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‘Acts Over Completely 0-Simple Semigroups.

Avdeyev A. Yu. *  'Kozhukhov I. B. 1

The aim of this work is to describe, in the set-theoretical and group-theoretical
terms, all the acts (automata) over completely O-simple semigroups and also over
completely simple and zero semigroups. As the consequence of this results we
obtain a description of all the acts over rectangular groups, rectangular bands,
right (or left) groups, and right (or left) zero semigroups. Moreover, we find all the
subacts of some mentioned acts. Our results generalize the results of [3]. Theorem
1, Proposition 2 and Corollaries 9, 10, 11 of this work were published in [1}. We
give them for the sake of completeness. Theorem 4 was announced by the second
author in {7}, Corollary 6 — by both authors in [2].

Recall that a right act (or right operand, or S-set) over a semigroup S is a set
X with a mapping X x S — X (the image of (z,s) we denote zs) such -that the
axiom (zs)t = z(st) is held (for z € X, s,¢t € S) [6]. This notation coincides, in
fact, with the notation ”Moore’s automaton” V = (A4, Q,d) where A is the input
alphabet, @ is the set of the states, and J is the transition function [8]. AFor the act
X, we may assume that @ = X, A is the set of generators of S, and 5‘(2:, s) = xs.
The S-set X is called unitary if S has a unity and -1 =z for all z € X.

If the semigroup S has a simple structure, all the S-acts can be described. For
example, an act X over the cyclic semigroup S = (a) is an unar (X, f) [9], i.e., the
set X with the mapping f : X — X; we have z - o' = f*(z). Esik and Imreh [5]
described the subdirectly irreducible commutative automata. Babcsényi-and Nagy
[3] obtained a description of the automata X over a right group S in case when the
following conditions are satisfied:

XS =X, @

Vz,y € XVs,t €S (zs =zt = ys = yt). - (2)

The condition (2) is called "state-independence”. In this work we describe the right
group acts (automata) in general case, i.e., without assuming (1), (2).

The notations and definitions of semigroup theory can be found in [4]. A com-
pletely O-simple semigroup is signed by M%G, I, A, P), completely simple semi-
group — by M(G,I,A,P). Here G is a group, I and A are sets, P = ||pxi| is a
sandwich-matrix (i € I, A € A, pa;i € G U {0} or py; € G resp.). The non-zero
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elements of M%(G, I, A, P) have a form (g);\ (where g € G, i € I, A € A) and their
multiplication is defined by the rule

(@i + (Bl = { 0 if pr=0.

Let A be a set and § an equivalence on A. Then A/8 is the set of §-classes and
af is the class of the element a € A. An equivalence 8 and a subset B C A are
called compatible if |ad N B| = 1 for every a.€ A; in this case, the set B is called
a transversel of 8. Let v : A — A be a mapping. The kernel kery and the image
im¢ are defined as usual: .

kerp = {(a,b)|(a) = p(b)},

imp = {p(a)la € A}.

If ¢? = ¢, kerp and imyp are compatible, the opposite is false. If A is a right act
over a semigroup S and s € S, kers and ims are the kernel and the image of the
mapping a — as.

The element z of an S-act X is called a zero if zs = z for all s € S. Of course,
an act X may have no zero. If the act X has an unique zero, we denote it by 0.
Let (X,) be a family of the S-acts X,. Then || X, is the coproduct (or disjoint
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union) of the acts X,.

Let G be a group and H be a subgroup of G, not necessarily normal. Denote
by G/H the set of the classes Hg where g € G. The set G/H is an unitary right
G-act with respect to the action * where Hg * ¢’ = Hgg'. Every unitary right act
over the group G is obviously a disjoint union of orbits zG of the elements of X.
It can be easily verified that every orbit is isomorphic (as a right G-act) to an act
of form G/H for some subgroup H of G. Thus, we have the obvious assertion:

Lemma 1. IfG is a group and X is an unitary right G-act, then X = | |(G/Hq)
where (Hy) is a family of subgroups of G.

Recall some definitions of the semigroup theory.

Zero semigroup is a semigroup S with 0 such that ab=0for all a,b € S.

Left zero semigroup (L) is a semigroup satisfying the identity zy = z.

Right zero semigroup (R) is a semigroup with identity zy = y.

Rectangular band (L x R) is a semigroup determined by the identities z* = z,
zyz = zz. Tt is known [4] that the rectangular band is isomorphic to a direct
product of the left zero semigroup and the right zero one. Moreover, the rectangular
band is isomorphic to the Rees matrix semigroup M({e},I, A, P) where py; = e
forall A€ A, i€ 1.

Left group (L x G) is a direct product of a group and a left zero semigroup.

Right group (R x G) is a direct product of a group and a right zero semigroup.
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We shall describe all the acts over zero semigroups. Let A be a set which is
a disjoint union of some subsets A4,, i.e., A = U{Aq|a € T'}, B, (o € T') is some
subset of A,, and b, (a € T') is some element of B,. Further, let S be a non-empty
set and let ¢, s € S, be a family of mappings ¢, : A — A such that ¢(A4,) C By
and @s(By) = {by} for all @ € I'. Moreover, assume that there exists an element
8 € S such that pp(Ay) = {bs} for all @ € T. If we put st =0 for all 5,¢ € S, then
S turns a zero semigroup (with zero 6). Define the action of the semigroup S on
the set A as follows: as = ps{a) {(a € 4, s € 5).

Theorem 2. The set A is a right act over the zero semigroup S. Conversely,
every right act over a zero semigroup can be obtained by this way.

Proof. At the first we check that A is a right S-act. Indeed, let a € A and s,t €
S. Then a € A, for some o € I'. We have (as)t = ¢(¢s(a)) € pi(Bo) = {ba}, ie.,
(as)t = by. Moreover, a(st) = ad = gy(a) = by. Thus, (as)t = a(st).

Conversely, let A be an arbitrary right act over the zero semigroup S and § is
the zero of S. Introduce the equivalence o on S putting acbh <> af = bd. The equiv-
alence determines the partition A = U{A,|a € T'}. Check that A,s C A, for all
a€l, seS. Indeed, let a € Ay, s € S. As (as)f = a(s8) = ab, then (as,a) € 0.
Therefore, as € A,. Thus, Axs C Ay. Put By = ApSforany a €T If a,b € A,
and (a,b) € o, we have af = bf, therefore |A,8] = 1, and hence A8 = {bs} for
some b,. Define, for any s € S, the mapping ¢s : A = A putting ¢,(a) = as for
a € A. Then ps(Ay) C By and ¢(Bgy) = {bs}. The theorem is proved.

The following proposition gives a description of-all subacts of the act over a zero
semigroup. The statements can be easily checked, and the proofs are omitted.

Proposition 3. Let A = U{A,|a € T} be a right act over the zero semigroup
S, and By = AyS for a« € T, and {b,} = BaS. If A CT is a non-empty subset and
Al C A; (for 6 € A) such that Ajs C Ay for all s € S, then the act U{A}|6 € A}
is a subact of A. Conversely, every subact of A can be obtained by this way.

Now we shall consider the case of the completely O-simple semigroup
S =MYG,I,A,P). We may assume without loss of generality that 1 € I N A
and p11 = e where e is the unity of the group G. The following.theorem describes
all the acts over such semigroups. We require here that 0-s = z-0=0forall s € §,
z € X where X is a right S-act, and 0 denotes the zero of S and the zero of X.
The assumption of the existence of zero does not restrict the generality because of
the fact that every act can be complemented by zero. '

Theorem 4. Let S = M°(G,I,A, P) be a completely simple semigroup and X
be a set with some element 0 (it is called conditionally as zero). Further, let (H,)
be a family of subgroups of the group G, @ = | [(G/H,) is the ¢oproduct of the right

G-acts, and Q° = Q U 0. Finally, let us suppose that, for i € I and X € A, the
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mappings ky : Q° = X and 7; : X = Q° are defined such that
£x(0) =0; m(0) =0; (3)

mi(ka(q)) = g*pxi for all qe Q°. (4)
Put, for z € X and s = (g)ir € S,

z-s=2z-(g)ix = kr(mi(z)*g) and z-0=0. (5)

Then X is a right S-act with zero. Conversely, every right act with zero over a
completely 0-simple semigroup can be obtained by this way.

Proof. At the first, we shall check that the set X satisfying the written condi-
tions is really a right S-act. Clearly, it is sufficient to prove that

(- (9)in) - (B)ju = - ((@ix - (R)j)- (6)
We have-
(2 (9)ir) - (B)ju = walmi(z) % g) - (h)ju =
k(i (ka(mi(2) * g)) * h) = Ky (mi(z) * g * prj x h) =

. { 0, if p)\j = 0,
T\ (gpaih)in if pay #0.
This implies (6). '

Now, let X be a right S-act with zero. Put Y = X (e)11. Define an action of
the group G on the set Y as follows: yxg =y -(g)11 fory € Y, g € G. Because
of condition p11 = e we have (y* g) *h = (y - (9)11) - (M1 = ¥ - ((9u1 - (B)u1) =
y - (gh)11 = y * gh. Moreover, yxe = (z - (¢)11) - (€)11 = z - (¢)11 = y. Therefore,
Y is a unitary right G-act with zero. It follows from Lemma 1 that there exists a-
family of subgroups H, C G and an isomorphism 6 : ¥ = Q% = | |(G/H,)| 0 of

a

right G-acts.

Construct, for every A € A, the mapping £y : Q° = X putting 7x(z) = z- (€)1
and kx(q) = 7a(071(q)) where z € X, ¢ € Q°. Then construct, for i € I, the
mapping 7; : X — Q° putting 7;(z) = 8(z - (e)i1) wherez € X. If i € I, X € A,
g € Q°, and py; # 0, we obtain ;(kx(g)) = 8(kar(q) - (€)i1) = 8(TA (87 (q)) - (e)a1) =
061 (@)-(€)1x-()r) = 06 (0)-(pao)nn) = B0 (@)#pr0) = 86 (gpa0) = +ps.
If pi = 0, we obtain ;(xx(g)) = 8(87"(q)- (e)1r-(e)ir) = 0(67'(¢)-0) =0 = g+0 =
¢ * pxi- Therefore, the equality (4) is satisfied in any case.

Finally, we verify the equality (5). We have &y (mi(z) *g) = kx(6(z-()i1) *g)
£a(0((z-(€)i1)*g)) = ra(B(z-(€)i-(9)11)) = ka(8(z-(9)ir)) = Ta (67 (6(z-(9)i1)))
Tz (9)i1) = - (9)i1 - (€)1x =z - (g)ir. The theorem is proved.

Now we consider the case of the completely simple semigroup S =
M(G,I,A, P). As before, we assume that 1 € I N A and p;; = e where ¢ is
the unity of the group G. Moreover, as the matrix P has only non-zero elements,
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then we may assume (without loss of generality) that some column and some row
consists only of unities. Let py1 = p1; = e for all ¢ € I, A € A. The description of
the acts over completely simple semigroup is given by the following theorem.

Theorem 5. Let X be a set, S =M(G,I,A, P) be a completely simple semi-

group, (Hy) be a family of subgroups of G, and @ = | {(G/H) be the coproduct of
[0 4

G-acts. Suppose that, for every i € I, an equivalence o; on X is given, for every

A€ A, asubset X\ C X is given, fori € I, the mappings m; : X = Q, ky: @ > X

are giwen. Suppose that the following conditions hold (fori € I, A € A,z € X,
7€ Q)

kerm; = oy, (7)
imky = X, (8)
[XxNzo;| =1, 9)
(mika)(@) = g * Pxi- (10)
Put
z-(9)in =ra(mi(z) * g) ' (11)

forz € X, (9)ix € S. Then X turns a right S-act. Conversely, every right act over
the completely simple semigroup. S =M(G, I, A, P) can be obtained by this way.

Proof. As is seen in the proof of THeorem 4, from the conditions (10) and (11),
it can be shown that X is a right S-act. »

Now we assume that X is an arbitrary right S-act. Put e; = (e)i1, e =
(p;il)iA for i € I, A € A. Clearly, e; and e;, are idempotents. It is easy to check
that e;ne; = e;, eien = e, e1nein = ey and e;epy. Put Xy = Xe;n. Then
Xy =Xein = Xeppnein C© Xejn = X5, Then X, = Xe;), for any 1. ’

For every i € I, we put ¢; = {(z,y) € X x X|ze; = ye;}. Prove that

Ve,y € X VAEA (ze; =vye; & zein = yeqn). (12)

Indeed, ze; = ye; implies ze;\ = ze;e;n = yeze;n and similarly ze;y = ye;y implies
ze; = ye;. Therefore the (12) holds:

We shall prove the property (9), i.e., every o;-class intersects with every X,
in one element (in other words, X is a set of representatives of ;). Let z € X.
Then from the above facts, we have that ze;, € X, and (ze;\)e; = ze;, so that
ze;n € Xy Nzo;. Then Xy Nzo; # 0 (notice: if s2 = s and z € X, then zs = z,
since £ = us = us® = (us)s = zs). Let z,y € X with (z,y) € 0;. Then again
from the above facts, we have X = ze;n = ye;n = y. Thus X Nzo; = {ze;n} for
every z € X.

For i € I and A € A, let m; and k) ‘be as in the proof of Theorem 4. Then
we can similarly show that the conditions.(10) and (11) hold. This completes the
proof. .
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Corollary 6. Let G be a group, X, L, R be sets, (Hy) be a family of subgroups
of G, and Q = | |(G/H,) be the coproduct of the right G-acts. Assume that the

following objects oézre given:

the equivalences a; on X for alll € L,

the subsets X, C X for allT € R,

the mappings mj : X = Q, k. :Q = X forallle L, T € R
such that the following conditions hold (forz € X,le€ L, € R):

kerm =0y, imk, =X, |X,Nza|=1, mk, =idg.
Let S = L x G x R. Define the multiplication on S by the rule
(Lgr)- (g, r") = (l,99',7)
and the action of S on X by the rule
z-(l,g,7) = re(m(z) * g).

Then S is a rectangular group and X is a right S-act. Conversely, every right act
over a rectangular group can be obtained by this way.
Corollary 7. Let G be a group, X and R be sets, (Hy) be a family of subgroups
of G, and Q = | J(G/H,) be the coproduct of the right G-acts. Assume that the
[s4

following objects are given:

the equivalence o on X,

the subsets X, C X for allT € R,

the mappings 7: X - Q, K, : Q = X forallr €R
such that the following conditions hold (for z € X, r € R):

kermr =0, imk,=X,, |X.Nzo|=1, =k, =idg.
Let S = G x R. Define the multiplication on S by the rule
(9,7) '(g',_;') = (9',7")
and the action of S on X by the rule
z-(9,7) = ke (7(z) * g).

Then S is a right group and X is an.S-act. Conversely, every right act over o right
group can be obtained by this way.

aijs pRemark. This corollary gives a description of all acts over the right groups,
the ”state-independence” and the condition (1) are not necessarily satisfied. Let
us see what will be obtained in case when this conditions (1), (2) are fulfilled.
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Let S = G x R and X be an S-act with the properties (1), (2). At first we
notice that X, is a unitary right G-act with respect to the operation axg = a-(g,7)
fora € X,, g € G. Indeed, u*xg = a-(g,7) = ke{m(a) * g) €imr, = X,
therefore X, * G C X,. Further, a # e = k.(n(a) * €) = k.(n(a)) = a. Finally,
ax(g9192) =a-(9192,7) = a-((g1,7) - (92,7)) = (a- (91,7)) - (g2,7) = (a* g1) * g2

Now we notice that X, = @ as the right G-acts. Indeed, as 7x, = idg, then &,
is an injection. It implies that «, is a bijection from @) onto imk, = X,. Moreover,
kr(q) g = kr(q) - (9,7) = kr(7(kr(q)) *g) = Kr(g*g). Thus, &, is an isomorphism
of X, and Q. ’

The condition (1) implies that X = U{X,|r € R}. Check that X, are dis-
joint. Let X, N X, # 0, and a € X, N X,». Then a = s,(q) = £~ (¢") for some
3,4 € Q. As w(a) = mk.(¢) = ¢ and similarly n(a) = ¢, then ¢ = ¢’. Further,
a-(e,r) = ke(m(a)*e) = k.7(a) = k,(q) = a and similarly a-(e,r') = a. Because of
the property (2) we have z-(e,r) = z-(e,r") forallz € X, i.e., k- (7(2)) = & (7(z)).
Since 7 is surjective, we have k, = &,s, and hence X, = X,». Thus, X is a disjoint
union of the pairwise isomorphic G-acts X,. This is the main result of [3].

Corollary 8. Let G be a group, X and L be sets, (H,) be a family of subgroups
of G, and Q = | |(G/Hy) be the coproduct of the right G-acts. Assume that the
e

following objects are given:

the equivalences oy on X for alll € L,

the subset Y C X,

the mappings m; : X = Q, :Q — X foralll € L,
such that the following conditions hold (forz € X, l € L):

kerm =05, ime=Y, |YNzol=1 mk=ido.
Let S = L x G. Define the multiplication on S by the rule

(99" = (99"
‘ viae
and the action of S on X by the rule

z-(l,9) = s(m(z) * g)-

Then S is a left group and X is a right S-act. Conversely, every right act over a
left group can be obtained by this way.

Corollary 9 [1]. Let X,L,R be sets. Assume that the following objects are
qiven:
the equivalences o on X for alll € L,
the subsets X, C X for allr € R.
Also assume that the following conditions hold, for any r,v' € R, ,I' € L,
T€E€X:
| X, Nzoy} =1, (13)

Vae X, VYbe X, (a,b) €04 (a,b)€oay. (14)
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Define the multiplication on the set S = L x R by the rule
() ()= (")
and the action of S on X by the rule
a-(I,r)="b where ao;NX, = {b}.

Then S is a rectangular band and X is a right S-act. Conversely, every right act
over a rectangular band can be obtained by this way.

Proof. We give the proof another than the proof of [1]. Clearly, the formulated
rule determines a rectangular band. We shall prove that X is a right S-act. Indeed,
leta€ X,a (I,r) =b,and b-(I',r") = ¢. Then aoiNX, = {b} and bop N X, = {c}.
We see that (b,c) € oy, therefore, because of the (14), (b,c) € o1. As (a,b) € oy,
then (a,c) € gy. Since ¢ € X, a- (I, 7'y =¢. Thus, a-(({,r) - (', 7)) =a-(,7") =
c=b-(I',T"Y=(a-(l,r)) - (I',7"). We see that X is a right S-act.

Further, we need to prove that the sets X, and the equivalences o; of Corollary
6 satisfy to (14). Indeed, let (a,b) € o where @ € X, b € X». Then we have
a = kr(q), b = K (q') for some ¢,¢' € Q. As (a,b) € oy, then m(a) = m(b).
We have m(a) = m(k-(q)) = ¢ and similarly = (a) = ¢, m(b) = m(b) = ¢'. As
mi(a) = m(b), then ¢ = ¢'. It implies (a,b) € ov.

We want to show that the Corollary 6 coincides with the Corollary 9 in case
when G = {1}. Indeed, we may take Q = X,, where ry € R is a fixed element and
put m{z) = y when zo; N X,, = {y}. Also we put x,-(q) = £ when go; N X, = {z}
(the correctness, i.e., independence on [ follows from (13) and (14): as ¢ € X, then
(q,z) € o1 & (¢,z) € op & qoy N X, = {z}). It remains to show that mk, = idg.
Let g € @, x-(q) = z, and m(z) = ¢'. Then goy N X, = {z} and zg; N X, = {¢'}.
We have (¢’,z) € o;. It follows that gq,q' € X, Nzo;. The condition (13) implies
q=4q.

Corollary 10. Let X and S be sets, o be an equivalence on X, and (X;), s € S
be a family of subsets of the set X such that |XsNao|l=1foralse S, a€ X.
Define the multiplication on the set S by the rule st =t for all s,t € S, and define
the action of S on X by the rule

as =be X, Nao = {b}.

Then S is a right zero semigroup, and X is a right S-act. Conversely, every right
act over a right zero semigroup can be obtained by this way.

Corollary 11. Let X and S be sets, Y be a non-empty subset of X, and (0s),
s € S be a family of the equivalences on X such that |Y Naoy| =1 for all s € S,
a € X. Define the multiplication on the set S by the rule st = s for all s,t € §,
and define the action of S on X by the rule

as =b& Y Nao, = {b}.
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Then S is a left zero semigroup, and X is a right S-act. Conversely, every right
act over a right zero semigroup can be obtained by this way.

The authors are thankful to the referees for their valuable suggestions.
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