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Retractable state-finite automata without outputs®

Attila Nagy'

Abstract

A homomorphism of an automaton A without outputs onto a subautoma-
ton B of A is called a retract homomorphism if it leaves the elements of B
fixed. An automaton A is called a retractable automaton if, for every subau-
tomaton B of A, there is a retract homomorphism of A onto B. In [1] and
[3], special retractable automata are examined. The purpose of this paper is
to give a construction for state-finite retractable automata without outputs.

In this paper, by an automaton we mean an automaton without outputs, that
is, a system A = (A, X, d) consisting of a non-empty state set A, a non-empty input
set X and a transition function § : A x X — A. If A has only one element then
the automaton A will be called trivial. The function § is extended to A x X* (X*
denotes the free monoid over X) as follows. If a is an arbitrary state of A then
0(a,e) = a for the empty word e, and 6(a,qx) = §(0(a,q),z) for every ¢ € X*,
rzeX.

If B is a non-empty subset of the state-set of an automaton A = (A, X,J)
such that §(b,x) € B for every b € B and x € X, then B = (B, X,dp) is an
automaton, where dg denotes the restriction of § to B x X. This automaton is
called a subautomaton (more precisely, an A-subautomaton) of A. A subautomaton
B of an automaton A is called a proper subautomaton of A if B is a proper subset
of A. A subautomaton B of an automaton A is said to be a minimal subautomaton
of A if B has no proper subautomaton. If a subautomaton B of an automaton
A has only one state then B is minimal; the state of B is called a trap of A.
If an automaton A = (A, X,d) contains only one trap denoted by ao then A is
called a one-trap automaton (or an OT-automaton). This fact will be denoted by
(A, X,0;a0). If an automaton A has a subautomaton which is contained in every
subautomaton of A then it is called the kernel of A. The kernel of A is denoted
by KerA.

Let A = (4, X,d) be an automaton containing at most one trap. Let A° denote
the following set. A° = A if A does not contain a trap or A is trivial; A = A—{ag}
if A is a non-trivial OT-automaton and ag is the trap of A. Consider the mapping
5%+ A x X + A" which is defined for a couple (a,z) € A° x X if and only if

*Research supported by the Hungarian NFSR grant No T029525 and No T042481
TDepartment of Algebra, Institute of Mathematics, Budapest University of Technology and
Economics

399



400 Attila Nagy

§(a,z) € AY. In this case, let 6°(a,z) = 6(a,x). (A%, X,8°) is a partial automaton
which will be denoted by A°.

An equivalence relation « of the state set A of an automaton A = (4, X, §) is
called a congruence of A if, for every a,b € A and = € X, the assumption (a,b) € «
implies (6(a,x),d(b,x)) € a. It is easy to see that if B is a subautomaton of an
automaton A then pp = {(a,b) € Ax A:a=bora,be B} is a congruence of
A, which is called the Rees congruence of A induced by B. The factor automaton
A/pp is called the Rees factor automaton of A modulo B. If B is a subautomaton
of an automaton A then we may describe the Rees factor A/pp as the result of
collapsing B into a trap ag of the Rees factor, while the elements of A outside of B
retain their identity. Sometimes we can identify these elements a (a € A — B) with
the one-element pp-class [a], that is, we can suppose that the state set of the Rees
factor is (A — B) U {ao}-

If a is a state of an automaton A, then the smallest subautomaton R(a) of A
containing the state a is called the principal subautomaton of A generated by a. It
is easy to see that R(a) = d(a, X*) = {d(a,p) : p € X*}. Clearly, every minimal
subautomaton of an automaton is principal.

The relation R on an automaton A defined by R = {(a,b) € Ax A: R(a) =
R(b)} is an equivalence relation on A. The R-class of A containing an element
a € A is denoted by R,. The subset R(a) — R, is denoted by R[a]. It is clear
that Rla] is either empty or (R[a], X,dpg[e) is a subautomaton of A. The factor
automaton R{a} = R(a)/pge is called a principal factor of A. We note that
if Rla] = 0 then R{a} is defined to be R(a). For example, if a is a trap then
R(a) = {a} and so R[a] = 0.

A mapping ¢ (acting on the left) of the state set A of an automaton A =
(A, X,04) into the state set B of an automaton B = (B, X, dp) is called a homo-
morphism of A into B if ¢(d4(a,x)) = 0p(¢(a),x) for every a € A and z € X.

A mapping ¢ (acting on the left) of A” into B is called a partial homomorphism
of a partial automaton A® = (A%, X, §9) into a partial automaton BY = (B°, X, §%)
if, for every a € A%, x € X, the assumption §4(a,z) € A° implies d5(¢p(a),z) € B°
and 65(¢(a),z) = (da(a,z)).

Definition 1. A subautomaton B of an automaton A is said to be a retract sub-
automaton if there is a homomorphism of A onto B which leaves the elements of
B fized. Such a homomorphism is called a retract homomorphism of A onto B.

Definition 2. An automaton A is called a retractable automaton if every subau-
tomaton of A is retract.

Lemma 1. Every subautomaton of a retractable automaton is retractable.

Proof. As a subautomaton C of a subautomaton B of an automaton A is also a
subautomaton of A, and the retriction of a retract homomorphism of A onto C to
B is a retract homomorphism of B onto C, our assertion is obvious. [l

Lemma 2. If A is a retractable automaton and {a; : i € I} are elements of A
such that R(a;) C R(b) for an element b of A then there is an index j € I such that
R(a;) € R(aj) for everyi e I.
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Proof. Let A = (A, X,0) be a retractable automaton and {a; : i € I} be arbitrary
elements of A such that R(a;) C R(b) for an element b of A. Let R = U;erR(a;).
As R = (R, X,0r) is a subautomaton of A, there is a retract homomorphism Ag
of A onto R. As Ag(b) € R, there is an index j € I such that Ar(b) € R(a;). Then
Ar(6(b,p)) = §(Ar(D),p) € R(a;) for every p € X*, and so Ar(R(b)) C R(a;). As
R(a;) CRNR() (i € I), we get R(a;) = Ar(R(a;)) C R(a;) for everyi e I. O

Corollary 1. Every subautomaton of a principal subautomaton of a retractable
automaton is principal. In particular, for every state a of a retractable automaton
A, Rla] is either empty or Rla] is a principal subautomaton of A.

Proof. Let B be a subautomaton of a principal subautomaton R(b) of a retractable
automaton A. Then R(a) C R(b) for every a € B. By Lemma 2, there is an
element ¢ € B such that R(a) C R(c) for every a € B. As B = U,ecpR(a), we get
B = R(c). O

Let T be a set with a partial ordering < such that every two-element subset of
T has a lower bound in 7" and every non-empty subset of T having an upper bound
in T contains a greatest element. Then T is a semilattice under multiplication * by
letting a x b (a,b € T') be the (necessarily unique) greatest lower bound of a and b
in T. A semilattice which can be constructed as above is called a tree ([4]).

Corollary 2. A state-finite retractable automaton A contains a kernel if and only
if the principal subautomata of A form a tree with respect to inclusion.

Proof. Let A be a state-finite retractable automaton. The inclusion (the inclusion
of the state-sets) is a partial ordering on the set T of all principal subautomata
of A. By Lemma 2, every non-empty subset of 7' having an upper bound in T
contains a greatest element. As every finite tree has a least element, T (which is
finite) is a tree if and only if it has a least element. As the least element of T' is the
kernel of A, our proof is complete. O

Lemma 3. FEvery principal subautomaton of a state-finite retractable automaton
contains exactly one minimal subautomaton.

Proof. From the finiteness of the state set, it follows that every principal sub-
automaton contains a minimal subautomaton. As a minimal subautomaton is a
principal subautomaton, our assertion follows from Lemma 2. O

Lemma 4. Ifay,aq are states of a state-finite retractable automaton A = (A, X, 9)
such that By C R(a1), Ba C R(ag) for distinct minimal subautomata By and Bo
of A then R(a1) N R(ag) = 0.

Proof. If ¢ € R(a1) N R(az) then, by Lemma 3, there is a minimal subautomaton
B of A such that B C R(c) € R(a1) N R(az). Using again Lemma 3, we get
By = B = B> which is a contradiction. O
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If A; = (A;,X,0;), i € I are automata such that A; N A; = () for every i # j,
then A = (A, X, ) is an automaton, where A = U;erA4; and d(a,x) = ;(a,x) for
every a € A; and x € X. The automaton A is called the direct sum of the automata
A iel

Definition 3. We say that an automaton A is a strong direct sum of a family
of subautomata A;, i € I if A is a direct sum of A;, i € I and, for every couple
(1,7) € I x I, there is a homomorphism of A; into A;.

Theorem 1. A strong direct sum of retractable automata is retractable.

Proof. Assume that an automaton A = (A, X, §) is a strong direct sum of automata
A; = (A;,X,8,), i€ I Let ¢;; be the corresponding homomorphism of A; into
A; (i,j € I). Let R be an arbitrary subautomaton of A. Let R; = RN A;. It is
clear that R; is either empty or R; = (R;, X,0R,) is a subautomaton of A;. Let
AR, denote a retract homomorphism of A; onto R, if R; # 0, and let iy denote a
fixed index, for which R;, # (. We define a mapping Ar of A onto R as follows. If
a € A; and R; = (), then let Ag(a) = Ar,, (¢i.io(a)); if a € A; and R; # (), then let
Ar(a) = Ag,;(a). It is clear that Ar mapps A onto R and leaves the elements of R
fixed. To prove that Ar is a homomorphism of A onto R, let i€ [, a € A;, z € X
be arbitrary elements. In case R; = 0,

/\R(é(aa l‘)) = )\Rio (¢’i,io (51 (Cl, J?))) = /\Rio (5i0 (¢’i,io (a)a J))) =

= 5i0 (/\Ri,o (¢i,io (a))a J)) = 5()‘R(a)7 13),
and, in case R; # (),

AR(é(aa (E)) = >‘Ri (51 (a’a (E)) = 6l(>‘Rz (a’)a (E) = 5(>‘R (a‘)v LE),

because a, d(a,z) € A;. Hence Ag is a retract homomorphism of A onto R. Thus
the theorem is proved. [l

Theorem 2. For a state-finite automaton A = (A, X,9), the following assertions
are equivalent:

(i) A is retractable;

(i) A is a direct sum of finite many state-finite retractable automata containing
kernels being isomorphic to each other.

(ii) A is a strong direct sum of finite many state-finite retractable automata con-
taining kernels.

Proof. (i) implies (ii): Assume that A is retractable. As A is finite, it has a
minimal subautomaton. Let {B;, i = 1,2,...r} be the set of all distinct minimal
subautomata of A. Let A; = Ugea{R(a): B; C R(a)}, i =1,2,...,r. It is clear
that A; is a subautomaton of A and B; is the kernel of A; for every ¢ =1,...,r.
By Lemma 3, for every principal subautomaton R(a) of A, there is a unique index
i such that B; C R(a). Thus A = U]_; A;. By Lemma 4, A; N A; = 0 for every
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i # j. Hence A is a direct sum of the automata A;, i = 1,...,r. By Lemma 1,
every automaton A; is retractable. Let ¢,5 € {1,2,...,7} be arbitrary. As B; is a
minimal subautomaton of A, the retract homomorphism Ap, of A onto B; maps
B, onto B;. Thus |B;| > |B;|. Similarly, |B;| > |B;|. Thus |B;| = |B,| and the
restriction of Ap; to B; is an isomorphism of B; onto B;. Thus (ii) is satisfied.

(ii) implies (iii): Assume that A is a direct sum of the state-finite retractable
automata A;, i = 1,2,...,r such that each of A; contains a kernel B;, and, for
every 4,7 € {1,2,...,r}, there is an isomorphism ¢; ; of B; onto B;. It is easy to
see that ®; ; defined by

(I)ixj (a’) = d)i;j (ABL (a’))a a€ A;

is a homomorphism of A; into A, where Ap, denotes a retract homomorphism of
A, onto B;. Thus A satisfies (iii).
(iii) implies (i): By Theorem 1, it is obvious. O

By the previous theorem, we concentrate our attention to state-finite retractable
automata containing a kernel. These automata will be described by Corollary 3
and Theorem 7. First consider some results and notions which will be needed for
us.

Lemma 5. FEvery principal factor of an automaton can contain at most one trap.

Proof. Tf R[a] = (0 for a state a then the principal factor R{a} has a trap only that
case when a is a trap of A, that is, the principal factor is trivial. If R[a] # 0 then
R(b) = R(a) for every b € R, = R(a) — R[a], and so R{a} contains only one trap,
namely the pgpq-class Rla] of R(a). O

Definition 4. An automaton A = (A, X, 0) is called strongly connected if, for every
couple (a,b) € AX A, there is a word p € X (X denotes the free semigroup over
X ) such that b = d(a,p).

We note that every strongly connected automaton can contain only one subau-
tomaton, namely itself. We also note that if an automaton is trivial (has only one
state which is a trap) then it is strongly connected. If an automaton has at least
two state and has a trap then it is not strongly connected.

Definition 5. A non-trivial OT-automaton A = (A, X,d;a0) is called strongly
trap-connected if, for every couple (a,b) € A X A, a # ag, there is a word p € X
such that b = d(a,p).

We note that every strongly trap-connected automaton A = (A4, X, J;ap) con-
tains only two subautomaton, namely itself and ({ao}, X, d¢4,}). Moreover, for
every state a # ag of A there is a word p € Xt such that a = 6(a, p).

Definition 6. We say that a non-trivial OT-automaton A = (A, X,0;a9) is
strongly trapped if §(a,x) = ag for every a € A and x € X.
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Theorem 3. Every principal factor of an automaton is either strongly connected
or strongly trap-connected or strongly trapped.

Proof. If Rla] = () then R{a} = R(a) is strongly connected. If R[a] # 0 then,
by Lemma 5, R{a} is a non-trivial OT-automaton. Let ao denote the trap of
R{a}. If |R,| = 1, that is, R{a} = {a,a0}, then R{a} is either strongly trapped
(if §(a,x) € Rla] in A, that is, d(a,x) = ag in R{a} for every z € X) or strongly
trap-connected (if a = §(a, x) for some z € X). If |[R,| > 1 then, for every elements
b,cof Ry, ¢ = §(b,p) for some p € X . Moreover, for every b € R,, there is a word
p € X' such that 6(b,p) € Rla] in A, that is, §(b, p) = ao in R{a}. Hence R{a} is
strongly trap-connected. O

Definition 7. An automaton A is called semiconnected if every principal factor of
A is either strongly connected or strongly trap-connected.

Theorem 4. An automaton A = (A, X,9) is semiconnected if and only if every
subautomaton B of A satisfies the following: for every a € B there are elements
be B and p € Xt such that a = §(b,p).

Proof. Let A = (A, X, ) be a semiconnected automaton and B be a subautomaton
of A. Let a be an arbitrary element of B. Then R(a) C B. If a is a trap then
a = d(a,z) for every x € X. Consider the case when a is not a trap. Then
|R(a)| > 2. If Rla] = 0 then, by Theorem 3, R(a) = R{a} is strongly connected
which means that, for every b € R(a) there is a word p € X+ such that a = §(b, p).
If R[a] # () then, by Theorem 3, R{a} is strongly trap-connected and so, for every
element b € R,, there is a word p € X such that a = 6(b,p). Thus, in all cases,
there is a state b € B and a word p € X such that a = §(b, p).

Conversely, assume that every subautomaton of an automaton A satisfies the
condition of the theorem. We show that A is semiconnected. Let a be an arbitrary
element of A. If a is a trap of A then the principal factor R{a} is trivial (and so it
is strongly connected). Consider the case when « is not a trap of A. Then «a is an
element of R{a} (and is not the trap of R{a}). By Theorem 3, it is sufficient to show
that the principal factor R{a} is not strongly trapped. As R(a) is a subautomaton
of A, by the condition of the theorem, there are elements b € R(a) p € X* and
x € X such that a = 6(b,px) = 6(6(b,p), ) in A. It is clear that ¥’ = d(b, p) ¢ R]a]
and so a = 0(V,x) in R{a}. Thus R{a} is not strongly trapped. O

Definition 8. Let B = (B, X,d0p) be a subautomaton of an automaton A =
(A, X,8). We say that A is a dilation of B if there is a mapping ¢ of A onto
B which leaves the elements of B fized and §(a,x) = og(¢p(a),z) for alla € A and
reX.

Theorem 5. FEvery dilation of a retractable automaton is retractable.

Proof. Let A = (A,X,d) be a dilation of a retractable subautomaton B =
(B,X,0p). Then there is a mapping ¢ of A onto B which leaves the elements
of B fixed and §(a,x) = dp(p(a),z) for every a € A and x € X. Let R be a subau-
tomaton of A. Then, for every ¢ € R and x € X, §(c,x) € RNB. Let Agnp denote
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a retract homomorphism of B onto the subautomaton R N B. Define a mapping
Ar of A onto R as follows. Let Ag(a) = a if a € R, and let Ar(a) = Arnp(¢(a)) if
a ¢ R. We show that Ag is a homomorpism of A onto R. Let a € A and = € X be
arbitrary elements. If a € R then

§(Ar(a),x) = 6(a,z) = A\g(6(a,z)).
Assume a ¢ R. Then
d(Ar(a),z) = dp(ArnB(9(a)),x) =
= ArnB(dB(9(a),z)) = Ar(d(a, x)),

because Ag(a),d(a,x) € B and the restriction of Ag to B equals Agnp. Hence g is
a homomorphism of A onto R. As Agr leaves the elements of R fixed, it is a retract
homomorphism of A onto R. Consequently, A is a retractable automaton. O

Theorem 6. FEvery retractable automaton is a dilation of a semiconnected re-
tractable automaton.

Proof. Let A = (A, X, ) be a retractable automaton and let B = §(A4, X). Then
B = (B, X, dp) is a subautomaton of A and so there is a retract homomorphism ¢
of A onto B. Let a € A, x € X be arbitrary elements. Then §(a,x) = ¢(d(a,x)) =
0p(¢(a),z). Hence A is a dilation of B. By Lemma 1, B is retractable. Let R be
an arbitrary subautomaton of B. If ¢ € R is an arbitrary element, then ¢ = 6(a, z)

for some a € A and z € X. Let Ag denote the retract homomorphism of A onto
R. Then Ag(a) € R and

¢ = Agr(c) = Ar(d(a,x)) = §(Ar(a), x).
Thus, by Theorem 4, B is semiconnected. O

Corollary 3. An automaton is retractable if and only if it is a dilation of a semi-
connected retractable automaton.

Proof. By the previous two theorems, it is evident. O

Theorem 2 shows that the state-finite retractable automata are exactly the di-
rect sums of finite many state-finite retractable automata such that each component
in a mentioned direct sum contains a kernel, and these kernels are isomorphic with
each other. Corollary 3 and the remark after Theorem 2 show that every component
in a direct sum is a dilation of a state-finite semiconnected retractable automaton
containing a kernel. Theorem 7 will show how we can construct the state-finite
semiconnected retractable automata containing a kernel. These results togethet
give a complete description of state-finite retractable automata.

Construction. Let T be a finite tree (under partial ordering <) with the least
element ig. Let ¢ > j (4,5 € T) denote the fact that ¢ > j and, for every k € T,
1>k >jimpliesi =k or j = k.
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Let A; = (A;, X, 0;), i € T be a family of disjunct automata such that

(i) A;, is strongly connected and A; is a strongly trap-connected OT-automaton
for every i € T with i # ig.

(ii) Let ¢;,; denote the identity mapping of A;, and assume that, for every
i, € T with ¢ > j, there is a partial homomorphism ¢; ; of AY into A? such that

(iii) for every i = j there are elements a € A? and x € X such that 6;(a,z) ¢ A
and 8;(¢ij(a),z) € AY .

For arbitrary elements ¢, j € T with ¢ > j, define a partial homomorphism ®; ;
of A? into A? as follows. ®;; = ¢;; and, if ¢ > j such that ¢ > k; > ...k, > j
then let

Qi = ki © Phip_1,kn © - - © Phy ks © Py -

(We note that if i > j > k are arbitrary elements of T' then ®; ;, = ®; 0 ®;;.)
Let A = UieTA?. Define a transition function ¢’ : A x X — A as follows. If
a € A and z € X then let §'(a,2) = 6;/(q,2](Pi i7[a,2)(a), z), where ¢'[a, 2] denotes
the greatest element of the set {j € T': 0;(®; ;(a),z) € AJ}.
It is easy to see that A = (A4, X,¢’) is an automaton which will be denoted by
(A,L', X, (51'; ¢i7j7 T)

Theorem 7. A finite automaton is a semiconnected retractable automaton con-
taining o kernel if and only if it is isomorphic to an automaton (A;, X, ;¢ ;,T)
constructed as above.

Proof. Let R be a subautomaton of an automaton (A4;, X, d;; ¢;.;,T). As every au-
tomaton A; (i € T'—{ip}) is strongly trap-connected and A, is strongly connected,
it follows that R = Ujer‘A(; for some non-empty subset I' of T. We show that T’
is an ideal of T', that is, ¢ € I and j < 4 together imply j € I for all 4,5 € T.
Let ¢ be an arbitrary element of T such that ¢ € I', i # ip. If j € T with ¢ > j
then, by (iii), there are elements a € AY and = € X such that 6;(a,x) ¢ A? and
5;j(¢ij(a),x) € AY. Then §(a,x) € A9. Hence A9 N R # § which implies that
Ag C R and so j € I'. This implies that I' is an ideal of T. As T is a tree,

m: i— max{yeTl: y<i}

is a well-defined mapping of T" onto I" which leaves the elements of T" fixed (in fact,
7 is a retract homomorphism of the semigroup 7" onto the ideal I of T' (see [4])).
We define a retract homomorphism Ag of A onto R. For an arbitrary element
a€ A, let

Ar(a) = @; rxi)(a)

if a € A. Tt is easy to see that Ag leaves the elements of R fixed. We prove that
AR is a homomorphism of A onto R. Let z € X, a € A? be arbitrary elements.
Using 0’ (a, ) = 0i/(q,2)(Ps,i/[a,0) (@), T) € A?,[a’m] and the fact that @4 2] 7 (i'[a,2]) 19
a partial homomorphism, we get

Ar(0'(a, %)) = AR(0i/[a,2)(Pi,ir[a,z) (@), ) =

= @i’[a,x],w(i’[a,x])(éi’ la,z] (q)i,i’ la,z] (a’)a (E)) =
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= On(irfaal) (Pim(i[ae)) (0); 2) € AL (1102
Using ®; ~(;)(a) € A?r(i), we have

(5’()\3(&), (E) = 6,(@1',77(1') (a‘)vx) =

= ()11, (@) (Pre(0). (7(0)) (91,1 (@),2) (i) (@), @) =
0
= 0(r (D)) 941y (@), (Pi (m (D)) (@1, 20y (@),01 (0): B) € Alriyyrio, i) (a) )
To prove that Ar(d’(a,z)) = 6'(Ar(a), x), it is sufficient to show that

(m(0)'[®i,x(i) (@), 2] = 7(i'[a, 2]).

First, assume i'[a, z] > 7(i) (and so 7(i'[a,x]) = 7(i)). AS @i[a,z],x(s) IS & partial
homomorphism of A?,[ into A?r(i) and 6;(4,2) (P i/]a,2) (@), ) € AY we get

a,x] i [a,z]?

57r(z') ((I)i,w(i) (a),z) = 571-(1;)(q)i/[a,x],w(i)((I)i,i/[a,x] (a)),z) =

= Dir(a,2],7 () (0i'[a,2) (Pi,ir[a,2] (@), ) € Ag(z-)
and so
(m(0)) (@3 (i) (@), 2] = 7(i) = 7(i'[a, ]).
Next, consider the case when i'[a,x] < 7(i) (and so w(i'[a,x]) = i'[a,x]). f j €T
with 7 (i) > j > i'[a, ] then we have

85(Pr(i) 5 (Pin(iy (@), ) = 0;(P; j(a), x) & AY.

Then
(7 (1)) [®i,m(3) (@), 2] < 4'[a, ).
As
et (@0 @i (@) 2) = O )@ (0),2) € AL
we get
(7(0)) [®s,7() (@), ] > 7'[a, x].
Hence

(W(i))'[‘bm(i) (a),z] = i'[a, x] = 7(i'[a, z]).

Consequently, (7(i))'[®; r«(a), z] = 7(i'[a,z]) in both cases. Hence Ag is a (re-
tract) homomorphism of A onto R. Thus A = (4;, X, 6;;¢;;,T) is a retractable
automaton.

We show that A is semiconnected. If R is an arbitrary subautomaton of A,
then there is an ideal T' of T" such that R = UjepA? (see above). Let a € R be
an arbitrary element. Then a € A) for some k € I'. As Ay, is strongly connected
or strongly trap-connected, there are elements b € AY and p € Xt such that
a = 0k(b,p) = &' (b,p). By Theorem 4, it means that A is semiconnected. As ig is
contained in every ideal of T', A;, is the kernel of (A;, X, ;55 ;,T).
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Conversely, let A be a finite semiconnected retractable automaton containing
a kernel. Let Prf(A) denote the set of all principal factors of A. By Corollary
2, Prf(A) is a (finite) tree under partial ordering < defined by R{a} < R{b} if
and only if R(a) C R(b). As A is semiconnected, the least element of Prf(A) is
strongly connected, the other ones are strongly trap-connected.

Let T be a set with |T'| = |Prf(A)|. Denote a bijection of T" onto Prf(A) by f.
Define a partial ordering < on T by i < j (i,j € T) if and only if f(i) < f(j). Let
ip denote the least element of T'. Clearly, T is a finite tree with the least element
ig. For every element ¢ € T, fix an element a; in A such that f(i) = R{a;}. (We
note that R{a;} = R{a;} iff a; = a; iff i = j). As R{a,,} is strongly connected
and R{a;} is strongly trap-connected if 7 # 4o, condition (¢) of the Construction is
satisfied.

Let Ag(a;) (j € T) denote a fix retract homomorphism of A onto R(a;). For
every i,j € T with i = j, let \; ; denote the restriction of Ag(4,;) to R(a;). It is
obvious that A; ; is a retract homomorphism of R(a;) onto R(a;) for every i = j,
(i,7 € T). Moreover, A;; is the identity mapping of R(a;), for every i € T.
We show that A; ; maps R, into R,;. Let a € R,, be an arbitrary element (so
R(a) = R(a;)). Then, for everyp € X*, A; ;(6(a,p)) = d(Nij(a),p). If A; j(a) wasin
Rla;] then we would have \; j((a,p)) € Rla,] for every p € X*, because Rla;] is a
subautomaton of A. This would imply that A; j(R(a;)) C R|a;] which is impossible,
because \; ; maps R(a;) onto R(a;) = Ra; U R[a;] D Rla;]. Hence \;; maps R,
into Ry, and so A;; can be considered as a mapping of R%{a;} into R%{a;}. If
d(a,x) € R, for some a € R,, and x € X then §(\; ;(a),z) = X ;(d(a,x)) € Rq;.
Hence );; is a partial homomorphism of the partial automaton R%{a;} into the
partial automaton R%{a;}. Thus condition (ii) of the Construction is satisfied (for
A; =R{ai}, ¢ij = Nij).

Assume i > j. Let b € R,; be an arbitrary element. Then a; # b € R(a;) and
so there is a word p = 122 ..., € X T (21,%2,...2, € X) such that b = §(a;,p).
Let m be the least index such that d(a;,z1...2m) € Ry;. Consider an element a
of Ry, (or of R%{a;}) as follows. Let a = a; if m = 1. Let a = 6(a;, o1 ... Tym—1) if
m > 1. Then §(a, ) ¢ Ra, (or §(a,xm,) ¢ R%{a;}). On the other hand,

d(Aij(a), rm) = Nij(0(a,2)) = 6(a, 2m) € Ra; = Ro{aj},

because \; ; leaves the elements of R(a;) fixed. Thus (iii) of the Construction is
satisfied (for ¢; ; = \i j, T = Tp).

For arbitrary elements ¢,j € T with ¢ > j, define the mapping ®; ; as follows.
Let (I)i,i = >\i,i and, if 7> J with i = k1 = ko = ...k, -7 then let

Pij = Mpyj © O Niky

It is clear that ®;; is a retract homomorphism of R(a;) onto R(a;) such that
it maps R, into R,;. Thus ®;; can be considered as a partial homomorphism
of R%{a;} into R%{a;}. Moreover, ®; = ®;; o ®;; for every i,j,k € T with
i>j =k

Construct the automaton R = (R{a;}, X, d;; i ;,T), where §; is the transitive
function of the factor automaton R{a;} induced by ¢. It is clear that the state sets
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of the automata R and A are the same. We show that the transitive functions ¢ of
A equals the transitive function &' of R. Let i € T, a € R,, = R%{a;}, = € X be
arbitrary elements. Assume 6(a,z) € Ry, (i > j). Let k € T with i > k > j. Then
0(a,z) € Rlax] C R(ax) and so

5(®; k(a),z) = @ (6(a,x)) = 6(a,z) ¢ Ra, = R™{ar},
because ®; j, leaves the elements of R(ay) fixed. If j > k then
(P k(a),z) = P k(6(a,z)) =

= ®jk 0 D (0(a, ) = ®;(8(a, 7)) € Ray, = R™{ar},

because ®; ; leaves the element 0(a,z) € Rq, = R%{a;} fixed, and ®;; maps R,
into R,,. Consequently i'[a, 2] = j. Hence

6(a,z) = @;;(6(a,r)) = 6(Pi;(a), ) = 0;(Pi;(a),z) =

= 612/[(1,%] ((I)i,i/[a,x] (a‘)v LE) = (5,(0,, (E)
Thus the theorem is proved. O
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