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Isomorphic representation of
nondeterministic nilpotent automata

I1diké Székely *

Abstract
In this paper, we deal with nondeterministic nilpotent automata and give
a characterization of their isomorphic embédding with respect to the direct
product.

1 Introduction

Investigation on homomorphic or isomorphic embeddings into products of automata,
is the starting point in the study of homomophic or isomorphic completeness of cer-
tain classes of automata with respect to different kinds of products. The problem
of decomposition has a general approach in [4], where an abstract notion of compo-
sition and a general decomposition theorem are presented. Regarding the subdirect
representation, there are several works dealing with this topic, see (3], [5], {2], [9],
8].

[ In this paper, we generalize the notion of nilpotency for nondeterministic au-
tomata and study the isomorphic representation of nondeterministic nilpotent au-
tomata under the direct product. As it turns out, this case is much more compli-
cated than the deterministic one presented in [3].

2 Preliminaries

By a nondeterministic automaton we mean a system A = (X, A,4) , where X and
A are nonempty finite sets, X is the set of input signs, A is the set of states and
§: Ax X — P(A) is the transition function. P(A) denotes here the power-set of
A. For an input sign z € X and a state a € A4, §(a,z) can be visualised as the
set of all states in which the automaton goes when the current state is a and the
input sign is z. For é(a,z), the notation az? is frequently used. Let us suppose
that a € A and p € X*. The transition function can be extended as follows:

bEagqh

A

A U bzA ifp=gqgzr wherez e X andge X,
ap™ =
ar ifp=zandz € X.
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If M C A,z € X, then we denote by Mz” the set y az® and if p € X7, then

a

A _ A
Mph = aéJM ap™.

Let now A = (X, A,6) and B = (X, B,dp) be two nondeterministic automata.
It is said that B is a subautomaton of A if B C A and ép is the restriction of
§to BxX,ie azB = az®NBis valid, for all e € A and z € X. For two
nondeterministic automata A = (X, A,6) and B = (X, B,dg), a mapping u: A —
B is a homomorphism if u(az®) = p(a)z® holds, for all a € A and z € X. If
the homomorphism g : A — B is an onto mapping, then we say that B is the
homomorphic image of A; moreover y is called an isomorphism, if p is a one-to-one
mapping of A onto B. In this case, we say that A and B are isomorphic.

Let k be an arbitrary positive integer and A, = (X, A,,d,),7 =1,...,k, be non-
deterministic automata. By the direct product of these nondeterministic automata,
we mean the automaton A = (X, A,9) where A = A; X --- x Ay and J is defined
as follows. For every a = (a1,...,ax) € A'and z € X, é(a,z) = 61(a1,z) X -+ X
di(ay, ) or using the other notation: az® = (ay,...,ax)z® = @124 x - - - x apzA*.
For the direct product of Aj,...,Ag, we will use the notation A; x --- x Ay.
It is said that a nondeterministic automaton A can be embedded tsomorphically
into the direct product of Aj,..., Ay if A is isomorphic to a subautomaton B of
Al XKoo X A.k.

Let A = (X, A4,)) be a nondeterministic automaton and-  an equivalence re-
lation on A. For every a € A, let 6(a) denote the class of the partition belonging
to # and containing a. We can define a factor-automaton based on 8 as follows.
Let A/8 = (X, A/6,8') be the nondeterministic automaton where the transition is
defined by 8(a)z?/® = {8(a')|a’ € bz™ and b € 6(a)}, foralla € Aandz € X. It
is important to remark that the mapping a — 6(a),a € A is not a homomorphism
of A onto A/6 in general.

Let us introduce some special equivalence relations on A. If a,b € A, then
let 8,4 be the equivalence relation defined in the following way: w 8,4 v if and
only if v = v or u,v € {a,b}, for all u,v € A. It is obvious that the factor-set
Albap = {{u}lue A\ {a,b}} U {{a,b}}. For the sake of simplicity we will denote
by u the classes of the form {u} and by capital letters like U or V the classes
of the form {a,b} of the factor-set. We will use in the proofs of this paper the
following important observation. If A has two states ¢ # d satisfying cz® = dz?,
for all z € X, then A /8. 4 is a homomorphic image of A under the homomorphism
a—6.4(a),a € A

Now, let 6y, ...,0; be arbitrary equivalence relations on A. Then, the mapping
w:A— Alfy x - x AlB given by ula) = (61(a),...,0k(a)),a € A, is called the
natural mapping. It is easy to see that the natural mapping is a one-to-one mapping

k .
of Ainto A/6, x --- x Af6 if r_11 0, = A4, where A4 is the equality relation on

A. If we consider the factor-automata A,,..., Ay based on arbitrary equivalence
relations 61, . . ., O, respectively, then one can see that the natural mapping is not a
homomorphism of A into A; x---x Ay, in general. In the constructive proofs given
in this paper, we will have only natural mappings that are one-to-one mappings and
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are homomorphisms. By reducing the codomain of these mappings to B = u(A) we
obtain isomorphisms. Of course we will prove these features of the natural mapping
in each case separately.

3 Nondeterministic nilpotent automata

Throughout the paper we restrict ourselves to the complete nondeterministic au-
tomata, (see e.g. [1], [7]). Here, we recall its definition. A nondeterministic automa-
ton A = (X, A,6) is called complete if 6(a,z) # @ is valid, foralla € A and z € X.
In this paper, by nondeterministic automaton we mean a complete nondeterminis-
tic automaton. Moreover, we deal with a special class, the class of nondeterministic
nilpotent automata. As a generalization of the traditional nilpotent automaton, it
can be defined as follows.

A nondeterministic automaton A = (X, A, ) is called nilpotent if there exist a
positive integer n and a state ag, such that Ap® = {ao} is valid, for all p € X+
with |p| > n (|p| denotes the length of the word p). The distinguished state ag is
called the absorbent state of A.

Now, let us define the. following relation on A: a < b if and only if a = b or
there is a p € X such that b € ap®. It is easy to see that the introduced relation
is a partial ordering on A since A is nilpotent. If one of the relations @ < b or
b < a is valid, then a and b are called comparable. In the opposite case, we say
that they are incomparable and it is denoted by a M b. Furthermore, the absorbent
state ap is the greatest element in (A4, <) and if A has at least two elements, then
there exists a by # ap € A such that by is a maximal element in {4\ {ao}, <). From
the maximality of ap and by, it follows that agz® = boz® is valid, for all z € X.
Note that if there exists only one pair of states a # b which satisfies az® = bzA
for all z € X, then these two states must be ag and by. Throughout the paper we
will express this in a shorter way, using the sentence ” A has exactly one pair of
different states ag and by for which agz® = box® holds, for all z € X”. In this case,
by is the greatest element in (A \ {ag}, <), because it is the only maximal element
in this set. .

The following statement is a consequence of Lémma 2 in [6] and it follows from
the observation taken at the end of the previous section.

Lemma 1 Let ¢ and d be two different states of a nondeterministic nilpotent au-
tomaton A = (X,A,8). If cz® = dz® is valid, for all z € X, then the factor-
automaton A /0, 4 is also e nondeterministic nilpotent automaton.

In particular, if {c,d} = {ao, b}, then it is easy to see that the corresponding
factor-automaton is a nondeterministic nilpotent automaton with the absorbent
state 844,50 (a0) = {ao, bo}-

Using the notion of incomparability, an other similar factor-automaton can be
defined as follows. Let A = (X, A,d) be a nondeterministic nilpotent automaton
with |A| > 3 and let ¢ X d € A be incomparable states of A. Then, one can
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prove that A/f. 4 is a homomorphic image of A under the homomorphism a —
f..4(a),a € A. This observation leads to the following statement:

Lemma 2 If a nondeterministic nilpotent automaton A = (X, A,68) with |4| > 3
has two incomparable states ¢ and d, then the factor-automaton A/6. 4 is also a
nondeterministic nilpotent automaton.

The following property is very important with respect to the inner structure of
the nondeterministic nilpotent automata. It shows that no “loops” or “circuits”
may appear on the states of a nondeterministic nilpotent automaton except for the
absorbent state.

Lemma 3 If A = (X, A,6) is a nondeterministic nilpotent automaton with the
absorbent state ao, then a € ap® holds, for alla € A\ {ap} andpe X+.

We will also refer to the next Lemma, whose proof needs the following obser-
vation which is a direct consequece of the definitions. If A;,..., Ay are nondeter-
ministic nilpotent automata with the absorbent states a?, ..., al, respectively, then
their direct product is a nondeterministic nilpotent automaton with the absorbent
state (a9, ...,a?). Furthermore, every complete subautomaton of the direct product
is nilpotent with the absorbent state (a?,...,a2). This also means that if a nonde-
terministic nilpotent automaton A = (X, 4, §) with the absorbent state ag can be
embedded into Ay x --- x Ay under the isomorphism p, then p(ag) = (a?,...,a?).

Lemma 4 Assume that A = (X, A,§) is a nondeterministic nilpotent automaton
with the absorbent state ag and A has ezactly one pair of different states ag, by
for which aoz® = boz™ holds, for all z € X. Let A, = (X, A, 6,),7 =1,...,k,
(k > 2) be nondeterministic nilpotent automata with the absorbent states a?, ..., aY,
respectively, and let p : A = B C Ay x --- x A be an isomorphism of A into
Aj x -+ x Ag. If we denote the image of by under p by (b3,...,b%) and the set of
indices {i € {1,...,k}|a? # b2} by I, then the components a?,b? with i € I may
appear in no other elements of B but p(ap) and p(bo).

4 Isomorphic representation of nondeterministic
nilpotent automata

Theorem 1 Let A = (X, A,0) be a nondeterministic nilpotent automaton with
|A| > 3, the absorbent state ag, and let by be a mazimal element in (A \ {ao}, <).
If there ezist a;, by € A, a; # b1, {a1,b1} # {a0,bo} such that beside agz® = boz?,
a z® = byz? also holds for allz € X, then A can be embedded isomorphically into
a direct product of nondeterministic nilpotent aulomatae having fewer states than
[A].

Proof. Case 1. {ag,bo} N{a1,b1} = 0. Let Ay = A/, 4, and Ay = A/B,, 4,
Then, A can be embedded isomorphically into A; x Ay under the natural map-
ping denoted by pu. Let B = u(A). Since 040,60 NBay 5, = Aa, 4t is a one-to-one
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mapping. To simplify the notation we will use Ug for 84, ,(a0) = {ao,bo} and
Uy for 84, 4, (a1) = {a1,b1}. To prove that p is an isomorphism, we have to show
that p(az®) = p(a)z®*42 N B, for alla € A and z € X. We can do this by
evaluating p(az®) and p(a)z®1*42 N B in the following cases: a € A\ (Uy U Uy)
and az® N (UpUU)) =0;a € A\ (UpUU;) and az® NUp = § and az® N U, # 0;
a€ A\ (UoUU;) and azA NUy # 0 and az® NU; = B; a € A\ (U UU,) and
az®NUp # 0 and azNU; # 0;a € Uy and az®NUp =P and az®NU; = ;e € U,
and az® NUp = B and az® NU; # 0; a € Uy and az® NUy # 0 and az® NU; = 0;
a€ U and az® NUy # 0 and az® NU, # 0; a € Up.

Case 2. {ag,bo} N{a1,b1} # 0. {ao,bo} # {a1,b1}, hence {ag,bo} N {a1,b:} con-
tains exactly one element. Let {b1} = {ao,bo}N{a1,b1}. There are two possibilities:
by = ag or by = by. In both cases, a;z = bpz? = gz = {ag}, forallz € X. Con-
sequently, the factor-automata Ay = A /64,0, A2 = A/O,,,4, and A3 = A /6, 4,
are nondeterministic nilpotent automata. We show that A can be embedded iso-
morphically into A; X Ay x Az under the natural mapping denoted by u. Let B =
p(A) € Ay x Ay x A3. The mapping p is one-to-one since 64,6, M84g 4, 09,,0)‘“' = Ay
It also satisfies p(az) = p(a)zA1*A2XAsN B for all a € A and z € X. To prove
this, we must evaluate once again p(az®) and u(a)z®1*A2%A3 N B in the follow-
ing cases: a € A\ {ao,bo,a1} and az® N {ag,bo,a1} = {ao} (or {ho}, or {a1});
a€ A \ {ao,bo,al} and a.'z:A ] {ao,bo,al} = {ao,bo} (OI‘ {ao,al}, or {bo,al});
a € A\ {ap,bo,a1} and az® N {ao, b, a1} = {a0,b0,a1}; a € {ao, bo,a1}. O

Corollary 1 If a nondeterministic nilpotent automaton A = (X, A,8) cannot be
embedded into a direct product of nondeterministic nilpotent automata having less
states than |A|, then A has exactly one pair of different states ag,by for which
apz® = boz? holds, for all z € X. These states are ag, the absorbent state and by,
the greatest element in (A \ {ao}, <).

It is worth noting that, unlike for deterministic automata (see [3]), the converse
statement is not true.

Lemma 5 Let A = (X, A, ) be a nondeterministic nilpotent automaton (JA| > 3)
that has ezactly one pair of different states ag, by for which agz® = boz® holds, for
allz € X. If A can be embedded isomorphically into o direct product of nondeter-
ministic nilpotent automata having fewer states than |A|, then there must exist o
pair of incomparable states c X d € A.

Proof. Let p : A - B C A; X --- x A be an embedding isomorphism, where
k > 2 is fixed and |A,| < |4, for all r = 1,...,k. Since {A,| < |4|, there exists a
state @, € A,, such that @, occurs in at least two different elements of B on the
r-th position, for all 7 = 1,...,k. If we use the notation (a?,...,a?) for u(ag) and
(b9,...,b%) for u(bo), then, because ag # by and p is an isomorphism, there has
to be an index 1 € {1,...,k} such that a? # b?. Let b’ and b" be two different
elements of B in which @; occurs on the i-th position, and let ¢,d € A be the states
for which p(c) = b’ and p(d) = b”. u is an isomorphism, hence ¢ # d. We will
show now, that ¢ and d are incomparable in (4, <). Assume to the contrary that

i
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¢ <d (ord<c). Since c # d, there exists p € X7, such that d € cp®. In the
meantime, p is an isomorphism, so we can conclude that u(d) € p(c)p®, which
implies @; € @;p™*. Thus, due to Lemma 3, the only possibility for @; is @; = a?.
Since bp is the greatest element in (A \ {ag}, <), it is obvious that d < by, i.e.

= bp or there exists a ¢ € X such that by € dg*. If d = bo, then b? = a?
follows immediately and contradicts the assumption b # a?. If by € dg”, then
under the isomorphism g we have u(b°) € p(d)g®, which for the i-th component

means b9 € a?qA¢. This contradicts the nilpotency of A;. w]

Corollary 2 If the partially ordered set (A, <) of a nondeterministic nilpotent au-
tomaton A = (X, A, §) with |A] > 3 is a chain, then A cannot be embedded into a
direct product of nondeterministic nilpotent automata having less states than |A|.

Lemma 6 Let A = (X, A,d) be a nondeterministic nilpotent automaton (|A| > 4)
that has exactly one pair of different states ag, by for which agz® = boz™ holds, for
all € X. If there exist c X d € A such that for all x € X, cz® N {ag,bo} # 0
and dz® N {ag,bo} # 0 jointly imply cz® N {ao,bo} = dz® N {ao,bo}, then A
can be embedded isomorphically into a direct product of nondeterministic nilpotent
automata having fewer states than |A].

Proof. Since ¢ and d are incomparable, {c,d} N {ag,bo} = 0. Let A; = A/84q 10
and Ay = A/6.,4. Since ¢ X d and agz® = byz®, for all z € X, both A/, 4, and
A /8. 4 are nondeterministic nilpotent automata. Now, we will prove that A can
be embedded isomorphically into A; x Ay under the natural mapping denoted by
p. Since 8gqp, NBc,a = Aa, pt is a one-to-one mapping of A into A/04, s, X A/8.,q4.
To prove that p is an isomorphism, let B = pu(A). For the sake of simplity, let
us denote by U 8, 6,(a0) =. {ao, b0} and by V 8.4(c) = {c,d}. Then, we have
to evaluate u(az®) and p(a)z™*A2 N B in the following cases: a € A\ (UU V)
and az* N(UUV) =0;a € A\(UUV)and az® NU =0 and az® NV # 0;
a € A\(UuV)and az® NU # Pand az® NV =0 a € A\ (UUV) and
az® NU # Dand az® NV # 0;a € U; a = c (or d) and cz® NU = 0 and
dr*NU =0;a=c(ord)and czANU =P and dz® NU # B; a = ¢ (or d) and
czANU #Pand de* NU =0;a=c (ord) and cz® NU # P and dz® NU # 0. In
this latter case, we have to use the assumption of the lemma, namely, if cz2NU # 0
and dzA NU # 0, then czA* NU =dz® nU. a

Corollary 3 Let A = (X, A,d) be a nondeterministic nilpotent automaton with
|A| > 4 that has ezactly one pair of different states ag, by for which apz® = bpz?
holds, for all z € X. If A has ezactly one pair of incomparable states ¢ X d and
A cannot be embedded into a direct product of nondeterministic nilpotent automata
having fewer states than |A|, then there has to be T € X such that cz*N{ag,bo} # 0,
dz™ N {ao, bo} # 0 and T N {ao, bo} # dz™ N {ao, bo} hold.

Lemma 7 Assume that A = (X, A, ) 1s a nondeterministic nilpotent automaton
(JAl > 4) that has ezactly one pair of different states ag, by for which agz® = boz®
holds, for all x € X, and that A can be embedded isomorphically into a direct
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product of nondeterministic nilpotent automata having fewer states than |A|. If for
cXd e A, there exists T € X such that c® N {ao, bo} # 0, dZ4 N {ag,bo} # 0 and
A N {aop,bo} # dZ* N {ao,bo} simultaneously hold, then there exists e X f € A
such that {e, f} # {c,d}. .

Proof. We use the same notations as in the proof of Lemma 5. Let u(c) = b’ =
(by,-..,8s,...,05) and p(d) = b“ (¥%,---,@i,...,by). We must analyse the cases
in which the given conditions ¢z® N {ao,bo} # (b d— AN {ag,bo} # B and cz*

{ao, b0} # dE*N{ao, bo} hold. Let us assume that ¢4 = {ap} and dT* = {by} (all
other cases can be proved similarly to this one). This yields that {a?,b9} C @;TA
and that there exists an index 7 # 14, such that b’ # b} and a # b0 For this 1ndex
j, the relations a9 € b;TA7, 89 & biT, af ¢ b"—A: and b° € b“ Ai also hold.
Consider now @;- and two dlfferent elements of Bi in which a] occurs on the j-th
position. Let e and f be those states of A whose images under the isomorphism
1t are these two elements. Like in the proof of Lemma 5, one can see that e X f.
We still have to prove that {e, f} # {c,d}. For @;, there are three possibilities:
a; & {b;,b]}, @; = b or @; = bj. In the first case, we have {e, f} N {¢,d} = 0, in
the second case, {e, f} N {¢,d} = {c} and in the third case, {e, f} N {¢,d} = {d}.
Consequently, {e, f} # {c,d}. a

Corollary 4 Let A = (X, A,d) be a nondeterministic nilpotent automaton with
|A| > 4 that has ezactly one pair of different states ag,bo for which apz® = byz®
holds, for all z € X. If A has exactly one pair of incomparable states ¢ X d
and there exists T € X such.that ¢ 0 {ap,bo} # 0, dZ* N {ag, by} # 0 and
cx® N {ao,bo} # dz® N {ag,bo} are true, then A cannot be embedded into a direct
product of nondeterministic nilpotent automata havmg fewer states than |A|.

Lemma 8 Let A = (X, A,8) be @ nondeterministic nilpotent automaton (|A| > 4)
that has ezactly one pair of different states ag, by for which agz® = boz® holds, for
allz € X. If there are c X d € A and e W f € A such that {c,d}n{e, f} =0,
then A can be embedded isomorphically into a direct product of nondeterministic
nilpotent automata having fewer states than |A|.

Proof. Let A; = A/64,.,, A2 = A/8.0and A3 = A /8, ;. Since agz® = boz?, for
allz € X, and ¢ X d, e X f, the factor-automata A, Ay, A3 are nondeterministic
nilpotent automata. On the other hand, 84y,6, Nfca N 0e,y = A4, and thus, the
natural mapping denoted by y is a one-to-one mapping. To prove that u is an
isomorphism, as in the constructive proofs given above, we must calculate u(az®)
and p(a)zA1*A2XAs N B in the corresponding cases, where B = u(A). m]

Lemma 9 Let A = (X, A,d) be a nondeterministic nilpotent automaton (|A| > 5)
that has ezactly one pair of different states ag, by for which agz® = boz™ holds, for
all z € X. If there are three pairwise tncomparable states c XM d € A, dXe e A
and e X ¢ € A, then A can be embedded isomorphically into the direct product of
nondeterministic nilpotent automata having fewer states than |A|.
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Proof. We construct the following three factor-automata: A; = A/f.4, As =
A/B4. and Az = A[f. .. Since ¢ X d, d X e and e X ¢; each of the automata
A, A, Az is a nondeterministic nilpotent automaton. It can be proved that the
natural mapping is an isomorphism in this case. The proof goes similarly to the
cases mentioned above. m]

Note that the condition that A has exactly one pair of different states ag, bg for
which agz® = bgz® holds, for all z € X, was not used in this proof, hence, it is
not necessary.

Corollary 5 Let A = (X, A,d) be a nondeterministic nilpotent automaton with
|A| > 5 that has ezactly one pair of different states ag,bo for which agz® = bozh
holds, for all z € X. If A has at least two incomparable states and A cannot be
embedded into a direct product of nondeterministic nilpotent automata having fewer
states than |A|, then there has to be ¢ € A\ {ag,bo} such that for every e X f € A,
c € {e, f} must hold.

Lemma 10 Let A = (X, A,)) be a nondeterministic nilpotent automaton with
|A] > 5 that has exactly one pair of different states ag,bo for which agz® = boz?
holds, for all x € X. If there are a natural number k > 2 and c,e1,...,e, € A with
cWen,r=1,...,k, such that

Ve e X (Fie {1,...,k} s eia® N{ao, bo} C cz® N {ao,bo}) holds,

then A can be embedded isomorphically into a direct product of nondetermzmstzc
nilpotent automata having fewer states than |A|.

Proof. We construct the following k+1 automata: let Ag = A/8,, », and for every
r=1,...,k let A, = A/b...

Since agz® = boz™ for allz € X andcMe,,r =1,...,r, each of the automata
Ag,A,,..., A, is a nondeterministic nilpotent automaton. We prove now that
the natural mapping is an isomorphism of A into Ag x A; x --- x Aj. Since
Oag.bo NBeey N---NBbee, = Ay, pis a one-to-one mapping. To prove that p is an
isomorphisn, we have to investigate more cases. For the sake of simplity, we shall
use the notations: U = 84 p,(a0) = {ao,bo} and for r =1,.. .k, V, = 6...(c) =
{c,e,}. We will give the proof in detail for the following two cases.

Assume that a = ¢ and cz® N {ag,bg} # 0. Then,

plez?) = plez® \ {ao, bo}) U pcz™ N {ao, bo}) =
={(b,...,b)b € cz®* \UI{(U,b,...,b)}b€ cz* NU}.
On the other hand,
/,L(C)Q:onAl X XAg (C, Vl,Vz, e Vk)zAgXAlx...xAk —
=cz®° x Vg™t x - x Vg =

= ((ca:A\U) U{U}) x (cz® Uerz®) x -+~ x (cz® Uepz™) =
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= ((cz® \U) x (cz™ Uerz™) x -+ x (cz® Uegz?)) U
U({U} x (cz® Uerz™) x - x (cz? 'Ue;;zA)) ,

which implies
'u(c)onXAlx---xAk ﬂB —

= {(by...,B)bE T \UIU{(U,b,...,0)b e (Tél(czA Uez®)) NUY =

— (..., Db A \UYU{(U,b,...,b)b € (cz® NU) U (Trﬁl(e,zp‘ nuy) .

Since there exists an index 4 such that e;z4N{ag, bo} C cz®N{ap, bo}, the inclusion

A (e, NU) C cz® NU also holds and p(cz?) = p(c)zhoxArxxAwvn B,

r=1 .
Now, assume that a = e; for some j € {1,...,k} and e;z4 N {ao,bo} # 0. Let
I={lle; € ez} and J = {l|e; ¢ ejz™}. Then, .

plejz®) = p(e;z™ \ ({ao, bo} U {eill € 1})) U p(ejz™ N {ag, bo}) Up({el € I}) =
={(b,b,...,b)b€ e;z* \ ({ao, bo} U {esfl € I})}U
U{ccA(U, b,...,b)be ej:cA N {ao,bo}} U lLéJ{{(el,el, oenVie,..o e},

where V; occurs on the (I + 1)-th position of the element (e, e;,..., e, Vi e, ..., €).

on XAl X--XAg — ( ,e]'):I:AOXA' X... XAy —

ule;) €5,€5,-- €5, Vi e ...

A] Ak

= ejzA" X gjpt X e X ejztim1 x ijAJ' X eja:”‘i+1 X -r- X et =

= ((ej:'vA\U)U{U}) X My x -+ x Mj_; x (ez® Uejz®) x Mjyy x -+ x My,

where
M = ejzh ifled,
PT (e \ W)UV} iflel,

forallle{1,...,5-1,7+1,...,k}. Therefore,

ﬂ(ej)onxAlxu-xAk NB=

={(,...,b)b e ej:z:A\(UulgIV,)}U{(U,b,...,b)|b € lgj(eij\Vl)ﬂ{ao,bo}}U

U[gI{(el76li"'1617‘/l’el""’el)}

and the proof of p(cz?) = p(c)zho*ArxxAx N B is complete in this case, too.
The proof of p(az®) = u(a)zAe*Ar>*Ax N B is similar in all other cases. O
By studying in detail all the cases of the proof of Lemma 10, we can state the

following result.
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Corollary 6 Let A = (X, A,d) be a nondeterministic nilpotent automaton with
|A| > 5 that has ezactly one pair of different states ag,bo for which apz® = boz”
holds, for all z € X. If there exists a natural number k > 2 and there are
c,e1,....,ex € A withcXe,,m=1,... k, such that for all z € X,

cz® N {ao,bo} =0 or Ji € {1,...,k} such that e;x® N {ag,bo} C cz™ N {ao,bo}

holds, then A can be embedded isombrphically into a direct product of nondeter-
ministic nilpotent automata having fewer states than |A|.

Theorem 2 Let A = (X, A,8) be a nondeterministic nilpotent automaton with
|A| > 4 that has ezactly one pair of different states ag, by for which apz® = boz®
holds, for all x € X . If there exists ¢ € A such that:

(a) for alleX f € A, c€ {e, f}, and

(b) there exists T € X such that cT® N {ag,bo} # 0 and for all e € A with c M e,
GTA n {ao, bo} g CfA N {ao, bo} holds,

then A cannot be embedded into a direct product of nondeterministic nilpotent au-
tomata having fewer states than |A|.

Proof. Assume to the contrary that A can be embedded into the direct product
of £ > 2 nondeterministic nilpotent automata having fewer states than |A|. Let
Ay, ..., Ay be these nondeterministic nilpotent automata with |A,| < |A|, r =
1,...,k,and let u : A &> B C A; x --- x A be the embedding isomorphism.
Let B denote the subautomaton of A; X --- x Ay, with state set B. Let u(ap) =

(a?,...,a}) and p(bo) = (89,...,b3). We consider the following set of indices:
I'={re{1,...,k}| a@ # b2}. Since ag # bo and p is an isomorphism, I # 0.
Without loss of generality, we may assume that I = {1,...,m} where m < k and

m is a fixed value.

For all ¢ € I, let us examine the state @;, i.e. the state which occurs in at least
two different elements of B on the i-th position. The existence of @; follows from the
fact that |4;| < ]A|. Due to Lemma 4 and the definition of I, @; will appear neither
in the element (a?,...,a}), nor in (82,...,b%). According to this and to Lemma 3
that guarantees that in a nondeterministic nilpotent automaton no state may have
“loops”or “circuits” except for the absorbent state, the ancestors with respect to p
of these elements are incomparable in A. Consequently, for every @;,7 = 1,...,m,
we have in A a pair of incomparable states, that don’t have to be different for
different @;-s. Due to (a) these states are of the form ¢ X e;,...,¢c X e,, where
v <m and v is a fixed value. According to this, p(c) = (@1, ..., 8m,Cma1,..->Ck)-

In the same time, ¢Z* N {ag,bo} # {ao0,bo} and also e;Z* N {ao,bo} # ® holds
for all 4 € I, because otherwise there would exist e € 4 such that ez N {ag, by} C
c® N {ao,bo} would be true in a trivial way and condition (b) would not be
satisfied. ¢z N {ag,bo} # 0 stated by (b) and cz* N {ao,bo} # {ao, bo} implies
@™ N {ag,bo} = {ao} or c* N {ao,bo} = {bo}-
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Let us analyse the case ¢z N {ao,bo} = {ao;. Because g is an isomorphism

and B is a subautomaton of A; x--- x Ay, al € @z, foralli =1,...,m, and
a) € M, foralll=m +1,...,k, must be true. Remember that a, = b?, for all
l=m+1,... k. ThlS 1mphes the existence of a 7 € Fsuch that b° ¢ a;T A3 because,
otherwise b? €@z foralli=1,...,m, and b € az?, for all l=m+1,...k

would hold, which would imply by € ¢, Let us denote by J the following set of
indices J={i € I| b ¢ @ ,ZA3}. Then, by the statements above, it is obvious that
J 79 0. On the other hand, all e; with j € J must satisfy (b). ThlS means that
e;Z N {ao,bo} € {ao}, for all j € J. We already observed that e;z N{aog,bo} # 0
for all ¢+ € I, thus the single possibility for e; is b0 € aj , for all j € J, which
contradicts the definition and the nonemptyness of the set J . The analysis of the
case ¢Z2 N {ao,bo} = {bo} is similar. m]

Theorem 3 Assume that A = (X, A, 8) is a nondeterministic 'nilpotent automaton
(|A| > 5) that has ezactly one pair of different states ao,bo for which apz® =
boz® holds, for all z € X. If A cannot be embedded into a direct product of
nondeterministic nilpotent eutomata having fewer states than |A| and A has at
least two pairs of incomparable states, then there exists c € A \ {ao,b0} such that
the following statements dre simultaneously true:

(a) for alle™ f € A, c€ {e, f}, and

(b) there exists T € X such that cz® N{ap,bo} # 0 and for all e € A with ¢ Me,
({.’fA N {ao, bo} ‘Q_ CTA N {ao, bo}

Proof. Let our starting assumption be that A has exactly one pair of different
states ag, by for which agz® = boz® holds, for all z € X, that |A| > 5, that A has
at least two pairs of incomparable states and that A cannot be embedded into a
direct product of nondeterministic nilpotent automata. The proof of (a) is given by
Corollary 5. To prove (b) assume to the contrary that forallz € X, cx®N{ag, by} =
0 or there exists e; € A with ¢ M e, such that e,z N {ap,bo} C cz® N {ag,bo}.

Let E be the set of all states of A that are incomparable with ¢, i.e. E =
{e1,...,er}. By (a) we know that there are no other pairs of incomparable states
but ¢ X e,...,c X ey, where k > 2. Thus, we can reformulate the converse of
(b) as follows: there exist & > 2 and ey,...,e; € A such that cXe,,r =1,...,k,
and for all z € X, cz® N {ag,bo} = O or there exists s € {1,...,k} such that
e;z® N {ag,bo} C cz® N {ag,bo} holds. Due to Corollary 6 A can be embedded
isomorphically into a direct product of nondeterministic nilpotent automata having
fewer states than |A| which contradicts the starting assumption. O

Now, we can prove our main result.

Theorem 4 A nondeterministic nilpotent automaton A = (X, A, 68) with |A| > 2
cannot be embedded into a direct product of nondeterministic nilpotent automata
having fewer states than |A|, if and only if A has ezactly one pair of different
states ag, bo for which agz® = boz® holds, for all x € X, and one of the following
statements s true:
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(1) The partially ordered set (A, <) is a chain,

(2) A has ezactly one pair of incomparable states ¢ X d and there exists T € X
such that ¢z N {ao,bo} #0, dz2 0 {ap,bo} # 0 and T2 N {ap, b0} # dZ* N
{ao,bo} hold

(3) A has at least two pairs of incomparable states and there ezists ¢ € A such
that the following two statements are valid:

(a) foralleX f € A, c€ {e, f}, and

(b) there ezzsts T € X such that ¢z N {ag,bo} # 0 and for alle € A with
cXe, ez N{ag,bo} € ¢z N {ao,bo} holds.

Proof. First, let us prove the necessity. Assume that A is a nondeterministic
nilpotent automaton with |A| > 2 and that A cannot be embedded into a direct
product of nondeterministic nilpotent automata having fewer states than |A|. The
fact that there is exactly one pair of different states ag, by for which agz® = byz?
holds, for all z € X, is guaranteed by Corollary 1. Now, we will show that one
of the statements (1),(2) or (3) holds. Examining (A, <) we can distinguish the
following three cases: there are no incomparable states at all, there is exactly one
pair of incomparable states and there are at least two pairs of incomparable states.

If there are no incomparable states at all, then (A, <) is a chain and (1) holds.
If there is exactly one pair of incomparable states, then, by Corollary 3, (2) holds.
If there are at least two pairs of incomparable states, then, by Theorem 3, (3) holds
and the proof of the necessity is complete.

Now, let us prove the sufficiency. Assume that A is a nondeterministic nilpotent
automaton with |A| > 2 that has exactly one pair of different states ag, by for which
agz® = boz® holds, for all z € X, and that also one of (1),(2) or (3) is true.

If (1) holds, then due to Corollary 2 A cannot be embedded into a direct product
of nondeterministic nilpotent automata having fewer states than JA]. If (2) holds,
then A cannot be embedded into a direct product of nondeterministic nilpotent
automata having fewer states than [A| due to Corollary 4. If (3) is true, then the
fact that A cannot be embedded into a direct product of nondeterministic nilpotent
automata having fewer states than |A| follows from Theorem 2; and the proof of
Theorem 4 is complete. O

The following statement presents the characterization of the isomorphic decom-
posability.

Theorem 5 A nondeterministic nilpotent automaton A = (X, A, 8) with |A| > 2
can be embedded isomorphically into a direct product of nondeterministic nilpotent
automata having fewer states than |A| if and only if it fulfills one of the following
conditions:

(i) |A] > 3, ao is the absorbent state, by is a mazimal element in (A \ {ao})
and there exist a1,b1 € A, a1 # by, {a1,b1} # {ao,bo} such that beside
aoz® = boz®, a1z® = byz? also holds, for allz € X.
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(i1) A (with |A| > 4) has ezactly one pair of different states ag, by for which
aoz® = boz® holds, for all z € X, and there exist c X d € A such that
for all z € X, the implication (cz® N {ao,bo} # O A dz® N {ag,bo} # 0) =
cz® N {ao, bo} = dz® N {ag, bo} holds.

(iii) A (with |A| > 4) has ezxactly one pair of different states ag, by for which
aoz® = boz® holds, for all z € X, and there ezist c X d € A ande™ f € A
such that {c,d} N {e, f} = 0.

(iv) A (with |A| > 5) has ezactly one pair of different states ag, by for which
apz® = boz® holds, for all x € X, and there are three pairwise incomparable
statescXd e A, dMee A andeMc e A

(v) A (with [A| > 5) has ezactly one pair of different states ag, by for which
apz?® = boz? holds, for all x € X, and there exist a natural number k > 2
and c,ey,...,ex € A withcWe,,r=1,...,k, such that, for all z € X,

cz® N{ag,bo} =0 orJie {1,...,k}: ez N {ag,b0} C cz® N {ay, bo}
holds.

Proof. We will prove the necessity by contradiction. One can see that in the
class of nondeterministic nilpotent automata the following eqivalence holds:

() V () V (@) V () V(7)) & (SA )V @)V 3),

where S is the statement that there is exactly one pair of different states aqg, by in A
for which agz® = boz™ holds, for all z € X . It yields hence, that by Theorem 4, A
cannot be embedded into a direct product of nondeterministic nilpotent automata,
having fewer states than |A|, which is a contradiction.

The sufficiency immediately follows from Theorem 1, Lemma 6, Lemma 8,
Lemma 9 and Corollary 6, which imply (i), (i), (iii), (iv) and (v), respectively.
0 .
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