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Axiomatizing iteration categories

7. Esik*t

Dedicated to Ferenc Gécseg on his 60th birthday

Abstract

We associate an identity with every finite automaton and show that a
set of equations consiting of some classical identities as well as the equations
associated with a subclass of finite automata is complete for iteration theories
if and only if every finite simple group divides the semigroup of an automaton
in the given subclass. By taking a special subclass with this property, we
arrive at the final result of the paper.

1 Introduction

It has been shown in [3] that the axioms of iteration theories capture the equational
properties of the fixed point operation in computer science. For a recent overwiew
see also [5]. The first axiomatization of iteration theories was given in [8]. This
system was simplified in [9] by proving that some classical identities in conjunction
with an identity associated with each finite (simple) group is complete. This result
confirms a conjecture in [6] in a general setting. In the present paper we give a
further simplification of the iteration theory axioms. We associate an identity with
every finite automaton and show that a set of equations consiting of some classical
identities as well as the equations associated with a subclass of finite automata
is complete if and only if every finite simple group divides the semigroup of an
automaton in the given subclass. By taking a special subclass with this property,
we arrive at our final result.

In this paper, we define theories in a slightly more general way, so that in this
context, we prefer the term iteration categories to iteration theories.
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2 Preliminaries

2.1 Conway categories and iteration categories

In any category C, we denote composition by -. The identity morphism correspond-
ing to a C-object A will be written id 4, or just id.

We will consider cartesian categories C with explicit products. Thus we
assume that for any finite family of C-objects C;, i € [n] = {1,...,n} we are given
a product diagram

ﬂ'jCIX.”xcn . Cl X ... X Cn — C]7 ] € [TL]

with the usual universal property. When f; : A — C;, i@ € [n] is a family of
morphisms, the unique mediating morphism 4 — C; x ... x C,, will be denoted
(fi,---5 fn). This morphism is called the tupling of the f;. In particular, when
n = 0, the empty tuple is the unique morphism !4 : A — 1, where 1 is the specified
terminal object.

We will assume that product is associative on the nose so that A x (B x C) =
(A x B) x C, for all objects A, B,C, and diagrams such as

WAX(BXC)
Ax(BxCQC) 2 BxC
id | my ¢
(AxB)xC (AXB)=C C
b

commute. In particular, we assume that for each object A the projection morphism
7! 1 A — Ais the identity morphismid 4. It follows that (f) = fforall f : A — B.
We also assume that

(HN=0N=1

for all morphisms f: A — B.

In the sequel we will call tuplings of projections as base morphism. Note that
any base morphism A™ — A™ corresponds to a function p : {m] — [n]. In fact the
base morphism A™ — A™ determined by p is given by

A" An
(7r1p sy Tmp)-
We will call a base morphism corresponding to a permutation [n] — [n] a base
permutation.
For any cartesian category C we define the bifunctor C x C — C by

fxg = (f-a7*P, g-af*P),

1
forall f:C —> A,9: D — B.
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DEFINITION 2.1 A preiteration category is a carteswn category C equipped with
an external dagger operation

t.C(Ax B,A) — C(B,A),

see [4].

The Conway identities are the parameter (1), double dagger (2) and
composition identities (3) given below.

(f-Gdaxg)t = fl.g, 1
all f:AxB— A, g:C — B,
o= (F- (A xide)l, | (2)

where f: A x A x C — A and where A is the diagonal morphism (id 4, id A) A —
Ax A

(f Agm "Nt = f-llg-(f, BXC)) , 15, ()
forall f: BxC — A, g: Ax C — B. Note that the fixed point identity
fIo= fflide), f:AxC—A
is a particular subcase of the 'composition identity.

DEFINITION 2.2 [3] A Conway category is a preiteration category satisfying the
Conway identities.

Conway categories satisfy several other non-trivial identities including the
Bekit identity [1] (called the pairing identity in [3]):

ot = (1 (nhide), w,
foraﬂf:AxBxC—)Aandg:AxBxC’—)B,where
| h = g-(f1idsxc) : BxC — B,
We will also make use of the permutation identity
(m-f-(x P xide)t = = ff

for all f: A" x C — A™ and all base permutations 7 : A™ — A™. Another useful
identity is given by the next lemma.

LEMMA 2.3 In any Conway category C,
it = (f-(An x idp))fa

for all morphisms f : A™ x C.— A, where there are n > 1 consecutive daggers on
the left hand side and where A,, is the diagonal morphism (ida, .. .,id4) : A — A™.
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A full description of the valid identities of Conway categories is given in [2],
where it is proved that the problem of deciding whether an equation holds in all
Conway categories is PSPACE-complete. It is shown in [4] that the parameter
identity corresponds to a naturality condition and that the double dagger identity
to a dinaturality condition of the dagger operation.

As argued in [3], all of the fixed point models in computer science satisfy at least
the Conway identities. For example, for any set .S, the category Cpos of S-sorted
cpo’s and continuous functions satisfies the Conway identities. In this category,
there is a cpo Ay, corresponding to any word w € §*. When w = s1... sy, the ¢po
A, is determined by the cpo’s A,,, in fact A, is the product A, x ... x A, . The
morphisms A,, — A, are the continuous (or order preserving) functions 4,, — A,,
and the dagger operation is defined by least fixed points.

We give a semantic definition of iteration categories. For a syntactic character-
ization the reader is referred to Section 3.

DEFINITION 2.4 An iteration category is a preiteration category equipped with
a dagger operation which satisfies all of the identities that hold in the categories
Cpos.

It is shown in [3], see also [5], that the iteration category identities are the
standard identities of the fixed point operation in computer science.

2.2 Automata and semigroups

Except for free semigroups, all semigroups will be assumed to be finite. The product
of the elements s,t of a semigroup S will be written s o ¢, or just st. A subgroup of
a semigroup S is a subsemigroup of S which is a group. Following [7, 12], we say
that a semigroup S divides a semigroup S’, denoted S|S’, if S is a homomorphic
image of a subsemigroup of S’. It is known that the division relation is transitive
(and reflexive). Further, a group G divides a semigroup S if and only if G is
a homomorphic image of a subgroup of S. A group G is called simple if it is
nontrivial and has no proper nontrivial normal subgroup.

Suppose that X is a finite nonempty set. An X-automaton Q = (Q, X,0) isa
finite nonempty set @ equipped with a (right) action of X on Q:

o:@xX — Q
(g.2) = go=

We will usually write gz for ¢ o z and (@, X) for (Q,X,¢). The action of X on
@Q may be extended to an action of the free semigroup X+ of all finite nonempty
words over X such that

g(uz) = (qu)z

forallgeQ,ue X* andz € X.
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Suppose that Q = (@, X) is an automaton. A letter z € X is a permutation
letter (reset letter, respectively) if the function

q = qz, q€Q

induced by z is a permutation (constant map, respectively) on . We call Q a per-
mutation automaton (reset automaton, respectively) if each letter z € X is a
permutation letter (reset letter, respectively). Further, we call Q a permutation—
reset automaton if each z € X is either a permutation letter or a reset letter.
For example, the automaton U = ({¢1,¢2}, {z1,22,%3}) equipped with the action

qir; = Gj

q;T3 = (i, 7').7 € [2]a

is a permutation-reset automaton, called the two-state identity-reset automa-
ton. This automaton is important in the Krohn-Rhodes decomposition theorem,
see [11]. In our arguments we will also make use of counters. A counter of
length n is a (permutation) automaton (@, {z}) such that @ = {go,...,gn—1} has
n elements and letter z induces the cyclic permutation ¢; = ¢i+1 mod n- )

Homomorphisms, subautomata and congruences of automata are defined
in the usual way. The automaton (Q, X) is called a renaming of the automaton
(Q,Y) if there is a function ¢ : X — Y such that

gz = q(zp),

forallge @) and z € X.

Suppose that Q = (@, X) is an automaton. Recall that each word u € X+
induces a function @ — . Equipped with the operation of composition that we
now write in diagrammatic order, these functions form a semigroup denoted S(Q).
We call S(Q) the semigroup of Q. For example, the semigroup of a counter
of length n is a cyclic group of order n. When Q is a permutation automaton,
each element of S(Q) is a permutation of the set @, so that S(Q) is a group.
An automaton Q is called aperiodic [7], if each subgroup of S(Q) is trivial. For
example, each reset automaton, or more generally, each definite automaton [7] is
aperiodic. The automaton U is also aperiodic. We will denote the class of aperiodic
automata by AP.

The concept of aperiodic automata may be generalized. Suppose that G is a
class of simple groups closed under division. We let Qg denote the class of all
automata Q such that any simple group divisor of S(Q) is in G. Thus, when G is
empty, Qg is the class AP. When § is the class of all cyclic groups of prime order,
Qg is known as the class of solvable automata. We denote this class by SOL.
We will also make use of the following notation. Suppose that m > 1 is an integer.
Then we let SOL,, denote the class of all (solvable) automata Q such that any
simple group divisor of S(Q) is a cyclic group of prime order p which divides m.
Thus, SOL,,, = SOL,, if and only if m and n have the same prime divisors. Note
that SOL; = AP.
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When (@, X) is an automaton such that X = S is a semigroup and the action
is compatible with the semigroup operation, i.e.,

g(st) = (gs)t

for all ¢ € @ and s,t € S, we call the automaton (4, S) a transformation semi-
group. (Note that we are not requiring that the action is faithful.) When S is a
group with unit e and

ge = q,

for all ¢ € Q, (@, S) is a transformation group. See [7]. Note that each trans-
formation group is a permutation automaton.

For each semigroup S there is a corresponding transformation semigroup (S, S)
equipped with the natural self action (s,t) — st. When § is a group, (S,S5) is a
transformation group.

Following [11], we now define cascade compositions (or ap-products) of au-
tomata. For this reason, suppose that Q; = (Q;, X;), i € [n], n > 0, are given
automata. Moreover, suppose that X is a new finite nonempty set and for each
1 € [n] we are given a function

it QL X ... xQi1 x X — X,

Then the cascade composition
IT QilX, i
i€{n}

determined by the functions ¢; is the automaton (Hie[n] @;, X) equipped with the
X-action

(q1,--, @)z = (qy1,- -, Gnln)s

where y; = pi{q1,...,¢-1,z), for all . Note that when n = 1, a cascade com-
position is just a renaming of Q;. We will sometimes denote the above cascade
composition as

Q1 X ... XQn[X,(pl,...,(pn].

Two particular subcases of the cascade composition are also important, the
quasi-direct product and the direct product. We call the above cascade composi-
tion a quasi-direct product if each function ¢; is independent of its first 7 — 1
arguments, so that each ¢; can be considered as a function X — X;. If for each 2
also X = X and ¢; is the identity function X — X, then the quasi-direct product
is the direct product Hie[n] Q;.

We will say that an automaton (@), X) has an identity letter if some z € X
induces the identity function @ - Q. Given Q, we will denote by Q! an automaton
obtained from Q by adding a letter inducing the identity function Q@ — @, if Q
has no such letter. Otherwise Q! is just Q. This notation is extended to classes of
automata in a natural way.
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3 Review

In this section we review some of the results of [9] and [10].

Suppose that Q = (@, X) is a finite automaton such that @ = [n] and X = [m],
for some integers n and m. For each preiteration category C and object A in C,
we associate with Q the base morphisms pQ : A" — A™, g € Q. For each g, pQ
corresponds to the map

[m] — [n]
z — qr.

Thus,

Am Ar
qu = (Mg s Tgm)

(Recall that X = [m], so that for each ¢ € Q = [n] and ¢ € [m], ¢i is a state of
the automaton Q.) The morphisms qu, denoted sometimes just p,, are called the
basé morphisms associated with the automaton Q.

We define, for each g : A™ x C — A,

9@ = (g-(p1xidg),...,g-(pn xidg)) : A" x C — A™
DEFINITION 3.1 The automaton-identity I'(Q) associated with Q is the equation
(9)! = An-(¢9-(Anm xide))f, g:A™ xC — A. (4)

In preiteration categories satisfying the permutation identity we can associate an
equation with any automaton not just with those defined on sets of the form [m)].
In such categories, equations associated with isomorphic automata are equivalent.

Since any transformation semigroup is an automaton, the above definition asso-
ciates an identity I'(Q, S) with each transformation semigroup (@, S). When (Q, S)
is the transformation semigroup (S, S) equipped with the natural self action, we
denote I'(S,.S) by I'(S) and call this identity the semigroup-identity associated
with S. When S is group, ['(S) is a group-identity.

The above notation may be extended to classes of automata and semigroups.
When @ is a class of finite automata, I'(Q) consists of all identities ['(Q), Q € O.
When S is a class of finite semigroups, I'(S) is defined similarly.

The axiomatization of iteration categories given in the next theorem is a refor-
mulation of the main result of [8].

THEOREM 3.2 A Conway category C is an iteration category if and only if each
automaton identity holds in C.

The following stronger results were proved in [9] and [10].

THEOREM 3.3 Suppose that S is a given class of semigroups and Q is an automa-
ton. Then the automaton identity I'(Q) associated with Q holds in all Conway
categories satisfying the semigroup-identities I'(S) if and only if every simple group
dwisor. of S(Q) divides one of the semigroups in S.
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In particular, an automaton identity I'(Q) holds in all Conway categories if and
only if Q € AP. And if G is any class of simple groups closed under division, then
I'(Q) holds in all Conway categories satisfying the group-identities I'(G) if and only
if Qe Qg.

COROLLARY 3.4 [9] A Conway category is an iteration category if and only if it
satisfies the group-identities. Given a class S of finite semigroups, consider the set
of equations TI'(S) associated with the semigroups in S. The system consisting of
the Conway identities and the equations ['(S) is complete for iteration categories if
and only if for every simple group G there is a semigroup S € S such that G|S.

In the course of proving Theorem 3.3, the following facts were established in [9].

LEMMA 3.5 Suppose that Q is a subautomaton or a renaming of Q'. IfC is a
Conway category with C = T'(Q') then C E T'(Q).

LEMMA 3.6 Let C be a Conway category and suppose that Q = Hie[n] Qi[X, ;) is
@ cascade composition. If C = T'(Qy) for all i € [n], then C = T'(Q). Moreover, if
1 is surjective and if C = T'(Q) and C ET(Qy) for alli > 1, then C ET(Qq).

4 Main results

The main results of this paper are Theorem 4.2, Corollary 4.4 and Theorem 4.5
below. In order to formulate these results, we need one more definition.

The powers f* : Ax C — A, k >0, of a morphism f : AxC — Aina
cartesian category are defined by induction: .

fO — ﬂ_fixc

L = Foft foc).
DEFINITION 4.1 For each m > 1, the mth power identity is the equation P,
(™t = 1, fAxC — A
Note that this identity is nontrivial only if m > 1. We will prove

THEOREM 4.2 Suppose that Q is a class of automatae and Q is an automaton such
that every simple group divisor of S(Q) divides the semigroup of some automaton
in Q. IfC is a Conway category satisfying the identities I'(Q) and a nontrivial
power identity, then C = T'(Q).

COROLLARY 4.3 Suppose that a renaming of some automaton in Q contains a
nontrivial counter as a subautomaton. Then the identity ['(Q) associated with an
automaton Q holds in all Conway categories satsifying the identities I'(Q) if and
only if every simple group divisor of S(Q) divides the semigroup of an automaton

n Q.
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From Corollary 4.3 and Theorem 3.2 we immediately have

COROLLARY 4.4 Suppose that a renaming of an automaton in Q contains a non-
trivial counter. If every (simple) group is a divisor of the semigroup of an au-
tomaton in Q, then the Conway identities and the automaton identites in S(Q) are
complete for iteration categories.

Conversely, if Q is any class of finite automata such that the Conway identities,
the power identities, and the automaton identities in I'(Q) are complete for iteration
categories, then every (simple) group divides the semigroup of an automaton in Q.

Let us now define, for each n > 3, the identity S,
(f (Az xide) - (f - (nfC, (FP72,78%C), af XN = (- (82 xide)),

where f is any morphism A% x C — A in a preiteration category. This identity
is a generalization of an identity of regular sets introduced by John Conway in [6].
As an application of Theorem 4.2, we will prove

THEOREM 4.5 The Conway identities and the equations S, for all n > 3, are
complete for iteration categories.

In order to establish these results, we need to derive the identity I'(G) associated
with a group G dividing the semigroup of an automaton Q from the the identity
['(Q), a nontrivial power identity, and the Conway identities.

5 Identities associated with solvable automata

In this section, we show that in Conway categories, the mth power identity is
equivalent to the identity associated with a counter of length m. We then proceed
to prove that an automaton identity I'(Q) holds in all Conway categories satisfying
the mth power identity if and only if Q € SOL,,,. We start with a technical lemma.

LEMMA 5.1 Suppose that C is a Conway category satisfying the identity I'(Q) as-
sociated with a finite automaton Q. Then C = T(QY).

Proof. Suppose that Q = (@, X). If Q has aletter inducing the identity function
Q@ — @ then Q! = Q and there is nothing to prove. Otherwise Q! = (Q,Y) with
Y = {y} U X such that y induces the identity function @ — @ and each z € X
induces the same function in Q as in Q!. In our argument, we assume that Q = [n],
X={i:2<i<m+1},sothat Y =[m+ 1] and y = 1.

Suppose that C is a Conway category and A and C are objects in C. Define

pi = piA" A"

1
o; = piQ DA™ — AT
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for all ¢ € [n]. Then we have
oi = (", pi), (5)

for all 7 € [n]. We complete the argument by using the following sublemma whose
proof is omitted.

SUBLEMMA 5.2 Suppose that f; : A" xC — A, i € [n] in a Conway category C.
Then

(fr - (nf " >Clidanxc)s - fo (T2 ¥Cidan o))t = (S, D

Suppose now that f : A'*™ x C — A. Then, by Sublemma 5.2, equation (5),
and the parameter identity,

(fa)t = (1 (o1 xide),. ., T+ (pn x ide))
= (g9q)",

where g is the morphism ff. Thus, since C |= I'(Q), we have

(fo)' = (gq)t
= An(ff(Am dec))T
= A, (f : (Am—i-l X idC))T7

where the last step follows from Lemma 2.3. O
The following fact is obvious.

LEMMA 5.3 Suppose that C is a preiteration category and m,n > 1. If C & P,
and C =Py, then C |E Py

For the rest of this section, for each m > 1 we let K,, denote a counter of length
m.

LEMMA 5.4 For any Conway category C and m > 1, C = Py, if and only if C
T(K,,).

Proof. This is obvious if m = 1, so we assume m > 1. It is easy to see that
C = T(K,,) if and only if

" (k) = S
forall f: Ax C — A. But since C is a Conway category,
()t = (M
Indeed, we have

fkm = (@7 xide),...,f-(mph xide), f-(nf" xidg)) : A™ x C — A™.



Axiomatizing iteration categories 75

Define
g = (F- (" xide),...,f-@A” xidg)) : A™ x C — A™ L

Then

g™t = (ML) (AT xide).
Thus, by the fixed point identity,

g' = g™ (g" idaxe)

(F™ .. )i AxC — A™L

Thus, by the pairing identity,

m m—1 .
" (fxa)t = gt (Rt ide)
Fmt(htide),

where
ho= f-(@f" xide)- (g, idaxc)
= foymhapey
.
Thus, ht = (f™)t and
" (k) = TG ide)
(f™H,
by the composition identity. 0

Suppose that C is a Conway category satisfying the mth power identity P,,. Let
Zm denote the cyclic group Z/mZ of order m. In order to prove that C satisfies
the group-identity I'(Z,,) we need a technical consruction involving automata.

We represent Z,, as the set {0,...,m — 1} with group operation

(3,7) = i+ 7 modm.

Similarly, we represent K}, as the automaton (Z,,, X), where X = {0,1}, so that
X is a generating set of the group Z,,. The action of X on Z,, is defined by the
group operation. Define the quasi-direct product

A = (A, Zm) = (ern Zm) X (Zmy X)m—2[Zm7991; cae 7‘Pm—1]

by

.

je1 =

— 0 ifj%i
Jpi = {1 if § =i,
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for all j € {0,...,m — 1} and ¢ € {2,...,m — 1}. Moreover, define
B = (B)Z‘"l) = (ZmaX)m_l[Znh’lr/jlw"ad)m—l}

by

[0 g
i = {1 if j =1,

forall j € {0,...,m—1} and i € {1,...,m — 1}. Note that A =B = Z""1.

LEMMA 5.5 The automata A and B are isomorphic.

Proof. Define

u:B — A
m—1
(i1, yime1) = (D 50, iz, imen),
=1
where the sum is taken mod m. Then g is a bijection. Suppose that k& € {0,...,m—
1}, k # 0. Then, in B,
(ilyn-;im—l)ok = (i],---,ik'*‘l,---,im—'l)-
Moreover, in A,
m—1
pin,. . yime1) ok = (k+ > ij-4, G2, ik + 1, imoy),
_ =1
if k> 1, and
m-—1
/L(il,...,im_l)ok = (k+21]‘7’ ’1:2,...,7:,”_1),
j=t
if k = 1. In either case, pu preserves the action. O

Thus, by Lemmas 5.4, 5.1 and 3.6, if C is a Conway category satisfying the mth
power identity, then, T = I'(B). But by Lemma 5.5, A is isomorphic to B, so that
T =T(A). But then, again by Lemma 3.6, C = I'(Zn, Zm). We have proved

LEMMA 5.6 Suppose that C is a Conway category satisfying the mth power identity,
for some m > 1. Then C |=T'(Z,,).

THEOREM 5.7 Let m > 1 be any fized integer. The identity I'(Q) associated with
an automaton Q holds in all Conway categories satisfying the mth power identity

if and only if Q € SOL,,.
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Proof. Suppose that C is a Conway category with C = P,,,. Then, by Lemma 5.6
and Theorem 3.3, C satisfies the identity I'(Q) associated with any automaton
Q € SOL,,. On the other hand, if Q € SOL,,, then by Theorem 3.3 there is a
Conway category Co satisfying I'(Z,,) such that I'(Q) does not hold in Co. But by
Lemma 5.4, the mth power identity holds in Cy. ]

COROLLARY 5.8 The identity associated with an automaton Q holds in all Conway
categories satisfying all of power identities if and only if Q € SOL.

6 Proof of Theorem 4.2

Suppose that Q = (@, X) is an automaton having an identity letter. Recall that
X7 denotes the free semigroup of all nonempty words over X. Below we write X*
for X+ U {A}, where X is the empty word.

Let S denote the semigroup S(Q) and let G be a subgroup of S. Since Q has an
identity letter, S is a monoid whose unit is the identity function @ — Q. Moreover,
there is an integer kg > 0 such that for each k > kg, any function in S is induced
by a word in X of length k. For the rest of this section, for any integer n > 0, we
denote by X™ the set of all words u € X* of length ju| = n. Similarly, G™ is the
set of all words in G* of length n. .

- For a given word v € X*, we denote by @ the function @ — @ induced by u in
Q. Also, when v = ¢, ... ¢, € G, then we denote by T the composite gy o ... 0 gn
of the functions g1,...,9,. (Recall that we write composition in S from left to
right.) For a state ¢ € Q, we will just write qu for gu.

Fix an integer & > ko. There exists a function ¢ : G* — X% such that
7 = wi for all u € G*. Given such a function ), for every word u € G* we define
utpy = first; (uy) to be the first letter of u, and us = lasty_1 (u)) to be the suffix
of length k — 1 of uyp. Thus, uyp = (uhr)(urhs).

Let

R = {(,u,v,w):ic[k], ue G vec X we G v=Ilasty_;(wi)}.
We turn R into a G-automaton by defining

(1,u,v,w) o = (Z+Lug,v,w) fv=zv withzeX
1,1, 7, g = (1,9, uths,w) if o=\

LEMMA 6.1 The automaton R = (R,S) is isomorphic to a subautomaton of a
cascade composition of a counter of length k with aperiodic automata.

Proof. When k = 1 the automaton R is definite and hence our claim is obvious.
Thus, in the rest of the argument, we assume that & > 1. Let K denote the
counter ([k], {z}) such that z induces the cyclic permutation (12...%). Let Ry =
(G*,G x [k}]) and Ry = (X*~1, X U X*~1) be equipped with the following actions:

g1---9i-199i+1 - .- Gk lf'L#l

g1---gre(g,%) = {gg(/;-—l fi=1
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Ty...Lp—1°Z = ZTo...

!
Ty...Tg 10T)...Tfy = Z|...

where 1 € [k], g,9; € G, for all j € [k], and z,z;,2; € X, for all j € [k — 1], and
where go denotes a fixed element (say the unit element) of the group G. Moreover,
let R3 be the automaton (G*,G* U {z}) with action

UoVU = V

uocz = u,

for all u,v € G*.
Define the cascade composition R’ = K x R; x Ry X R3[G, 1,92, @3, 4] as
follows. For alli € [k], u€ G*, ve X* 1 and g€ G,

pi(g) = =z
. (g,i+1) ifi<k
Lpz(i,g) - { (g’ 1) if i =k

os(i,u,g) = ifi<k
wg(u) ifi=k
(iu,0,) = fi<k
©w4it,U,V,9 - ” leZk,

where zg is any fixed element of X. It follows that the map

(G,u,v,w) (i,ugo vz(’) L w),
where i € [k], u € G*, v € X**, w € G*, defines an injective homomorphism
R — R'. Moreover, all the automata R;, i = 1,2,3 are aperiodic, in fact Ry is
definite and Ry is an identity-reset automaton. (Alternatively, one may refer to the
Krohn-Rhodes theorem by showing that each of the automata R; can be embedded
in a cascade composition of U with itself.) O

COROLLARY 6.2 If C is a Conway category satisfying the identity Py, then C
r'R).

Proof. This is immediate from Lemmas 6.1, 3.5 and 3.6. O

Since G is a subgroup of S, there exists a nonempty set Q¢ C @ which is closed
under the functions in G and such that (Q¢, G), equipped with the natural action,
is a transformation group having a faithful action. See [11]. Thus, each g € G
defines a permutation Qg — @¢, moreover, the unit element of G defines the
identity function Q¢ — Qg, and finally, for all g1, 9, € G we have g; = g, if and
only if gg1 = qgo, for all ¢ € Q¢-

Now let M be the cascade composition

M = Rx Q[Ga<P1:<P2]
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determined by the identity function ¢; : G — G and the function 2 : RxG — X,

. z fv=zandzeX
gpg((l,u,v,w)ag) = u'(/)l ifv=2A

(Note that the definition of 3 does not depend on g.). Let M’ = (M',G) be the
subautomaton of M determined by those states

((i,u,v,w),q) € R x Q

such that there exists a q; € Q¢ with qv' = ¢, where v’ € X? is the word first; (w).
(Such a state ¢1 € Q¢ is unique, since v'v = wy induces a permutation of Q¢.)
Below we will denote q; by ¢~!. Note also that quu = ¢ 'w'vu = ¢ 'wu € Q.

LEMMA 6.3 Suppose that C is a Conway category satisfying P and the identity
I'(Q). Then C ET(M) and € ET(M').

Proof. This follows from Corollary 6.2, Lemma 3.6 and Lemma 3.5. 0O
Let Qg denote the transformation group (Q¢,G).

LEMMA 6.4 The automaton M' is isomorphic to the direct product R x Qg of R
and Qg. An isomorphism h: M' — R x Q¢ is given by the map

((i,u,v,w),q) = ((i,u,v,w),qvu), all ((i,u,v,w),q) € M,-

Proof. We have already noted that quu = ¢ 'wu € Q¢. Also, if ((i,u,v,w),q)
and {(¢,u,v,w),g2) are both in M’, then qfl # ¢, so that qou = q; fwu #
q5 Llyu = g2vu, since w and v induce permutations Q¢ — Q¢. This proves that h
is injective. To see that h is also surjective, suppose that ((Z,u,v,w),q¢') € R x Q¢.
Let ¢; be the state in Qg with qywu = ¢'. This state exists, since w and u
induce permutations Qg — Q¢. Then let ¢ = ¢1v’, where v'v = wiy. We have
(G, u,v,w),q) € M and h: ((i,u,v,w),q) = (({,u,v,w),q"). It is straightforward
to check that h is a homomorphism. O

COROLLARY 6.5 Suppose that C is a Conway category satisfying the kth power
identity. If C = T(Q), then C = T'(G).

Proof. By Lemma 6.3, we have C = I'(M'). Also, by Corollary 6.2, C = I'(R).
Thus, by Lemma 3.6 and Lemma 6.4, C = I'(Qg). Since the action of G on Qg is
faithful, S(Qg) is isomorphic to G, and thus the automaton (G, G), equipped with
the natural self action is isomorphic to a subautomaton of a direct power of Qg.
It follows that C = I'(G). m]

We are now ready to complete the proof of Theorem 4.2.

Proof of Theorem 4.2. Suppose that C is a Conway category satisfying the
identities in I'(Q) as well as the nth power identity for some n > 1. If Q €
Q, then by Lemma 5.1, C = I'(Q'). Also, by Lemma 5.3, C | P, for all
k > 1. Since for some k all functions in S(Q!) are induced by a word of Q!
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of length n*, by Corollary 6.5 we have ¢ = ['(G) for any subgroup G of S(Q).
Thus, by Theorem 3.3, C = I'(S(Q)). We conclude that C satisfies the identity
associated with the semigroup of any automaton in Q. From this the result follows
by Theorem 3.3. O

Proof of Corollary 4.3. One direction is obvious from Theorem 4.2.

For the other direction suppose that we have C = I'(Q) for all Conway categories
C with C = T'(Q). Let G denote the class of simple groups dividing the semigroups
of the automata in @. Then, by Theorem 3.3, C = I'(Q) holds for all Conway
categories C with C |= T'(G). Thus, again by Theorem 3.3, any simple group divisor
of S(Q) isin G. i

7 Proof of Theorem 4.5

For each n > 3, consider the automaton Q,, = ([n], X) such that X = {z,y} with
z inducing the transposition (12) and y inducing the cyclic permutation (12...n).
From Corollary 4.4 we immediately have

COROLLARY 7.1 The Conway identities and the equations I'(Q,,), n > 3 are com-
plete for iteration theories.

LEMMA 7.2 For each n > 3, and for any Conway category C,
CES., & CETQ,).

Proof. Let f : A2 x C — A in a Conway category C, and let g denote the
morphism on the left hand side of the equation defining S,,. Below we will write
72 for 7" and ! for ! 4+. Morphism A, is the diagonal (id4,id4) : A — A2. Note
that

fQ" = ('1 X f . (AgX!n_:; X idc), f (idAX!l X idAX!n_3 X idc),
f-(nm3,mg) xide), ..., f-((mp_y,m) xide), f- (71, 7]) x ide)).
We will show that

(an)f = (gu f'(g,(ff)n_2'<g,idc>,idc), (ff)n_2 '(gaidC)t

., f1{g,ide)). (6)
Indeed, by using Sublemma 5.2, one derives
o)t = (X f(Baxtas x idg), f-(idax!y X idaxth_s x idg),
f1e(f xide), ..., f1-(mnsy xide), 1 (] xido))!.
Thus, again by the Conway identities,
(fa.)T = (1 xf-(Aexla—s xide), f-(idax!y xidax!,_3 x id¢),
(2 (nf xide), .., (] xidg))!

(g’ 'f'(g’(ff)n_2'(g:id0):idc)7 (ff)n—2'(gaidc)7 EE] f)f(galdC))
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Thus, if S,, holds in C, then
- (fa)t = (- (A2 xide))t = M
But then,

ffdgide) = Fr-(fit,ide)
- fh‘

and by induction,
for all i > 1. Thus, also

g, (fH" 2 (g idc),ide) = f-(f1T, f1,ide)

f-(Ay xide) - ((f - (Ag x ide)T,ide)
(f - (Az x ide))!

fT‘r

Thus, if C = S, then, by (6),
(fa.)t = An-(F- (A2 xide)) = £,

proving C |= I'(Q,). The converse implication is now obvious. m]

Proof of Theorem 4.5. By Corollary 7.1, the Conway identities and the equations
I'(Qn), n > 3 are complete. But by Lemma, 7.2, in Conway categories each identity
I'(Q.) is equivalent to the equation S,,. O
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