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Tree Transducers and Formal Tree Series*

Werner Kuich f

Gécseg Ferenc baradtomnak 60. sziiletésnapja alkalmabol

Abstract
We introduce tree transducers over formal tree series as a generaliza-
tion of a restricted type of root-to-frontier tree transducers and show that
linear nondeleting recognizable tree transducers do preserve recognizabil-
ity of tree series.

1 Introduction and preliminaries

In this paper we give a uniform treatment of tree transducers and tree automata
in terms of tree series and matrices.

In Section 2 we define tree transducers that map tree series into tree series.
These tree transducers are a generalization of a restricted type of root-to-frontier
tree transducers as described in Gécseg, Steinby [4, 5].

In Section 3 we consider linear and nondeleting tree representations and
show certain algebraic properties of these tree representations.

In the last section we consider linear nondeleting recognizable tree transduc-
ers. Intuitively, these are generalizations of linear nondeleting root-to-frontier
tree transducers with infinitely many productions whose right sides form recog-
nizable tree languages. The main result of Section 4 is that linear nondeleting
recognizable tree transducers do preserve recognizability of tree series. Our main
result is a generalization of the following theorem of Thatcher [10]: Linear root-
to-frontier tree transducers preserve recognizability (see also Gécseg, Steinby [4],
Corollary 1V.6.6).

It is assumed that the reader is familiar with the basics of semiring theory
(see Kuich, Salomaa [9] and Kuich [6], Section 2). Throughout the paper,
(A, +,-,0,1) denotes a commutative continuous semiring. This means:

(o) the multiplication - is commutative;
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(i) A is partially ordered by the relation C: a C b iff there exists a ¢ such
that a + ¢ = b,

(ii) (4,+,-,0,1) is a complete semiring,

(i) Yerai =sup(Djcpai | £ C I, E finite), a; € A, i € [, for an arbitrary
index set I, where sup denotes the least upper bound with respect to C.

In the sequel, we denote (A, +,-,0,1) briefly by A.

Furthermore, ¥ = ¥qUX1U. . .UX,U. .. will always denote a ranked alphabet,
where X, k > 0, contains the symbols of rank k¥ and X will denote an alphabet
of leaf symbols. By Tx(X) we denote the set of trees formed by £ U X. This set
Ts(X) is the smallest set formed according to the following conventions:

(i) if we g U X then w € Ty (X),
(ii) fwe Xy, k> 1, and ty,...,t € Tx(X) then w(ty,...,t) € Tn(X).

If 3 # 0 then X may be the empty set.

By A{(T%(X))) we denote the set of formal tree series over Tx(X), i. e., the
set of mappings s : Tx(X) — A written in the form 37,7 (s, )¢, where the
coefficient (s,t) is the value of s for the tree t € T (X). For a formal tree series
s € A(Tx(X))), we define the support of s, supp(s) = {t € Tx(X) | (s,t) # 0}.
By A(Tx(X)) we denote the set of tree series in A{Tx(X))) that have finite
support. A power series with finite support is termed polynomial. (For more
definitions see Kuich {7}.)

Formal tree series induce continuous mappings called substitutions as follows.
Let Y. denote a set of variables, where Y N (X U X) = @ (0 denotes the empty
set), and consider a mapping h : Y — A(T=(X UY))). This mapping can be
extended to a mapping h: Tx(X UY) - A(T=(XUY)) by h(z) =z, z € X,
and

hw(ty, ..., ) =@h{tr),. .., h(ts)) =
Zt’l ,,,,, t’kETE(XUY)(h‘(tl)J tll) s (h(tk‘): t;w)w( Il: s 7t;\,) )

for w € &y and tq,...,t; € Te(X UY), £ > 0. One more extension of A
yields a mapping b : A(T2(X UY))) — A{(Tx(X UY)) by defining h(s) =
2 ieTs(xuy) (s, t)h(t). This last extension of / is a complete semiring morphism
from A{(Te(X UY)) into A(Tx(X UY)). It is a continuous mapping (see
Corollary 2.15 of Kuich [7]).

Let now s € A(Tx(X UY))). Then, by definition, the formal tree series
s induces a mapping s : (A(Ts(X UY)))Y — A(Ts(X UY)) as follows:
given b : Y — A(T=(X UY))), the value of s with argument h is simply h(s),
where h is the extended mapping. If Y = {y1,...,yn} is finite, we use the
following notation: h : Y — A{(T»(X UY)), where h(y;) = s;, 1 <1 < mn,is
denoted by (s;, 1 <1 <n) or (s1,...,8,) and the value of s with argument h
is denoted by s(s;, 1 <i < mn) or s(s1,...,5,). Intuitively, this is simply the
substitution of the formal tree series s; € A{(Tx (X UY))) into the variables y;,
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1<i<mofse A(Ts(X UY)). The mapping s : (A{(Ts(X UY)))Y —
A{Ts(X UY))), i. e., the substitution of formal tree series into the variables
of Y, is a continuous mapping (see Theorem 2.18 of Kuich [7]). Observe that
8(51,---,8n) = Diern(xuy) (5:DE(s1, - .-, 5n).

In certain situations, formulae are easier readable if we use the notation
s[si/yi, 1 < i < n] for the substitution of the formal tree series s; into the
variables y;, 1 <1 < n, of s instead of the notation s(s;, 1 <i <n). So we will
use sometimes this notation ss;/y;, 1 <i < n).

In the same way, s € A{Tx(X UY)) also induces a mapping s
(A(TE (DN — AT

Our tree automata and tree transducers will be defined by transition ma-
trices. Let Y = {y1,...,yr}, ¥ > 1, and Y be sets of variables. A matriz
M e (A(Ts(X U Yk))))fl"’k, k > 1, I' and I arbitrary index sets, induces a

mapping
M (AT (X UM x o ox (AT (X UY)ND = (A(Te(X UY))T >

(there are k argument vectors), defined by the entries of the resulting vector as
follows: For Py, ..., Py € (A{(Ts(X UY)))!*! we define, for all i € I',

M(Py, .. P} =300 oer Mign,.i) (P)iyy s (Pr)iy) =
Zil,...,ikEI ZteTE(XUYk)(Mi,(il,...,ik)a t)t((Pl)il yre s (Pk)ik) .

Throughout the whole paper, I (resp. @) will denote an arbitrary (resp. a
finite) index set.

2 Tree transducers

In this section we introduce tree transducers based on formal tree series and
matrices. We show that these tree transducers are a generalization of a restricted
type of root-to-frontier tree transducers as described in Gécseg, Steinby [4, 5].

In the sequel, £ and ¥’ denote finite ranked alphabets, X and X’ denote
leaf alphabets and Z = {z; | ¢ > 1} denotes an alphabet, of variables. We denote
Zy={2z:|1<i<k},k>1 and Zp = 0.

A tree representation (w1th state set (J) is a mapping u from ¥ U X into
matrices with entries in A{Ts (X' U Z))) such that

S = (AT (XU Z)Y) R, k> 1,
i Yo UX — (A(Ts (X)X

For f € By, k > 1, u(f) induces a mapping
u(f) : (ALTs (X'UZ)NP %X (A(Ter (XUZ))) P = (A(Te (X'02Z))) 2

(there are k argument vectors), defined by the entries of the resulting vector
as follows: For Pi,..., P € (A{(Ts (X' U Z)))9*! and q € Q, the mapping is
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given by

AP, Pg= Y #Patarea) (Pass s (Pida) -

91,9k €Q

Observe that for P, ..., P, € (A{(Ts (X")))9*1, the vector u(f)( P, ..., P) is
again in (A{Tx (X)))9*. This means that

(AT (XU ZIND, (u(f) | | € D)) and (A(Te (XN, (u(f) | f € £))

are S-algebras. Hence, the mapping p : X — (A{(Ts (X")))2*! can be uniquely
extended to a morphism

p Te(X) = (AT (XN
This morphic extension is defined inductively as follows:

p(f(t, - te)) = p(H)(pt), -, p(te))

for f € g, t1,...,t; € Txn(X).

A tree representation p is called polynomial iff u(f) € (A(Tg (X'UZ,)))@*Q"
for f € Tk, k > 1, and p(f) € (AT (X"))@*! for f € o U X. Observe that,
for |Q] = 1 and A = B, our polynomial tree representations are nothing else
than tree homomorphisms (see Gécseg, Steinby [5], page 18).

For s € A(Tx(X))) we define u(s) = ZteTE(X)(S’t) ® u(t), where ® denotes
the Kronecker product (see Kuich, Salomaa [9], Section 4). We are now in the
position to define the notion of a tree transducer.

A tree transducer (with input alphabet X, input leaf alphabet X, output
alphabet X', output leaf alphabet X)

T=(Q:nS)
is given by
(i) a nonempty finite set @ of states,
(ii) a tree representation p with state set @,
(i) S € (A{(Ts (X'U Z,)) %9, called the initial state vector.

The mapping ||3]] : AT (X)) = A{(Ts (X)) realized by a tree transducer
T = (Q, p, S) is defined by

ITI(s) = S(u(s) = S( D (s,0) @ p(t)).

teTs (.X)

A tree transducer T = (@, u, S) is called polynomial iff is a polynomial
tree representation, and the entries of S are of the form S, = a4z1, a, € A,

q€Q.
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We now connect our notion of tree transducer with the root-to-frontier tree
transducers. By Gécseg, Steinby [5], a root-to-frontier tree transducer

91 = (Z?XJQJ EI7Xl7P7QI)
is a system, where

(1) %X, X', Q are specified in the same way as in the definition of our
tree transducer;

(2) P is a finite set of productions of the following types:
(i) gz = t, wherege @,z € X, t € Tss (X");
(i) ¢f(z1,...,2z1) = t, whereqe Q, f € 4, k>0, t € T/ (X' UQZy);

(3) Q' C Q is the set of initial states.

A root-to-frontier tree transducer 2 is called nondeterministically sim-
ple iff for each production of type (ii) qf(z1,...,2x) — t there exists a set
Cos—t = {¢i121, ..., ¢, zc} such that t € Tx (X' U Cypt). (Compare with
Gécseg, Steinby) [4], Exercise 4 on page 213.) Observe that not all elements
i, 21, - - - » i, 2 Of Cqp¢ have to appear in ¢, i. e., A needs not to be nondeleting.

For the forthcoming considerations in this section, our basic semiring is the
Boolean semiring B and we use without mentioning the isomorphism between
B(Tx (X)) and P(Tx(X)). Given a nondeterministically simple root-to-frontier
tree transducer % = (L, X,Q,Y, X', P,Q"), we construct a polynomial tree
transducer ¥ = (@, i, S) that behaves analogous to 2. The polynomial tree
representation p is defined as follows:

(i) Forze X,qeQ,te T (X)), (u(z)g,t)=1if gz >t € P.

(11) For f € Eky Gy Qi -5 iy, € Qa t(Zl,...,Zk) € TE'(XI U Zk)7
k 2 0; (ﬂ(f)q,(qx'l,w,qik)at(zla'"7216)) = 1 if Qf(zl,--.,Zk) —
t(qi1217 e 7qikzk) € P a‘nd qu—)t = {Qilzh e ;Qikzk}~

The initial state vector S is defined by S, =2 if g€ @', S, =0if g€ Q — Q".
We claim that, for s € Tn(X), t € T (X') and g € Q

(u(s)q, t)y =1iff gs =™ ¢

and prove it by induction on the form of trees in Tx;(X). Clearly, the claim holds
true for trees in X U Xo. Let now f € Xy for some &k > 1, s1,...,s; € T(X),
and ¢ = f(s1,...,8¢). By induction hypothesis, we have (u(s;)q;,t;) = 1 iff
g;s; =% tj, g, €Q,t; € T (X'),1<j<k. Let now (u(f(sl,...,sk))q,t) =1,
i. e., for some qy,...,qx € Q

() ariar gy (B(51)grs - - 5 (88D, )5 t) = 1.
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‘Then there exist v € Tx/(X' U Z;) and ¢1,...,t € Tx/(X') such that
W Hatarrnn):¥) = 1 ((s5)g;5t5) = 1,1 < 5 < k, and t = v(ty,..., ).
This implies

qf(slu"‘ >Sk) =7 7)(([131,. . 'ansk) =* U(tla" -atk) =t.

Similarly, we can show that ¢f(sy,...,sg) =* ¢ implies (u(f(s1,...,5¢))q: 1) =
1. This yields our first theorem.

Theorem 1 Let 2 be a nondeterministically simple root-to-frontier tree trans-
ducer and T be the polynomial tree transducer constructed from UA. Let
L C Tx(X) be a tree language. Then A maps L to the tree language
supp(||Zl|(char(L))) C Tx (X).

3 Linear and nondeleting tree transducers

In this section we introduce linear and nondeleting tree representations and
tree transducers. The main result of this section is that a linear nondeleting
representation can be extended to a morphism over matrices of formal tree
series.

A treet € Te(X U Z;), k > 1, is called linear iff the variable z; appears
at most once in ¢, 1 < j < k. Atreet € Tn(X U Z;), k > 1, is called
nondeleting iff the variable z; appears at least oncein ¢, 1 < j < k. A tree series
s € A(Ts(X U Zy))), k > 1, is called linear or nondeleting iff all t € supp(s)
are linear or nondeleting, respectively. A tree representation u is called linear
or nondeleting iff all entries of pu(f), f € g, & > 1, are linear or nondeleting
tree series, respectively. A tree transducer ¥ = (Q,pu,S) is called linear or
nondeleting iff ¢ is linear or nondeleting, respectively, and the entries of S are
of the form S, = aqz1, a4 € A, ¢ € Q.

Before we can state and prove our main result of this section we need a series
of technical lemmas.

Lemma 2 Let, for some k> 1,t € Te(X UZy), and s; € A(Tx (X)), a; € 4,
1 < j £ k. Assume that the variable z; appears m; > 0 times in t, 1 < j < k.
Then

tla1sy,. .., apsk) = a7 . oaptt(s1, ..., sk).

Proof. The proof is by induction on the form of trees in Tx(X U Z;). The
lemma is trivial for ¢t = z or t = 2;, 1 € j < k. Let now ¢ be of the form
f(ti,...,tm), where f € %, for some m > 1, and ¢1,...,tm € Te(X U Z3).
Let z; appear u;; times in ¢;, 1 < 7 < k, 1 < ¢ < m. Then we have by

induction hypothesis t;(a1s1,...,aksk) = a}'...af*¢i(s1,...,8), 1 < i <
m. Hence, t(a1s1,-..,arst) = f(ti(aisy,...,axsk), ..., tm(a181,...,a55;)) =
f(a;‘“ ...a}f”‘tl(sl,.. .,S[w.),...,(l,lll"‘1 . ..a}:"‘”tm(sl,. ..,.S‘k)) = a’l‘“+'"+“"“
azlk+--i+umkf(t1(sl;'":Sk)u"')tnl(slu"')sk)) = a"1111+"'+1lvnl ”'a'l’;“lk*"“‘i‘“mk

t(Sl,...,Sk). 0
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Lemma 3 Let, for somek > 1, s € A(Tx (X UZ)) be linear and nondeleting,
and s; € A(T=(X))), a;j € A for 1< j <k. Then

s(a151,...,axs5) = ay ... ags(sy,. .., 8¢) -

Proof. We have s = ZtETE(XUZk)(S’ t)t. Since s is linear and nondeleting, we
obtain, by Lemma 2, t(a;s1,...,a55%) = a1 ...agt(s1,...,8,) forallt € Tp(XU
Zy) such that (s,t) # 0. Hence s(aisy,...,ars%) = ZtGTz(XUZk) ai...ag(s,t)
t(s1,...,88) = @a1...aps(s1,...,8k). a

Lemma 4 Assume that the variable 2, appears exactly once int € Tx(X U Zy),
k>1. Lets; € A(Ts(X)) fori €I and ro,...,1x € A{Ts(X))). Then

t(zsi,T2,~--,Tk) =Zt(3ia"'2;~--;7‘k)'

il el
Proof. The proof is by induction on the form of trees in Tx(X U Z;). The
lemma, is trivial for ¢ = z;. Let now ¢ be of the form f(¢1,...,¢n), where

feXn, and ty,... bty € T(X U Zy). The variable z; appears in exactly one
of the subtrees t;, 1 < j < k, say in t,. By induction hypothesis we have

t(Dier 86725 - \Th) = Zie] tu(si,72,...,7). Hence,
f(tl(ZiEI Si77‘27‘":rk)7“‘>tu(2iel 8,72y« ,7‘k), cey
tm(ziel SiyT25- - a’rk)) =
F(r,ra, o me), - D ser tul8i, 2, o Th)s ot (1, T2 T)) =
ziel f(tl(Tl,’l’Q,. .. ,rk),...,tu(si,rg,.. . ,’I‘k),...,tm(’l‘l,'r‘g,. .. ,'I‘k))

for all r; € A{(Tx(X))). Hence, the last sum is equal to

Zie[f(tl('shr.?:" '1rk)1"'atu(sigr21“'1rk)a-"7tnL($i7T2;~--77'k)) =
Ziel(f(tl,...,tu,...,tm))(si,r-z,...,rk) = Zie] t(si,rz,...,rk).
O

Lemma 5 Let, for somek > 1, s € A{Ts (X UZL)) be linear and nondeleting,
and s; € AT (X)), fori € I. Moreover, let r2,...,7 € A(Ts(X)). Then

S(Zsi,rg,...,rk) = ZS(Si,Tz,..-,Tk).

wed i€l
Proof. We have,
by Lemma 4, s(X ;s Si,72, -, Th) = Lpergxuz) (S ier SisT2, -, 78) =
it 2teTs(xuz (S s T2, ) = Y iep 8(86,72, ). a

Clearly, Lemma 5 also holds for argument places different from one.

Theorem 6 Let, for somek > 1, s € A{(Tx(XUZg)) be linear and nondeleting,
and si; € A(T= (X)), ai; € A fori; € I;, 1 <j < k. Then

S(Z Qi Siyy oy Z aiksik)z Z Z Qa;, ...aiks(sil,...,sik).

welh i€l ireh i€l
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Proof. By Lemmas 3 and 5. ]
Given a tree representation p, we now extend u to mappings

e (AEN T = (AT (X0 Z))) ¥ for k >0,

and
p: (A(Te(ON) Y = ((A(Te (X)))@xt) <
by
p(M) =S (M, fY@u(f), M e (AN, k>0,
fEX,
and

wP)= Y (Ptyep(t), Pe(A(Te(X)))".
teTe(X)

Observe that (M), M € (A(SN™", k > 0, induces a map-
ping, (M) : ((A(Te (XN x ox (AT (XN
(A(Tg (X)))*1) L (there are k argument, vectors). The next theorem im-
plies that a linear nondeleting tree representation p is a morphism from the
3-algebra

(ALTS (XN, (M | f € %)), for some My € (A(Si)'™", f€ e, k20,
into the ¥-algebra

(((ALTe (XN, (w(My) | f € Z)).

Theorem 7 Let M € (A((Ek)))]“k, Pi,...,P, € (A(Ts(XOM'*Y for some
k> 1, and p be a linear nondeleting tree representation with state set Q. Then

/‘L(M)(/J’(Pl)iall‘(Pk)) :H‘(]V[(Plaapk))

Proof. We first. compute the left side of the equality of the theorem for indices
1€l and g€ Q:

((M)((Pr), .- 1(Pr))i)g =
Zil,...,ikel quy..,,quQ(:u’(M)i,(il,---;ik))q,((ha-‘-:Qk)
(P )grs -5 ((Pr)iy )ar) =
Zil,...,ikel qu,..,,qkeQ((ZfeEk (M, f)® ﬂ(f))i,(il,...,ik))q,(ql ..... )
(((ZtleTg(X)(Pl ) tl) ® /J‘(tl))il)fh PR ((ZtkET):(X)(Pkﬂ tk) ® .u'(tk))ik)lh-) =
Zil,...,ikel qu,...,quQ ZfEEk (M, f)i,(in-.,ik)/‘(f)q,(qx yeer k)
Lete(x) P18y “(tl)qn'"’ZtkeTz(X)(Pk; th)in 16(th)g) =
Zil,...,ikel qu,...,quQ Z:fe):,c Ztl,...,tkETz(X)(M: f)i,(’l;l:-n:ik)
(Platl)ix cee (Pka tk)ix- P'(f)q:(ih,---,Qk)(p‘(tl)fh s al"(tk)f)k) .
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Here the last equality follows by Theorem 6. We now compute the right side of
the equality of the theorem for indices 7 € [ and q € @:

(WM (Py,. .., Py))i)g =
ZteTE(X)(M(Ph oo Pi)s t)ip(t)g =
Tiere(x) i ieer Mi (i i) (PL)irs -+ (Pr)i ), D) ult) g =
YoteTs(x) 2oiyoined 2o sesy (Miy,in) I (Pr)ins -, (Pr)i ), D) (t)g
Ztl ,,,,, theTs(X) Zh,.“,ikel Zfezk (M (iy,...ix)> )
(P)iyst1) - (Pr)igs ti)p(f (81, -5 tk))q

Ztl,...,tkeTg(X) Zil,...,ikel Zfezk qu,...,quQ(Mi,(ilwwilc)7f)

(Pr)as t1) - (P i, () g, (a1 ,eiai) (BE D grs - -+ 1(E8) ) -

Here the fourth equality follows by the fact that (f((P1)i,--.,(Pr)s,),t) is
unequal to 0 only if ¢ is of the form f(#1,...,t).

Since both sides of the equation of our theorem coincide, the theorem is
proven. a

4 Recognizable tree transducers and recogniz-
able tree series

It is easy to see that our tree transducers do not preserve the recognizabil-
ity of tree series. (See the example in the last paragraph of page 18 of Gec-
seg, Steinby [5].) On the other hand, linear root-to-frontier tree transducers
do preserve recognizability of tree languages. (See Thatcher [10]; and Gécseg,
Steinby [4], Theorem 2.7, Lemma 6.5 and Corollary 6.6.) In this section we show
that linear nondeleting recognizable tree transducers do preserve recognizability
of tree series. We show this by two different constructions: one is based on finite
linear systems, the other is based on finite tree automata.

We start with the construction based on finite linear systems.

A finite linear system (see Berstel, Reutenauer [1], Bozapalidis [2, 3],
Kuich [7, 8]) is a system of formal equations z; = p;, 1 < i < n, for some
n > 1, where each p; is in A(Tx(X U Z,))). A solution to the finite lin-
ear system z = p;, 1 < i < m, is given by 0 € (A{T=(X)))™*! such that
g; = pi(o1,...,0n), 1 <4 <mn. A solution ¢ of z; = p;, 1 <14 < n, is termed
least solution iff o C 7 for all solutions 7 of z; = p;, 1 < i <n. The approzima-
tion sequence (07 | j €N), a7 € (A{(Ts(X)))™*1, 7 > 0, associated to the finite
linear system z; = p;, 1 <1 < n, is defined as follows:

0 =0, ol =pilo],...,00), 1<i<n, j>0.
The least upper bound ¢ = sup(¢? | 5 € N) of the approximation sequence
exists and is the least solution of the finite linear system.

A finite linear system z; = p;, 1 < ¢ < n is called proper iff (p;,z;) = 0 for -
all 1 <j < n,i e, iff there do not appear linear terms in p;.



144 Werner Kuich

A finite linear system z; = p;, 1 < ¢ < n is called polynomial iff each p; is
in A(Tx,(X U Z,)). The collection of all the components of least solutions of
finite polynomial linear systems is denoted by A™¢({(T(X))). The tree series in
Aree(Tx; (X)) are called recognizable tree series.

A finite linear system z; = p;, 1 < ¢ < n is called recognizable iff each p; is
in A" (T (X U Z,))).

An adaption of the proof of Proposition 6.1 of Berstel, Reutenauer [1} yields
the following result.

Theorem 8 For each finite (resp. recognizable finite or polynomial finite) linear
system there exists a proper finite (resp. proper recognizable finite or proper
polynomial finite) linear system with the same least solution. A proper finite
linear system has a unique solution.

We now show that the least solution of a recognizable finite linear system
has recognizable components.

Theorem 9 Let z; = p;, 1 <1 <n, be a recognizable finite linear system with
least solution o. Then o; € A (Tx (X)) for all 1 <i < n.

Proof. Without loss of generality let z; = p;, 1 < ¢ < n, be a proper recognizable
finite linear system. Since p; € A™(Te(XUZ,))), 1 <1 < n, there exist proper
polynomial finite linear systems y;; = ¢;;, 1 < j < m;, m; > 1, where the Yij
are new variables and ¢;; € AT (X U Zo U{yir, .-, ¥im: }))s 1 <1 < n, such
that the g¢;;-components of their least solutions 7; are equal to p;. Consider
now the polynomial finite linear system z; = g;1(21,.. ., Zn, Yil, - - -, Yims), Yij =
¢ij(z1, -, Zn, Yil, - ¥img ), 1 < § < my, 1 < 4 < n, and observe that this
polynomial finite linear system has a unique solution. We claim that this unique
solution is given by aU((7:);(01,...,00) | 1 < j < m;, 1 <4 < n). Substitution
of this vector yields, for 1 < j <m;, 1 <i<n,

(],'1(0’1,...,O'n,(Ti)l(O'],...,O’n),...,(Ti)m_.(o’l,...,O‘n)) =
(rtih(o1, ... 00) =pilo1,...,00) =04,
@5(01, 500, (1)1(01, -y 00), -, (T)mi (01, -y 00)) = (10) (01, - -, 0m) -
Hence o U ((7);{01,...,0n) | 1 <j <my;, 1 <4< n)is the unique solution of
the polynomial finite linear system and o € (A™¢{(Tx(X)))"*". O

Let Y = {y; | © > 1} be an alphabet of new variables and denote ¥, =
{vi,..,yxh, k> 1, Yy =0. Let s{yy,...,ux) € AT (X UY,)) and 75 €
A (T (X UYE)), 1 < j < k. Then, by Bozapalidis [2], s{7,...,7,) is again
in A" (T (X UYR)), i e, A™¢{(Tx(X UY}))) is closed under substitution.

Theorem 10 A™{(Tx(X UY%)), k > 1, is closed under substitution.

Consider a finite linear system y; = p;(y1,...,yn), 1 < i < n, where p; €
A{Ts (X UY,)), and a tree representation p with state set @, where p: & —
(AT (X'UZN)?*9" k> 1, and i1 BeUX — (AT (X)))2*1. Let (3:),,
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1<i<mn,q€ @, benew variables and denote Yc’j ={(yi)e 11 <i<k, g€ Q}.
Extend the definition of i to the domain YU X UY,,, by

o Yo = (AT (YN @,
where pu(y;)q = (), 1 £ J <n, g € Q. By this extension, we obtain that
pTe(X UY,) = (A(Ts (X UYL,

Lemma 11 Consider s(y1,...,un) € A(Ts(X UY,)) and a linear nondeleting
tree representation p with domain TU X UY,. Let s1,...,5, € A(T=(X)).
Then

w(8)[(si)e/Wi)g, 1 <3 <n, g€ Q] = p(s(s1,-..,8n)).

Proof. We first consider a tree t € T (X UY,,) and show by induction on the
form of t that p(t)[u(s;)e/(¥j)e, 1 <5< n, ¢ € Q)= pu(t(st, ..., 8n))-

(i) For t = y;, 1 <1 < n, we obtain pu(y:)[u(s;)/u(y;), 1 <j <nl = p(s) =
tu‘(yi(sla Tt sn))'

(ii) For t = z, € g U X, we obtain u(z){u(s;)/ply;), 1 <j<n]=pulz) =
/J'('T(Sly ) sn))-

(iii) For t = f(t1,...,te), f € Bk, t1,.. ., te € T(X UYn), k > 1, we obtain

(1,5 te))mls;)/ p(y;
)t} [ids5)/mly;), 1
)( (t1($1,...,8n))

(tl(Sl,...,Sn), tk( S1,
(f(tl,...,tk))(sl,.. Sn))

Here we have applied the induction hypothesis in the second equality and The-
orem 7 in the third equality.
Finally, we obtain

1<j<n]=
j<nl,opte)lu(s;)/my;), 1<j <n]) =
( (51")5)'7371))) =

u(f ),
u(f <
p(f b
u(f

1(

w()u(s;)/imy;), 1 <j <n]=

LteTs(xuy,) (58 @ u(t)pu(s;)/n(y;), 1 <j<n]=
LteTs(xuy,)(51) @ pt(sy, ..., 8n)) =
“(ZteTg(XuYn)(S: t)i(s1,. -, 50)) = p(s(s1,- -, 5n)) -

a
Theorem 12 Consider a linear nondeleting tree representation u with domain
SUXUY,. Lety; = pi(yr,---,yn), 1 <i < n, where p; € A(Ts(X UYL)), be

a finite linear system with least solution o. Then p(o) is the least solution of
the finite linear system p(y;) = w(pi(y1,---,yn)), 1 <1 < n.

Proof. Let (¢7 | j € N) and (77 | j € N) be the approximation sequences of
yi = pi(yr, - yn), 1 <4 < myoand p(ys) = p(pi(yrs---,9a)), 1 <1 < o,



146 Werner Kuich

respectively. We claim that Tij = p(af ), 1 €4 < mn, j >0, and show it by

induction on j. The case j = 0 is clear. Let 7 > 0. Th yfor1 <i<m,

7 = wpi(yr, - ya))d o), 1<k < =

w(pi(y, - - ,yn))[u(ak)/u(yk) 1<k<n]=

wpi(of,...,08)) = ple?™).
Here we have applied the induction hypothesis in the second equality and
Lemma 11 in the third equality. The claim now implies our theorem. O

A tree representation g is called recognizable iff p(f) € (A™{(Ts (X' U

ZeM@*Q" for f € i, k> 1, and pu(f) € (A™(Ts (X)) for f € ToUX.
A tree transducer T = (Q, 1, .S) is called recognizable iff p is a recognizable tree
representation and the entries of S are of the form S; = a421, a4 € 4, ¢ € Q.

Corollary 13 Consider a linear nondeleting recognizable tree representation p.
Let s be in A™(Tx(X)). Then u(s) is in (A™(Ts (X)))L*1.

Corollary 14 Consider a linear nondeleting recognizable tree transducer T and
a recognizable tree series s. Then ||T}|(s) is again recognizable.

We now turn to the automata-based construction.

Our tree automata are a generalization of the nondeterministic root-
to-frontier tree recognizers (see Gécseg, Steinby [4, 5]) and are defined in
Kuich [7, 8]. A tree automaton (with input alphabet ¥ and leaf alphabet X)

A=(I,M,S,P)
is given by
(i) a nonempty set I of states,

(ii) a sequence M = (M | k > 1) of transition matrices
My € (A(Ts(X U Y k2 1,

(iii) S € (A{Ts(X UY))NT*, called the initial state vector,
(iv) P € (A{T=(X)))!*!, called the final state vector.

The approzimation sequence (o7 | j € N), o7 € (A(Ts(X)M*L, 5 > 0,
associated to 2 is defined as follows:

a®=0, oM =Y Mol,... .09+ P, j20.
k>1

The behavior ||A|| € A(Tx(X))) of the tree automaton 2 is defined by

2l = 3 Si(o) = S(0),

i€l
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where 0 € (A{(Ts(X)))*! is the least upper bound of the approximation se-
quence associated to .

A tree automaton 2 = (I, (M | k > 1), S, P) is termed simple iff the entries
of the transition matrices My, k > 1, of the initial state vector S and of the
final state vector P have the following specific form:

(1) the entries of My, k > 2, are of the form .y .aff(yl, S Yk), af € A;
(ii) the entries of M are of the form }_ v asf(y1) +ayi, ay,a € 4;
(iii) the entries of P are of the form s | x Guw; aw € A;
(iv) the entries of S are of the form dy;, d € A.

A tree automaton A = (I, (M | k > 1), S, P) is termed proper iff the entries
of M; do not contain a linear term ay;, a € A.

A tree automaton A = (I, M, S, P) is called polynomial (resp. recognizable)
iff the following conditions are satisfied:

(i) M = (M |1 <k < k)is a finite sequence of transition matrices M}, whose
entries are polynomials in A(Ts (X UY})) (resp. tree series in A™¢({(Ts(X U
Yi))), 1 < k < k. (Technically speaking, this means that all transition
matrices My, ,;, j > 1, are equal to the zero matrix.) Moreover, the
matrices My, 1 < k < k, are row finite.

(ii) The entries of the initial state vector S are of the form S; = d;y1, 4 € 1.
Moreover, S is row finite.

(iii) The entries of the final state vector P are polynomials in A(Tx (X)) (resp.
recognizable tree series in A™(Tx(X)))).

By Bozapalidis [2], by Kuich [7], and by Theorem 9 we obtain the following
result.

Theorem 15 The following statements on a formal tree series in A(Tx (X))
are equivalent:

(i) s €A (T (X)),

(i) there exists a polynomial tree automaton A with finite state set such that
s = |12]I,

(iil) there exists a simple proper polynomial tree automaton 2 with finite state
set such that s = |||,

(iv) there exists o recognizable tree automaton U with finite state set such that
s = [|2];

(v) there exists a proper recognizable tree automaton 2 with finite state set
such that s = |||,
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Let 2 = (I,(My | k > 1), S, P) be a simple tree automaton and ¥ = (Q, i, R)
be a tree transducer such that R, = aqy;, 0y € A, g € Q. Then T(A) is defined
to be the tree automaton

TR) = (I xQ, (M) | k=>1),S® R, u(P)).

Theorem 16 Let A = (I,(My | k > 1), 5, P) be a simple tree automaton and
T = (Q, 1, R) be a linear nondeleting tree transducer. Then

IO = 1= -

Proof. Consider the approximation sequences (67 | 7 € N) and (77 | j € N) of 2
and T(A) with upper bounds o and 7, respectively. Then we prove by inducion
on j that 77 = pu(0?), j > 0. The induction basis being clear, we proceed with
the induction step. Let 7 > 0. Then

Tt = ZL>1 N(Mk)(l{(oj), o i(69) + p(P) =
Szt H(Mi(o?,. S0N)) +u(P) =
Wiy Mo, 09) + P) = o).

Here the second equality follows by Theorem 7. Hence, we obtam T = p(o).
We now compute the behavior of T(2):

ITEO) = (S®R)(T) = Xier 2 geq((S ® R)i)q(1(0)i)g =
quQ ZzEIR Si ZtETz(X)(U“ t)p (t)q =

quQ R, ZtETg()() Ziel(siai: Oult)g =

240 Ba 2iers ) (IR, plt)g =

2 qeo Ban(l12)q = [IZIAIA] -

(]

Corollary 17 Let 2 be a simple polynomial tree automaton with finite state set
and T be a linear nondeleting recognizable tree transducer. Then ||T||(||2]) s
in AT (T5(X)).

Acknowledgement. Many thanks are due to Ferenc Gécseg for discussions on
root-to-frontier tree transducers.
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