignment d for H be
given by d(app,1) = d(app,2) =, d(app,3) =1. d is a safe but not very safe
d-assignment for H. In fact, H is not very simple.

Example 3.4. Simple dlps are Turing—complete since every two—counter machine
can be simulated by a simple dlp. A two—counter machine M consists of a finite
set @ of states, an initial state gg € @, a set F' C @ of final states, and a finite set
R of statements. Every r € R has the following form, where ¢ denotes the current
state, £ and y are two registers whose values range over N, and ¢,j € Q.

e if ¢ =1 then z := z + 1 and ¢ := j (analogously for the register y)
e if g =1 then z := z — 1 and ¢ := j (analogously for the register y)
e if g =i and z = 0 then ¢ := j else ¢ := k (analogously for the register y)

A calculation of M is defined in the obvious way. M can be simulated by the dlp
H(M) = ({0,s},{Pi|i € Q},{Pi(z,y) «+ | i € F} U, Ur), where U, consists
of the following clauses, depending on the form of the statement r.

o P;(z,y) + Pj(s(z),y) (analogously for y)
e P;(s(z),y) « Pj(z,y) (analogously for y)
o P(0,9) « P;(0,3), Pi(s(),4) « Pi(s(),y) (analogously for y)

The d-assignment d for H{M), which is given by d(P;,1) = d(P;,2) =] for every
i € @ is a safe d—assignment for H(M). On the other hand, if for instance there
exist two statements of the form (if ¢ =k then z :=z + 1 and ¢:=1i) and (if ¢ =1
then z := z—1 and q := 7) then H(M) is not very simple. In fact, it is not difficult
to see that very simple dlps are not Turing—complete.

Example 3.5. Let H = ({0, s}, {plus}, {u1,u2}) be the well-known dlp for adding -
natural numbers, where u1 = (plus(0,z,z) + ) and uy = (plus(s(z),y, s(z)) «
plus(z,y,z). Let a d-assignment d for H be given by d(app,1) = d(app,3) =1,
d(app,2) =l. dis a very safe d-assignment for H.

Since for every given dlp there are only finitely many different d-assignments,
it is decidable whether a dlp is simple or very simple, respectively. We call the
corresponding computational problems SIMPLE and VERY-SIMPLE, respectively.
A problem instance of (VERY-)SIMPLE consists of a dlp H. The question is
whether H is (very) simple or not.

In the rest of this section we will show that a (very) simple dlp H together
with a (very) safe d-assignment d for H can be transformed into a semantically
equivalent (free) ag G{H,d). This result is not necessary for understanding our
main results in Section 4 but we present it for completeness.
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If the d-assignment d is very safe for H, then for every clause u € U, the terms
in {t(pos,u) | pos € inqg(u)} can be constructed from the terms in-{t(pos, u) | pos €
outg(u)} (which are variables in this case) and the function symbols in T'. If d
is only safe but not very safe, we need additional special selector functions s;—f,
defined as follows:

Definition 3.6. Forevery f € ™ andi € {1,... ,n}, s;—f is a partial function on
Tr(V), defined by (i) si—f(t) =t; if t = f(t1,... ,tn) and (ii) s;—f(t) = undefined
otherwise. s;—f is called a selector function.

In order to refer to selector functions, for every s;—f we introduce a new function
symbol sel;—f. Of course we assume that sel;—f € I'. We introduce the new ranked
alphabet I' = T'U {sel;~f | f € T™ n > 0,1 < i < n}, where (i) rankpr (f) =
rankr(f) if f €T and (ii) rankr/ (f) = 1 otherwise.

For a term t € Tr(V) and a variable £ € V', we denote by Sel(t,z) the set of
all terms s = sel;,—f1(...sel;,—fx(z)...) such that the term s{t/z} evaluates the
variable  when every sel;—f is interpreted by s;—f. In other words, ig.i5_1....1%1
specifies a path from the root of ¢ to an occurrence of the variable z in ¢. This is
formalized by the following definition.

Definition 3.7. Let ¢ € Tr(V) and z € V. The set Sel(t,z) is defined by (i)
Sel(z,z) = {z}, (ii) Sel(y,z) = 0 for y € V\{z}, and (iii) Sel(f(t1,... ,tn),z) =
U, {s{seli~f(z)/z} | s € Sel(t;,z)} forn >0, f € '™ and t1,...,t, € Tp(V).

For instance, Sel(g(f(x), 9(z,y)),z) = {seli—f(seli—g(z)), sela—g(sela—g(z))}.

In addition to the selector functions, semantic conditions are also necessary for
the simulation of the dlp H, if d is safe but not very safe. This is because of two
reasons. Firstly, if there exist an w € U and a pos € outg(u) such that the term
t(pos, 1) is not just a variable, we have to express the fact that the value of the
attribute occurrence pos is an instance of t(pos,u). This will be done with the
help of a predicate symbol instance;(p,s.) Of rank one. Secondly, if there exist
pos,pos’ € outy(u) and z € V such that z € V(t(pos,u)) NV (t(pos’,u)), we must
express the fact that the corresponding subterms of the values of the attribute
occurrences pos and pos’ are equal. Therefore we have to include the syntactic
equality of terms into the semantic domain of the simulating ag. Note that both
situations cannot occur if d is very safe for H.

Construction 3.8. Let d be a safe d-assignment for H. The ag G(H,d) =
(Go,D, B, R,C) is defined as follows:

e Gy = (I, U, P), where for every clause u € U of the form shown in (1) we put
the production p(u) = (v : go = q1,.-. ,¢m) into P. Nothing else belongs to
P.

e D = (Tr(V),I",{=} U {instance; | Ju € U 3pos € outq(u) : t = t(pos,u) ¢
V'}, ), where

— tp interprets every f € I' as in the I'—term algebra Tr(V),
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— o(seli~f) =si~ffor feT™ and1<i < m,
— p(instances, )(t2) iff ¢2 is an instance of ¢; for 1,12 € Tp(V),

— (=) is the syntactic equality on Ty (V).

e B = (Inh, Syn,inh, syn), where for every ¢ € I™ inh(q) = {gi | 1 < i <
n,d(g,7) =} and syn(q) = {gi | 1 < i < n,d(g,i) =1}. Inh = Ugen inh(q)
and Syn = U, en syn(a)-

e For every clause u € U, R(p(u)) = {pos = tpos, | pos € ing(u)}, where for
pos € ing(u) the term tpes,, € Trv (V) is defined as follows:

For every = € V(t(pos,u)) let pos; € outg(u) such that z € V(¢(pos,,u)).
Since d is safe, such a pos, must exist for every x € V (¢(pos,u)). Of course
there may be several choices for pos,. Therefore the construction is non-
deterministic. Now let t, € Sel(t(posg,u),z). Again there may be several
choices for t,. We set tpos,u = t(pos,u){tz{poss/z}/z | x € V(t(pos,u))} €
Ty (outq(u)).

e For every clause u ev, C(p(w)) = C1(p(u)) U Cy(p(u)), where

— Ci(p{u)) = {instqncet(pos,u) (pos) | pos € outy(u),t(pos,u) € V} and

— Ca(p(u)) = {t{pos/z} = t'{pos’/z} | pos,pos’ € outy(u),z € V,t €
Sel(t(pos,u), z),
t' € Sel(t(pos',u),z)}. Of course, equations of the form ¢ = ¢ can be
" omitted in Cs(p(u)).

Example 3.9. Let H be the append program from Example 3.3 and let d be the
d-assignment for H from the same example. The ag G{H,d) = (Go,D, B, R,C)
has the following components. '

e Go = ({app}, {u1,u2}, {u1 : app — app,us : app — })

e B = ({appl,app2}, {app3},inh, syn), where inh(app) = {appl,app2} and
syn(app) = {app3}.

o R={R(u1),R(u2)}, where R(u;) = {{app3,0) = (app2,0)} and

R(uz) = {{app3,0) = cons(s;—cons({appl,0)), (app3, 1)),
(appl,1) = sa—cons({appl,0)), (app2,1) = (app2,0)}.

o C = {C(u1),C(uz2)}, where C(u1) = {instanceny({appl,0))} and
C(u-g) = {inStancecons(X,Ll)((appla 1>)}
If d is very safe, then C(p(u)) = @ for every u € U. Moreover, the function
symbols sel;—f do not appear in the semantic rules of G(H,d). Therefore we can

omit them in the semantic domain D of G(H,d). In this way G(H, d) becomes a
free ag.
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Let &y be the function, defined as follows. &y maps a proof tree s of the dlp
H to a pair, consisting of a syntax tree s’ of Gy (the underlying abstract cfg of ag
G(H,d)) and a decoration val of s'. s' results from s by replacing for every node
z of s the label g(t1,... ,t,) of z by the label ¢. val is defined by val({gi, z)) = #;
for every node z of s with label ¢(¢;,... ,t,) and 1 <7 < n.

Theorem 3.10. Let H = (I',II, U) be asimple dlp and let d be a safe d—assignment
for H. Furthermore, let G(H, d) be the ag as constructed in Construction 3.8. Then
® g is a bijective mapping between the set of all proof trees of H and the set of all
decorated trees of G(H, d).

The proof of this theorem can be found in [DM85].

4 Complexity of SIMPLE and VERY-SIMPLE

In this section we show that the computational problems SIMPLE and VERY-
SIMPLE are NP—complete problems. The NP-completeness of SIMPLE will be
proved by a reduction from SAT, which is the satisfaction problem for boolean
expressions (see [Coo71] and [GJ79]), to SIMPLE. For the corresponding result
for VERY-SIMPLE we will use a variant of SAT, called ONE-SAT, that will be
introduced later. '

Theorem 4.1. SIMPLE is NP—complete.

Proof. Since we can guess a d-assignment for the dlp H and check in polynomial
time, whether this d-assignment is safe for H, SIMPLE is in NP. To prove that
SIMPLE is NP-hard, we will construct a polynomial time reduction from SAT to
SIMPLE. Firstly, we recall the definition of SAT. A problem instance S of SAT is
a boolean expression, which can be assumed to be in conjunctive normal form, i.e.,

S=CiANCyA...\NCp, (2)
where C; is a nonempty disjunction of literals A;1,..., Ay, (I; > 0) with
i or
Ayy =40 3)
(_‘ai,j)) .

where the a; ; are boolean variables. To ease notation we will write the disjunction
C; as a set®, i.e.,

Ci={4;1,...,4,} #0. (4)
Finally, let

{ai,...,am} ={a; |1 <i<n,1 <5 <L} (5)

5Therefore in each disjunction a literal can only appear once. Of course this is not a real
restriction.
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be the set of all boolean variables that occur in S. Given such a problem instance
S the question is, whether there exists a truth assignment for S which satisfies S,
i.e., whether there exists a function

w:{a,... am} = {true, false} (6)
such that
vie{l,...,n}3j€{1,... ,m}:(a; € Ci Aw(e;) = true) V ((-ay) € C; Aw(ey) =
_ false).

In {Coo71], this question was shown to be NP-complete.
In order to construct a polynomial time reduction from SAT to SIMPLE let S
be the problem instance of SAT given by (2) to (5). We construct a dlp

H(S) = ({a}’{q}: {U(CI)’ s aU(Cn)})

The only function symbol a is of rank 0. The only predicate symbol q is of rank
. m, which is the number of different boolean variables appearing in .S, see (5). For
every 1 <4 < n the clause U(C;) is of the form -

q(si,l, Ceey si,m) «~ q(ti,h Ce ,ti,m)-

We fix a variable z € V. For 1 < j < m the terms s;,; and t; ; are defined by

z if aj € C; z if (—\a,-) € C;
8i i = and ¢, ; = 7
I {a otherwise I {a otherwise. (M

Let w be the truth assignment for S given in (6). We define a corresponding

d-assignment d,, of H(S) by

(8)

1 ifw(oy) =true

dula, ) = {T if w(a;) = false

for 1 < j < m. We will use the abbreviation d,,(j) for dy (g, 7).
Example 4.2. Let

S=(a;VazVaz)A(~azV-azVa)Alag Vaz V —|a;).
Then H(S) consists of the following clauses:

q(z, 2, 2,a) < q(a,0,q,a)

Q(a, a,a, $) « q(aa T, SC,Aa)
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q(z,a,z,a) + q(a,a,a,z)
Let w be the following truth assignment:
w(al).= w(as) = w(as) = false,w(ay) = true
In fact w satisfies S. The corresponding d-assignment d,, is
du(1) = dy(3) = dw(4) =1,du(2) = .

dy, is a safe d—assignment for H (S). The following claim shows that this is not just
a coincidence.

Claim 4.3. w satisfies S iff d,, is a safe d-assignment for H(S).

Proof of the claim. w satisfies S iff

Vie{1,...,n}3j € {1,...,m}: (a; € Ci Aw(aj;) = true) V ((—-a;) € C; Aw(a;) =
= false).

Because of (7) and (8) this is equivalent to

Vie{l,...,n}3i€{l,... m}:(sij=xAdu(j) =)V (tij =z A dw<j) :T)( )
9

We claim that (9) is equivalent to the statement that d,, is a safe d-assignment for
H(S).

Assume that (9) holds and consider a clause U{C;). (9) says that z appears at,
an outside position pos € outq, (U(C;)) of U(C;). Since z is the only variable that
occurs in U(C;) (and therefore is the only variable y that occurs in a term that
appears at an inside position of U(C;)), this shows that d,, is a safe d-assignment
for H(S).

Now assume that d,, is a safe d-assignment for H(S) and consider a clause
U(C;) of H(S). We claim that z appears at an outside position of U(C;). Since
Ci # 0, there exists a j € {1,... ,m} such that either s; ; = z or t;; = 2. Thus,
z appears at some position.pos of U(C;). If pos is an outside position of U(C;),
we are ready. Thus, assume that pos is an inside position of U(C;). Since d,, is a
safe d-assignment for H(S), there exists an outside position pos’ € outq, (U(C;)) of
U(C;) such that z occurs in the term that appears at position pos’ of U(C;). Since
H(S) does not contain function symbols of rank greater than zero, this implies that
x appears at the outside position pos' of U(C;), which proves (9). 0

Since the function that maps a truth assignment w for S to the d-assignment d,,
of H(S) is bijective, the claim shows that we have constructed a correct reduction
from SAT to SIMPLE. Since this reduction can be done in polynomial time, the
proof of the theorem is complete. O
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The proof above shows that for the class of logic programs with only one con-
stant symbol (and no other function symbol) and only one predicate symbol, SIM-
PLE is already NP—complete.

Theorem 4.4. VERY-SIMPLE is NP-complete.

Proof Of course, VERY-SIMPLE is also in NP. To prove that VERY-SIMPLE
is NP-hard, we use a variant of SAT, called ONE-SAT (see [Sch78], where the
problem is called ONE-IN-THREE 3SAT). Again a problem instance of ONE-
SAT is a disjunctive normal form S. The question is whether there exists a truth
assignment w for S such that in every disjunction C; exactly oneliteral A; ; becomes
true under w. This problem is known to be NP-complete as well. Let S be the
disjunctive normal form S given in (2) - (5) and let w be the truth assignment for
S given in (6).

We will construct a dlp H'(S) that is a mild variant of the dlp H(S) =
({a}a {Q}; {U(Cl)) LR
U(Cr)}) constructed in the proof of Theorem 4.1. It is easy to see that the dlp
H(S) and the d-assignment d,, given in (8) satisfy the following fact:

w satisfies exactly one literal A;; in every disjunction C; iff there is
exactly one pos € outy, (U(C;)) for every clause U(C;) such that z €
V (t(pos, U(C:)))-

Therefore, if w satisfies exactly one literal A;; in every disjunction C;, the d-
assignment d,, is almost very safe for H(S). The only problem that may arise is that
there may exist a clause U(C;) and an outside position pos € outy, (U(C;)) such
that t(pos, U(C;)) = a, i.e., a term, which is not a variable, appears at an outside
position of U(C;). We solve this problem by replacing every occurrence of the
constant a in U(C;) by a new variable (different from z and all other new variables
that will be introduced). Call the resulting clause U"(C;). Now it is possible
that one of these new variables appears at an inside position pos € ing, (U"(C;)) of
U"(C;) and thus has to appear also at an outside position of U"(C;). To compensate
this, we collect all new variables of the clause U"(C;) (i.e., all variables different
from z that occur in U"(C;)) in the argument positions of a new predicate symbol
p; and attach the resulting atom to the body of U"(C;). The resulting clause will
be called U’(C;). The d-assignments for the new predicate symbol p; are chosen
in such a way that every new variable appears exactly once at an outside position
pos € outg, (U'(C;)) of U'(C;) and once at an inside position pos’ € ing, (U'(C;))
of U'(C;). A formal presentation of this idea follows.
As motivated, every clause C; is translated into a clause U'(C;) of the form

981y Sim) — @tiny e s tim), Pi(Uin, o Uiim;)-

The number m; will be specified later. Let ¥ = {y1,92,...} € V and Z =
{z1, 22,...} C V be two disjoint sets of new variables different from z. The terms
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s;,]- and tg.j are defined by

,,J_{:z: fo;€C o _{.’c if (~o;) € C;

sh; = ) = :
: y; otherwise v lz; otherwise

(note the small difference to the terms s;; and ¢; ; in the proof of Theorem 4.1).
Fixanie {l1,...,n}. Lt K ={j |1 <j<mAs;; €Y} ={ki,... kgx}® and
L={jl1<j<mAt;;€Z}={l1,...,l41} be the set of all argument positions
of g, where variables from Y respectively Z appear in U'(C;). W.lo.g. we assume
that k; < k; and I; < I; for every i < j. Define m; = #K + #L. The terms u; ;
are defined by

{mj if1<j<#K
ui,j =

2 ux if #K <37 <my.

For a given truth assignment w for .S, the d-assignments d,,(q, ) for the positions -
of the predicate symbol ¢ are defined as in (8). The d—assignments d,, (p;, j) for the
argument positions of the new predicate symbol p; are defined by’

dw (g, k;) f1<j<#K

dw i'a ) = . .
e W A S R
J—#

Example 4.5. Let S be the conjunctive normal form given in Example 4.2. H'(S)
consists of the following clauses: :

q($,$,$>y4) — q(Zlyzzaza,24),P1(y4,21:22,13,24)
a(y1,92,93, %) < q(21,%, T, 24), p2(Y1, Y2, Y3, 21, 24)
q(z,y;),z,y4_) + q(z1, 22,23, ), P3 (Y2, Y4, 21, 22, 23)

Let w be the truth assignment given in Example 4.2. w satisfies exactly one literal
in each disjunction C;. The corresponding d-assignment d,, is

du(g, 1) = du(g,3) = du(g,4) =1,du(g,2) =4

du(p1,1) = du(p1,3) =1,dw(p1,2) = du(p1,4) = du(p1,5) =1
duw(p2,1) = duw(p2,3) =1, dw(p2,2) = du(p2,4) = du(p2,5) =}
dw(p3,2) = duw(p3,4) =1, duw(ps; 1) = du(ps, 3) = du(ps, 5) =]

This is a very safe d—assignment for H'(S).

The following claim completes the proof. Its proof is very similar to the proof
of the corresponding claim, made in the proof of Theorem 4.1, and it is therefore
omitted.

6# A denotes the number of elements in the finite set A.
"We define 17 1=} and {~1=1.
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Claim 4.6. w satisfies exactly one literal 4;; in every disjunction C; of S iff d,,
is a very safe d—assignment for H'(S).

" The proof above shows that for the class of logic programs with an empty set
of function symbols, VERY-SIMPLE is already NP—complete.

5- Conclusion

In this paper, we have proved that the problem of deciding, whether a given logic
program is simple, is NP-complete. A simple logic program H can be transformed
into an attribute grammar G. In general G has a semantic domain, which is not
a free term algebra, i.e., G is not free. We have defined ‘the more restricted class
of very simple logic programs. Very simple logic programs can be transformed
into equivalent free attribute grammars. We proved that the problem of deciding,
whether a given logic program is very simple, is NP-complete as well.
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