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Generation and Reconstruction of hv-convex
8-connected Discrete Sets

Emese Balogh*

Abstract

An algorithm is given to generate 2-dimensional hv-convex 8-connected dis-
crete sets uniformly. This algorithm is based on an extension of a theory
previously used for a more special class of hv-convex discrete sets. The sec-
ond part of the paper deals with the reconstruction of hu-convex 8-connected
discrete sets. The main idea of this algorithm is to rewrite the whole re-
construction problem as a 2SAT problem. Using some a priori knowledge
we reduced the number of iterations and the number of clauses in the 2SAT
expression which results in reduction of execution time.

Keywords: Discrete tomography; Recoustruction from projections; Convex
discrete set; Generation at random;

1 Introduction

One of the most important problems of Discrete Tomography is the reconstruction
of 2-dimensional discrete sets from their two orthogonal projections. Often the
reconstructed object should fulfil some additional properties including connectivity
or convexity. In certain classes, the reconstruction is NP-hard [8, 19], therefore,
the most frequently studied classes are those, where the reconstruction can be
performed in polynomial time, like the hv-convex polyominoes and hv-convex 8-
connected discrete sets. In this paper we present an algorithm for the reconstruction
in the class of hv-convex 8-connected discrete sets.

Chrobak and Diirr [5] showed that the reconstruction of an hv-convex polyomino
is equivalent to the evaluation of a suitable constructed 2SAT expression. This
method was extended by Kuba [16] for the class of hv-convex 8-connected discrete
sets. In this paper we give the description of a modified algorithm following-the
same idea as Chrobak and Diirr and Kuba for the class of hv-convex 8-connected
discrete sets. We reduced the number of cases and modified the 2SAT expression
introducing some preliminary information concerning the object which are obtained
from the two orthogonal projections. The class of 8-connected discrete sets includes
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the class of convex polyominoes. It has applications in image processing, biplane
angiography, electron microscopy, and others.

In Section 2 we introduce some basic definitions and notations. To test the
reconstruction algorithm we need to generate such sets with uniform distribution.
In [14] Hochstéttler, Loebl, and Moll presented an algorithm for the class of hv-
convex polyominoes. In Section 3 we extend the more general class of hv-convex
8-connected discrete sets. Finally, in Section 4 we present the reconstruction algo-
rithm.

2 Definitions and Notations

Let Z2 denote the 2-dimensional integer lattice, its elements can be represented by
unit squares called cells. The finite subsets of Z2 are called discrete sets. Let S be
a discrete set. Then there is a discrete rectangle @) of size m x n where m and n are
positive integers, @ = {1,...,m} x {1,...,n}, such that @ is the smallest discrete
rectangle containing S. The number of cells of S is called the area of S. The
perimeter of S is the number of pairs of cells sharing a common side, where one cell
is an element of S and the other one is not. Note that if @ = {1,...,m}x{1,...,n}
is the smallest discrete rectangle containing S then the perimeter of S is 2m + 2n.

The discrete set can be represented as a binary matrix (sij)mxn,si; € {0,1},
such that s;; = 1if (i,5) € S, and s;; = 0, otherwise.
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Figure 1: An hv-convex 8-connected discrete set S, its elements are marked by dark

grey squares. H and V are the row and column sum vectors of S. The cumulated

sums of H and V are denoted by H and V (their first elements, hg and 7y are not
indicated in the figure).

Let N denote the set of positive integers. For any discrete set S we define
its projections by the operations H and V as follows. H : § — N™, H(S) =
H = (hy,...,hy) where h; = 2?:1 siji=1,...,mand V: 8§ — N*, V(9) =
V = (v1,...,v,) where v; = Y v 8,7 = 1,...,n. The vectors H and V are
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called the projections or row and column sum vectors of S respectlvely (see Fig 1).
The cumulated vectors of H and V are denoted by H = (ho,hl, .,hm) and
V= (Yo, 01, ., Un), that is, ho =0, h = hz_l +h;, 2=1,...,m,and 9o =
0, U;=0;1+v;, j=1,.. .,n (see Fig. 1). Let T = Zm h; —Z 1 Y. Let S
and S’ be discrete sets.

We say that S and S’ are tomographically equivalent (w.r.t. the row and column
sum vectors) if H(S) = H(S’) and V(S) = V().

The 4-neighbours of a cell (i,5) € Z? are (i — 1,7), (3,5 = 1), (5,5 + 1), (i +1,7)
and the cell (4, 7) itself. The 8-neighbours of a cell (i, j) € Z? are the 4-neighbours
and (i—1,5—1, (i—1,j+1), (i+1,5-1), (i+1,5+1). The sequence of distinct cells
(i0,70),- -+, (ik, j&) is & 4-path/ 8-path from cell (iq, jo) to cell (ix, jk) in a discrete set.
S if each cell of the sequence isin S and (¢, f;) is 4-adjacent/8-adjacent, respectively,
to (i1—1,5i-1) for each I = 1,..., k. Two points are 4-connected/8-connected in the
discrete set S if there is a 4-path/8-path, respectively, in S between them. A
discrete set S is 4-connected/8-connected if any two points in § are 4-connected/ 8-
connected, respectively. The 4-connected set is also called polyomino. From the
definitions it follows that the class of 4-connected sets is a subset of the class of
8-connected sets (see Fig. 2).

The discrete set S is homzontally convez (or shortly, h- convez) if its rows are
4-connected. Similarly, a discrete set S is vertically convez (or, shortly, v-convex)
if its columns are 4-connected. If a discrete set is both h-convex and v-convex then
it is called hv-convex.

(a) (b)

Figure 2: (a) P is a 4-connected huv-convex discrete set. (b) S is an 8-connected
but not 4-connected hv-convex discrete set.

3 Generation of hv-convex 8-connected Discrete
Sets at Random

Hochstittler, Loebl, and Moll [14] gave an algorithm for the generation of hv-convex
polyominoes. In this paper, we extend this algorithm to the more general class
of hv-convex 8-connected sets. First we describe the algorithm for calculating the
number of hv-convex 8-connected discrete sets with fixed perimeter which is greater
than the number of hv-convex 4-connected discrete sets with the same perimeter.
Then using the same method as presented in [14] we construct a bijection between a
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set, of hu-convex 8-connected discrete sets of a given perimeter and a finite interval
of natural numbers will be given. This bijection allows us to generate such sets
at random with uniform distribution in polynomial time. We use almost the same
notation as in [14].

3.1 Definitions

A strip is a discrete rectangle of height 1. Let L(s) and R(s) denote the leftmost
and rightmost cell of a strip s. The length of the strip s is R(s) — L(s) + 1. Each
hv-convex 8-connected set can be considered as a sequence of strips (sy,...,s),
k > 1, where s is the topmost strip and s is the downmost strip of the set.

Definition 1 Let S = (s1,--.,5k) be an hv-conver 8-connected set, s; the down-
most strip with L(s;) minimal and s, the downmost strip with R(s,) mazimal. We
partition the set (s1,...,sk) as follows (see Fig. 8):

o the top (s1,...,S5min(,r)),
o the interior (Sming,r) + 1, -+ s Smaz(i,r))s
o the bottom (Smaz(t,r) +1,.--,55%)-
We say the interior is of eastern type if | < r and of western type if [ > r.

top r

interior

bottom

Figure 3: An hv-convex 8-connected discrete set with non-empty bottom. In this
case /=8 and r = 4.

The following four different types of hu-convex sets can arise (see Fig. 4):

e typet: hv-convex 8-connected sets with empty interior and empty bottom,
e type i¥: hv-convex 8-connected sets with empty bottom and western interior,
e type i®: hv-convex 8-connected sets with empty bottom and eastern interior,

e type b: hv-convex 8-connected sets with non-empty bottom.
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I=r

(c) ' _ : (D

Figure 4: Four different types of hv-convex 8-connected sets: (a) type ¢; (b) type
i¥; (c) type ¢ ; (d) type b . .

3.2 The Number of hv-convex 8-connected Discrete Sets

In order to count the hv-convex 8-connected discrete sets with fixed perimeter we
construct them strip by strip starting from the top. Given a partially constructed
set, we calculate its all possible extensions of this set to an hv-convex 8-connected
discrete set.

Lemma 1 Let 5'(31, ...,8;) be an hv-conver 8-connected set. Then the set of all
extensions (Sj41,...,5k) of S to an hv-conver set S = (s1,...,5;) is determined
by the type of S and the last strip s;.

Proof. 1t is similar to the proof of Lemma 1 in [14].

The number of all possible extensions of an hv-convex 8-connected set S of
perimeter 72 to an hv-convex 8-connected set S of perimeter n depends on

e the type of S,
e 1, the length of the downmost strip, and

e the remaining length I = n — 7 + 0.

The cases i® and i* are symmetric so let denote by N;(,l) the number of
possible extensions of hv-convex 8-connected discrete sets of interior type. Let
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Ny(7,1) and Ni(7n,1) be the number of possible extensions in the remaining two
cases.

Ifi = 7n then the only extension is the empty set. If I < 1 then we cannot
extend S to an hv-convex 8-connected discrete sets S of perimeter n. This means,
that

- T\ ~ 7\ ~ 1 11 'fiZﬁl,
Nb(m,l) =N,(m,l) =Nt(m; ):{ 0. - :fi<ﬁ),

Now we count the number of extensions of S of different types with bottom
length /1 and perimeter 2 to hu-convex 8-connected sets with perimeter n (n =
#i — m.+ [ for a given remaining length ). Note that [ + 77 is always even.

e hv-convex 8-connected sets of type b (see Fig 5):

m=1

sj+l

=0

Figure 5: A possible extension of an hv-convex 8-connected set of type b to an
hv-convex 8-connected set of type b.

e hu-convex 8-connected sets of type i (see Fig 6):

where
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-1
N}, i) = (7 — m)Ny(m,l — 2 — i+ m),

m=1

L( Sj )
Sj R( SJ)
Sjv1 R(s;,)
L(s;,, 2 »
(a) (b)

Figure 6: A possible extension of an hv-convex 8-connected set of type i* to type
b (a) and to type 1* (b). Notation: a = R(s;) — R(sj41), b = L(s;) — L(s;41)-

e hv-convex 8-connected sets of type ¢ (see Fig 7):

Ny(, 1) = Nf(, 1) + Ni(m, 1) + Nf (i, 1)

where

m—2
NP (D) = " (1 —m = 1)Ny(m,i - 2 — m +m),
m=1

'-—‘é——al
Ni(m, i+ —2a — 2 —m),

m=m—a
Ba_y
Nt(ml Z Ni(m,l =2 —m +m).

m=m

Ni(m,l) = 22
a=1
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@ (b (©)

Figure 7: A possibie extension of an hv-convex 8-connected set of type t to type b
(a), to type ¥ (b), and to type ¢ (c).

Theorem 2 The total number of hv-conver 8-connected sets of perimeter n is

Sp= Y. N,

m4-2+i=n

Remark 1 A discrete set of type t is always 4-connected (see Fig 4.a). Eztending
an hv-convez 4-connected discrete set of type i into type i the result is 4-connected,
ifa = R(sj)=R(sj+1) < ™ and it is 8-connected, if a = (see Fig 6.b). Extending
an hv-convez 4-connected discrete set of type t into type i the result is 4-connected,
if a < m and it is 8-connected, if a = " (see Fig 7.b). In any other cases the
connectedness of the set determines the connectedness of the extended set.

3.3 An Algorithm for Generating hv-convex 8-connected
Discrete Sets

According to the presented way of constructing hv-convex 8-connected discrete
sets we can construct a tree. The nodes are hv-convex 8-connected sets, an edge
between nodes A and B means that the set represented by node A can be extended
to the set represented by node B by the inclusion of a new last strip, the leaves are
the hv-convex 8-connected sets of a given perimeter, interior nodes are partially
constructed hu-convex 8-connected sets and the root is the empty set, which can
also be considered as a trivial hv-convex 8-connected discrete set. In order to
construct an embedding of such a tree into a finite interval of natural numbers we
can use the same technique described in [14] and so we obtain the bijection between
the set of hu-convex 8-connected sets of perimeter n and the interval [1, S,,).

We fix an ordering of the summands in the presented equations which gives a
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numbering of the sets. This means that for any node the set of numbers of the
leaves in its subtree is an interval.

To construct a bijection between the set of hv-convex 8-connected sets of perime-
ter n and the interval [1, P,,] we have to do the following:

1. Using the formulas in Subsection 3.2 compute S, the number of hv- convex
8-connected sets of perimeter n, Ny(7h,1), N;(1n,1), and Ny(m,1) for m + 1
even and m+1 < n—2, which give for each interior node the number of leaves
of the corresponding subtrees

2. Given an hv-convex 8-connected set s = (s1, Sz, ..., 8k ), compute I, the parti-
tion of this discrete sets of perimeter n induced by s;. Taking into considera-
tion the type of the partially constructed part of the set, apply this procedure
recursively until reaching the leaf of the tree with interval [7, j]. :

3. Given a number j in [1, P,], compute the partition of the interval [1, P,], fix
the corresponding strip s; and proceed recursively.

Using this bijection we can generate hv-convex 8- connected sets with fixed
perimeter with uniform probability:

1. Compute S,,, Ny(7,1), Ni(1h,1), and Ny(n, I) for m+1 even and m+1 < n—2.
2. Compute a random number j in [1, Sp].

3. Apply the above presented procedure.

Remark 2 Instead of working with perimeters we can exrtend the sets taking ac-
count of their area. This yields to an algorithm for calculating the number of hv-
convez 8-connected discrete sets with fized area. Working with perimeters and ar-
eas we can calculate the number of hu-convex 8-connected discrete sets with fized
perimeter and fired area. Then with the same method as presented in this section
we construct a bijection between this set and the corresponding finite interval of
natural numbers. This means that we can generate hv-conver 8-connected discrete
sets with fixed area or even with fized area and fired perimeter at random with
uniform distribution.

4 Reconstruction of hv-convex 8-connected Dis-
crete Sets from Two Orthogonal Projections
In the reconstruction problem we are given two vectors H € N™ and V € N*. The

task is to construct an hv-convex 8-connected discrete set S such that H(S) = H
and V(S) = V. The same notation is used as in [16].
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4.1 Definitions

Definition 2 An (H,V) pair of vectors is said to be compatible if there exist pos-
itive integers m, n, and A such that

(i) He N® and V € N*;
(it) hi <mn, for1<i<m, andv; <m, for1 < j<n;

(i) Yoo, hi = Z;‘:l v; = A, i.e., the two vectors have the same total sum A.

Definition 3 The north foot of an hv-conver 8-connected set S denoted by Py is
the set of columns of S that have elements in the first row of the rectangle Q. The
column indices of Py determine a set of consecutive integers: {ng,ns+1,... ,n1}.

Similar definition can be given for the south foot, Pg, taking the columns of S,
{sf,s¢+1,... s}, which have an element in the last row of @ (see Fig. 8). The east
and west feet, Pg and Py, respectively, and their column indices, {es,es+1,... ¢}
and {wg,wys +1,... ,w}, can be defined analogously.

Wf_’

$;=8;
(a) (b)

Figure 8: (a) The north and south feet of an hv-convex discrete set marked by o
and *, respectively. (b) The east and west feet of the same discrete set marked by
o and *, respectively.

Let S be an hv-convex 8-connected set with projections (H,V). Let I =
max{l < j < n|wv, <, forall< p< g}, the index of the last element
of the first nondecreasing subsequence of V and r = min{l < j < n | v, >
vy for all 1 < p < ¢ < 7}, the index of the first element of the last non-increasing
subsequence of V. Let, furthermore, I; = min{l < j7 < I | v; = v} and,
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ry =max{r <j<n|v; =v}, Iy =min{ly + hy — 1,1}, ls = min{ly + h,, — 1,1},
ry = max{r; —h + 1,7}, and rg = max{rl_— hm + 1,7}

Then the following two propositions are true.

Proposition 1 3] If there is an hv-convez 8-connected set S that satisfies (H,V)
withv; <m forallj =1,...,n, then

1. if Py is to the left of Ps thenny <y and sy >rg,
2. if Py is to the right of Ps then s; <ls and ny > rn.

Proof. See [3].

Proposition 2 [3] If there is an hv-convezr 8-connected set S that satisﬁes (H,V)
with v; = m for some j = 1,...,n then the following four cases are possible.

L Ifhy>l—r+landhyp,>l—r+1then ()ng=1-h+1,ny=1sp=7r,
and s =r4+hp—1,or(i))ng=r,ny=r+h ~1,sf =l—-hyn+1, and -
sg=1. : . L

2 Ifhy=l-r+1landhp > l-r+1 thenny =r,m =1, s; > max{l,l=hn+1},
and s; < min{r + h, — 1,n}.

8 Ifhy >l-r+1 andhm—l—r+1thennf>max{ll—h1+1} n <
min{r + hy — 1,n}, sy =r, and s; = L. .

4 Ifh=hpm=l-r+1lthenng=sp=r,m=s=1I.
Proof. See [3].

Certain elements in the middle of an hv-convex 8-connected set can be recog-
nized easily from the row and column sums by the following
Definition 4 The spine of an hv-convez 8-connected set with row and column sums
(H,V) is the set of positions (i,5) in T where one of the following conditions are
satisfied:

e (ny<j<sorws<i<e) and B;>hi1, hi > i1,

o (sf<j<mores<i<w) and TuZT—ﬁj, T -1 > hicy

The spine of S will be denoted by S,.
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Figure 9: The spine of an hv-convex 8-connected discrete set marked by stars.
Definition 5 Let S be an hv-convez 8-connected set. We say that the discrete

set A is an upper-left corner region in the discrete rectangle Q containing S if
(t+1,5) € Aor(i,j+1) € A implies (i,5) € A.

‘The upper-right; lower-left and lower-right regions, B, C, and D, respectively, can
be defined analogously (see Fig 10). Let S denote the complement of S (in Q).

Lemma 3 [5] S is an hv-convez 8-connected discrete set if and only if S = AUBU
CU D, where A, B, C, and D are disjoint corner regions (upper-left, upper-rlght
lower-left and lower-right, respectively).

Proof. See [5).

Remark 3 a;; =1 if (i,7) € A, and a; j =0 otherwise, for every i =1,...,m and
Jj=1,..,n. The elements of corner regions B, C, and D have a similar meaning.

Figure 10: An hv-convex 8-connected discrete set with the four corner regions.
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4.2 The Reconstruction Algorithm

The main idea of this algorithm is to rewrite the whole reconstruction problem
as a 2-Satisfiability (2SAT) problem which can be solved in polynomial time. A
2SAT expression is a boolean expression in conjunctive normal form with at most
two literals in each clause. The 2SAT problem is the following: given a 2SAT
expression is there a value (true or false) for each literal that makes the expression
true?

First we determine the limitations of the possible positions of the feet. Proposi-
tions 1 and 2 can be used to determine two intervals containing the possible column
indices of the north and the south feet. Analogous propositions are used to deter-
mine the two intervals for the possible row indices of the east and west feet [3].
Choosing two opposite feet we can determine the spine. Without loss of generality
let us suppose that we choose the west and east feet. According to the definition
of the feet and the spine in this case we have found already at least one element in
each column. Let Pw = {wy,wss1,...,w;} and Pg = {ef,ep41,...,€1}.

Then we construct a 2SAT expression Fy, ., (H,V) such that Fy,, ., (H,V) is
satisfiable if and only if there is an hv-convex 8-connected discrete set S whose west
and east feet are Py and Pg. Let construct Fy, e, (H,V) in the following way:

Fy (H,V) = Cor ADisANFSpA LBC' N\UBR/,

where Cor, Dis, FSp, LBC', and UBR' are sets of clauses describing the properties

» o»

of ”Corners”, "Disjointness”, ”Feet and Spine”, ”Lower Bound on Column sums”,
and ”Upper Bound on Row sums”, respectively, in the following way.

Cor = /\(a,'j = a1, A Qi = aij-1)A

i,J

/\(bij b1 A b” = bij+1) A

1,J

/\(c,-j = Cit+1,5 N Cij = Ci,j—l)/\

i,J

/\(dij = diy1; N dij = dijq),

1,j .
Dis = {z:i; = 7ij | for symbols X,Y € {4,B,C,D}, X #Y},

4j '
FSp = N\ (@5Abigac;Ady),

S(i,5)=1
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LBC' = /\(a{j = Citv;,j A a;; = dH—vj,j) A
1,5
A = E5 A by = div, ),
1.3
UBR = N A @5 = bijen) A\ @7 = dijen) | A
J 1<i<min{wy,es} ey <i<wy

/\ /\ (GG = bij+n) A /\ (Cij = dijjin:)

j wy<i<e; max{w;,e; }<i<m

Theﬁ the reconstruction algorithm can be given as

Algorithm 1 Reconstructing hv-conver 8-connected sets

Iﬁl;ut: Two g:ompafible vectors H € N* and V € N
1. Compute the cumulated sums of 71,- and ﬁj fori=1,..,mand j=1, ,n
2. Compute the feet limitations.
3. For all possible conﬁgufaltion of Py and Pg

3.1. Compute the spine. '
3.2. If Fy, ., (H,V) is satisfiable then Qutput S = AU BU C' U D and halt.

Output: Print "No solution”.

Theorem 4 Fy, ., (H,V) is satisfiable if and only if there is an hv-convez 8-
connected discrete set F having projections H and V and west and east feet
Pw = {wy,wsy1,...,wi} and Pg = {ef,ef41,...,e1}, respectively.

Proof. Using the concepts of feet and spine, the proof is similar to the proof of
Theorem 2 in [5].

In this algorithm we reduced the number of clauses in the 25AT expression
by introducing some apriori knowledge. The spine of an hv-convex 8-connected set
guarantee the connectedness of the reconstructed object. We can define the possible
feet positions from the row and column projections which reduce the number of
iterations in the algorithm. The spine and two opposite feet are described by the

-clauses notated by F'Sp. The west and east feet together with the spine determine
at least one cell in each column belonging to-the object. This allows to reduce the
number of clauses in LBC'. Using the concept of the feet we redefined the clauses
which describe the upper bound on row sums (UBR').
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The number of possible feet positions is smaller than m?n2. The complexity

of the algorithm for constructing the spine for a given feet position is O(mn), the
2SAT expression can be solved in O(mn) time. Therefore the complexity of the
algorithm for reconstruction of hv-convex 8-connected sets in the worst case is
O(mn - min{m?,n?}).
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