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Finitely Presentable Tree Series

Symeon Bozapalidis* and Olympia Louskou-Bozapalidou®

Abstract

Tree height is known to be a non-recognizable series. In this paper, we
detect two remarkable classes where this series belongs: that of polynomially .
presentable tree series and that of almost linearly presentable tree series.

Both the above classes have nice closure properties, and seem to consti-
tute the first levels of a tree series hierarchy which starts from the class of
recognizable treeseries.

1 Introduction

It is well known that some tree functions of wide use in computer science fail to
be recognizable, that is they can not be obtained as behaviors of tree automata
weighted over a certain semiring. Berstel and Reutenauer proved that the tree
series height : Tr — N sending every tree  over the ranked alphabet I' to its height
is non-recognizable (cf. [BR]). Therefore it is quite natural to search for classes
having good closure properties in which this tree series belongs.

In this paper, we give two such classes: the class PP of polynomially presentable
tree series and the class ALP of almost linearly presentable tree series.

Both PP and ALP are closed under sum, scalar product, top-catenation, left
derivative and semiring morphism.

Given a finite ranked alphabet I" and a semiring K we denote by K ((Tt)) the
set, of all tree series S : Tr — K, equipped with the standard operations of sum,
scalar product and top-catenation.

We say that a tree series S : Tr — K is polynomially presentable whenever it
belongs to a finitely generated invariant subalgebra of K ({Tr)). Also, S: Ty — K
is said to be linearly presentable whenever it belongs to a finitely generated 1nvarlant
K-subsemimodule of K {{(TT)).

The reader is assumed to be familiar with semirings, semimodules etc (for de-
tails, see [SS], [KS)]).
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2 Basic Facts
2.1 Trees

In this subsection we briefly exhibit the tree substitution operations used through-
out this paper.

Given a finite ranked alphabet I' = (I't),, and a set of variables X, =
{z1,...,Zn}, we denote by Tr (X,) the smallest set verifying next two items:

e ToU X, CTr(X,) and
@ for f €T, k> 1,and ty,...,tx € Tr (Xy) the word f (t1,...,tx) € Tr (Xn).

For n = 0, Tt (X,) is written as Tr. The elements of Tr (X)) are called trees
over I' indexed by the variables xy,...,z,.
The height of a tree t € Tr, denoted by height (t) is inductively defined by

e height(c) =0, for all ¢ € T’y and '
e height (f (t1,...,tn)) =1+ max {height (t;) | 1 < i< n}.
Consider trees

t € Tr (Xn)strye oo tnst, oo 1) € Tr (Xa),1Si<m

where we assume that the variable x; occurs exactly A; > 0 times in the tree t. We
use the notation:

o t[t1/Z1,...,tn/zy] or simply t[ty,...,t,] for the result of substituting ¢; for
every occurrence of x; in .

ot [(tgl),...,tg‘ll)) /T1,. .., (t&"),...,tf\?) /:z:n] for the result of substituting

tgi), .. .', t&? for the occurrences of z; in ¢ from left to right (1 <i < n).

Consider now the subset Pr of Tt (z) consisting of all trees where the variable
z occurs once. Pr becomes a monoid, with multiplication the substitution at z;
precisely, if 7, 7 € Pp, 77 is the tree obtained by substituting 7 for z in 7. Actually,
Pr is the free monoid generated by the trees of the following form:

o

G'EFP,pZ].,tjET[‘,(j#i).

t tic1 Tt tp

Figure 1:
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On other hand, Pr acts canonically on Tt :
PrxTr —Tr (r,t) » Tt =7 [t/z2].

For 7 € Pr, || denotes its length in the free monoid Pr. If 7 is as in Figure 1
then |7| = 1 while if 7 = 7 - 72, then |7| = |11 + |72].

2.2 Formal Series on Trees

Assume a ranked alphabet I" and a set of variables X,, = {ml, ...,Zp} are given, as
well as a semiring K. .
The functions S : Tr (X,) — K are called tree series.

The value of S at t € Tr (X,) is denoted by (5,t) and is refered to as the -
coefficient of S at ¢. _ SRR
The set K ((Tr (Xg))) of tree series on Tt (X,) is converted into a K-
semimodule when addition and scalar multiplication are point wisely defined:

(S1+Sz,t) = (Sl,t)-i-(Sg,t)
(AS,8) = A(S,0)

forallt € Tr (X,), ) € K and 51, 52,5 € K ({Tr (X)) . _
Moreover a partial infinite addition on K ({(Tt (X»))) can be defined as follows:
we say that a family of tree series (S;),c; is locally finite whenever for each t -€

Tr (X)) the set {z | (S;,t) # 0} is finite. Then ) S; exists and is given by
i€l

(E Si,t> = Z(Si,t) for all t € Tt (Xn)
i€] i€l :

According to this discussion every S € K ((Tr (X,))) can be represented as an .»

infinite sum
S= > (St
tGTI‘(Xn)

The support of a series S : Tt (X,) — K is the tree language

supp(S) = {t € Tr (Xn) | (5,¢) # 0}.

Series S € K ((ITr (X,))) whose support is finite are termed polynomzals and
their set is denoted by K (Tr (X,)). :
Given 0 € 'y and S1,...,Sp € K ((Tr (Xn))), the o-top catenation sen’es

a(S1,...,58) : ITr(Xn) = K
is defined as follows. For t € Tt (X,)

(0(S1,...,5p),t) =(S1,t1)--(Sp,tp) if t =0 (t1,...,tp) and O else.
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More generally, for every n > 0, t € Tr (X,) and Si,...,S, € K {{Tr)) we
define the series

t[S1,...,8a) : Tr (Xp) = K
inductively by the clauses
oa:,-[Sl,...,Sn]=S,-, 1<i1<n
oc[Sl,...,Sﬂ]?C, cely

‘o o(ty,...,tp)[S1,..-,8n) = o (t1{S1,...,Sn),. s tp[S1,...,Sn]), for o €
Fp,tj € T[‘ (Xn) .

Proposition 1. For everyn > 1,t € Tr (X)), S1,..., S, € K {{(I1)) and s € It,
(t [Sl,-A. .,Sn] ,S) = (Sl,t(ll)) Ve (Sl’t(kll)) e (Sn,tgn)) v (Sn,tg“’:‘))

if there are t(’) ..,tgi) € Tr, 1 <1i < n such that

5= [(0, ) s, (69, ) ]

and (t[S1...,Sn],8) =0, otherewise.
By linear extension, we can define p[Si,...,Sn] for any polynomial p €

K (Tr (X»))
pIS1,-.»Sal= D (0:t)t[S1,...,Sn].
teTr(Xn)

The last operation we need is derivation. The derivative of S € K ({It)) at

7 € Pr is a tree series
IS =3 (S t)t.
teTr

The derivation has the following properties:
1 771 (x718) = (x7) 7' S, for all 7,7 € Pp, S € K {{Tt)),

2. 71 (0(51,...,5;,)) H(Sj,t )ﬂ' S,, lfT—U(tl, coybicy, mytiva, . ..,tp),

J#

for every 7 € Pr and Si,...,Sp € K ((Tr)),

3. for every T € Pr, index set I and family (S;,i € I) over K {{It)), if ) S;
i€l

exxsts then 3 771S; also exists and 7~ (Z Si) =3y 7718,
i€l i€l i€l
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2.3 Recognizable Tree series

Recall that a K-T-tree automaton is a triple M = (@, u, T') consisting of a finite set
Q of states, a final state function T : @ — K and a I'-indexed family of functions

n= (“f Q" — KQ)fer*n,nzo

describing the moves of M.
The function puy : Q" — K Q is multilinearly extended into a function

By (KQ)n — K@
by the formula

B (X1,..., Xn) = Z X1(q1) - Xn(gn) ps (g1, 1 qn) -
g1, €Q

Then the behaviour of M is the series |[M| : Tr — K defined by
(Ml 8) = uam(t) () - T(q)
q€Q

where paq : Tr — K9 is inductively given by the clause

Hm (f(tl;ytn))=ﬁf(ﬂM (tl)a"'vll‘M(t’n))u fernynz()?tla'--atneTF'

A tree series S : Tr — K is called recognizable whenever it is the behaviour of .
a K-I-tree automaton. REC (K, I') stands for the so obtained class.

The tree series S : Tr — N sending every tree ¢t € Tt to its size (i.e. the number
of symbols of " occurring in t), is recognizable. On the contrary, the tree series
height : Tr — N fails to be recognizable (cf. [BR)).

3 Subalgebras of K ({Tt))

A subset A C K {{(Tr)) closed under sum, scalar product and o-top catenation (for
all 0 € T'p,p > 1) is termed a subalgebra of K ((Tt)) .

Proposition 2. A C K {{Tr})) is e subalgebra iff for each polynomial p €
K {Tr (X,)) and a sequence of series Si,...,Sn € A,p[S1,...,Sn] € A.

The intersection of any family of subalgebras of K ((TT)) is again a subalgebra
and thus we can speak of the subalgebra generated by a subset S C K ((Tr)). It is
denoted by (S) g -

Proposition 3. For every S C K ({(It)), we have
(S)kr=1{p[S1,-.-,Sn] | p€ K (Ir (Xn)),51,...,5. € S,n 2 0}.
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Proof. Let
U={p[Si,.--,Sn] | p € K(Tr (Xn)),51,..., 5. € S,n 2 0}.

Certainly S C U. Next we show that U is a subalgebra of K ((T) T)), lLe., that for
every n > 0,p € K (Tr (X,)) and p; € K (Tr (Xk;)) ,Sf'),...,S,(c:) €S1<i<nit

holds p[pl [551),_._’52)] yeeisPn [Sgn),,..,S;(:)H €U

We introduce the polynomial p;,1 < ¢ < n by setting

D=,
P2 = P2 [Th,+1/T1, -« Thy 48,/ Tk ]
ﬁn = p‘n [zk1+“'+kn—l+1/x1’.' ct z"71'{""‘F,‘:ﬂ—l'*"‘:n./"I"kn] *

Then . [pl [Sil)’“" I(Ci)] oo s Dn [an),,..,S,(c:)H -

p[P1,--.,Pn) [Sfl)/zl,...,S,(ci)/zkl,sz)/:ck,H,...,

2
Sl(cg)/xkl-f-kz! ) S§n)/xk1+'“+kn_1+la R Sﬁ:)/xk1+~~+kn] .

Since p[p1, .- ., Pn] € K (Tt (X +--+k,))) the result comes by aplying Propo-
sition 2. -

Now, let U be a subalgebra of K ((Tr)) including S. Then for any p [S 1, Sn] €
U with p € K (Tr (X,,)) and Sy,...,S, € S, we have p[S1,...,Sr] € U and thus
U is the smallest subalgebra of K ((Tt)) including S, i.e. U= (S)k - O

A subalgebra A C K ((Tt)) is said to be invariant if it is closed under derivation,
ie.
S e Aand 7€ Primplies 7715 € A.

Proposition 4. The subalgebra (S) generated by S C K (Tr) is invariant iff it
contains the derivatives of all its generators

Proof. One direction is obvious.
To establish the opposite direction we first show that if o € T’y and Sy,...,Sk €
S then
7 10(81,...,5) €(S), forallTe Pr.

Indeed, if r = o(t1,...,ti—1, 7, ti+1,...,tx) then for all t € Tt
(r710(S1,...,Sk),t) = (0(S1, - .., Sk), Tt)
= 1¢S5, t5)(Si,mt)

j#i
= a(r718;,1),
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‘where o = .I;I.(Sj,tj). In other words
FF#i

7 16(S1,...,S) = an~'S, € (S), acK

since, by hypothesis, (S) contains all the derivatives of its generators.
In all other instances of 7, it holds

7_10(51,...,Sk)=06 (S).

By induction on the complexity of ¢ € Tr(X,,) we show that 7=1¢[S1, ..., Ss] € (S).
For t € I'g U X,, we have nothing to prove. Let t = o(¢1,...,t); then

T_lt[Sl,...,Sn] = T_lo'(tl,. . .,tk)[Sl,...,Sn]
=77t o (t1[S1, ..., Sn)s .., tk[S1, ..., Sn)) € (S)
Furthermore, for any polynomial p € K (Tr(X,)) we have ‘
T_lp[sl, ERR) Sﬂ] = EtETI‘(Xn)(p’ t)T_lt[Sla ceey Sn] € ('S)

where the above sum is finite.

4 Finitely Presentable Tree series

A series S € K ({(Tr)) is said to be linearly presentable if there exist series .
Si,y..-,8n € K {{T1)} with the following two properties ‘

1. There are A1,...,An € K such that S is expressed as a linear combination of
them _
S=MS1+ -+ A5n, M€K

and

2. for each index i (1 €4 < k) and each 7 € Pr, there are p;,,..., 4, € K such
that for each index ¢ (1 < i < n) and each 7 € Pr C

T_ISi = Zuijs,-, pig € K,1<i<n.
i=1 :
We denote by LP (K,I') the class of linearly presentable tree series.
Proposition 5. REC(T,K) C LP(T, K). ' -
Proof. Consider a K-T-tree automaton M = (Q, u, T), its associated system

go= Y pr(an- k) (@) F (Tqrs- -2 Tg,) (EM)

k>0,feT
L5 RYE 9L €Q
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and for all ¢ € @, the K-I'-tree automaton M, = (Q, 11, §) with ¢ : Q — K defined
by §(p) =1, if p =g and §(p) = 0, else.
It is known [Bo2] that the tuple (|M,l) ., is the unique solution of (EM)

qul = Z KUy (qh'--’Qk) (Q)f(lMQIl""’qukI)' (*)

f€Tk,k20
q1ec-es 9, €Q

By construction we have

M| =" T(q)|M,]
g€eQ

that is |M| is linear combination of the series [M,],g € Q. The proof will be
completed if for each tree 7 € Pr of the form 7 = g (t1,...,ti—1, 2, tit1,-. -, tk) , 9 €
Tx,t € Tr and for each state ¢ € @ show that 7=! |[M,]| can also be written as
linear combination of |[My|,q € Q.

Derivating () at T we get

(T_l IMql,s) (IMg],7s)

= > mplanew) @ (Mgl IMgl),79)

JETL k>0
Lo 9L EQ

= Z /»‘g(Qla---,Qk)(Q)(g(lel1---’|M0k|_)’75)

q1,--,qL€EQ

= Z g (qlv-”a‘Ik) (q) (IMlhl’tl)"'(IMqi—llati—l)

(lMQiI ’3) (|M4i+1| 1ti+l) T (lMle itk)
= > A (Mgl,s).

:EQ

In other words
! |Mq| = Z Agir (M.l

i €Q

as wanted. o

A tree series S € K ((Tr)) is said to be polynomially presentable if there is a
finite subset S C K ((Tr)) satisfying the following two conditions:

1. there is a polynomial p € K (Tt (X,)) and there are Si,...,5, € S such that
S=p|[S1,...,Sn] and

2. for every 7 € Pr and S € S, there is a polynomial .pT,s € K (Tr (X)) and
Si,...,8n €S such that 771 (S) = pr,5[S1,---,Sn].
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ACREN

Let us denote the class of polynomially presentable tree series by PP (K,T').
It should be clear that linearly presentable tree series are also polynomially pre-
sentable, hence LP(I', K) C PP (I', K).

Moreover, by Proposition 2 and the definition of an invariant subalgebra S
is polynomially presentable if and only if it is an element of an invariant, finitely
generated subalgebra of K {{It)).

Closure properties of polynomially presentable tree series are examined below.

Proposition 6. The family PP (K,T') of polynomially presentable series of
K ((Tr)) is an invariant subalgebra of K {(Ir)). Moreover if ¢ : K — A
is a semiring morphism and S € PP(K,T'), then So ¢ € PP(T,A), where
(So¢,t)=¢(S(t)), forallt € Tr.

Proof. According to Proposition 4, if A and A’ are invariant subalgebras of K {({(T1))
generated by the lists T1,...,Tx and T7y,..., T} respectively, then the subalgebra
generated by the joint list T1,..., Tk, T}, ... Ty is automatically invariant. In other
words we may assume that any finite set of finitely presentable series is included .
into the same invariant finitely generated subalgebra.

Thus, if S1,...,8, € PP(K,T') and p € K (Ir), then there exigt series

Ty, ..., Ty so that
Si=pi[T1,...,Tk], pi€ K{ITr (Xx)),i=1,...,n
and for all 7 € Pr |
T =pir [Th, .. Th) s Pir € K{Tr (X&), 5=1,...,k.

We have
PIS1yee s Sl =01 [Trse s Telse o sn [Trs ey Tell = P[P1y - o2 Pn] [Ty, T -

Since p[p1,. .., pn] is polynomial, we get

p[SL,...,Sa] € PP(K,T).

Therefore, by virtue of Proposition 2, PP (K,T") is a subalgebra of K ({(T1)) .
Next we establish the following identities

TN (@o8) =¢o(r71S), do(p[S,...,Sn)) = (¢op)[poSi,..., 408

holding for all 7 € Pr, S, S1,...,5, € K{{(I1)),p € K (Ir (X)) and any semiring
morphism ¢ : K — A.
Indeed for all s € Tt we have

(171 (¢08S),s) =(¢o8,7s) =¢(S,7s) = ¢ (771S,5) = (o (r718),s)
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and
($o @[St 5a).5) =[S, .., 5l 5)
=000 (50 o (Su5) (51,5 - (51,687
=(¢op,t)(¢o$’1’s(ll))...(¢OSI’S§C11))...(¢°SI’3§"))...(¢051,S§:‘))
=((¢op)[poSi,...,008,],9)
where

s=1t [(351),...,s§§l’) . (s§"),...,s,‘;:))] )

Now assume that S € K ((Tr)) is polynomiélly presentable, i.e. there exists a
finite list S1,...,S, € K ({Tr)) so that

'5_=p[S,‘1, .. .,S“k] and T_ISi =T [Sjl’ s 7Sj,\,-]

for some polynomials p € K {(Tr (X)), m € K{Ir(X),)) and pi,..., 1,
Jive-adn €{1,2,...,n},1 <i<n. ThendoS = (¢op)[poS,,,...,¢0S5,,]and
771 (¢0S;) = (por;) [430 S]’l;--.,qsOSin] and so ¢ o S is again a polynomially
presentable series. |

By Proposition 4 and the remark made after the definition of polynomially
presentable tree series, we have REC (K,T') C LP(K,T') € PP (K,T'). Next we
show that PP (K,I') — REC (K,T) #0.

Proposition 7. The series height : Tr — N is polynomially presentable.

Proof. Let A be the subalgebra of N ((TT)) generated by the set {1, height}, where
1 is the tree series over K and I" whose all coefficients are equal to 1. Certainly,
height € A. Let us show that .A is invariant. Since, for every 7 € Pp, 77! (1) =1,
it is sufficient to show that, for every 7 € Fr, there is a polynomial p € N (Tt (X3))
such that 7! (height) = p[1, height].
. We distinct the cases:
Case 1 height (7) > |7|. Then

n

7 L height = Z (height (1) — |7| — height (tx)) tk + |7| - 1 + height
k=1
where ¢y, ...,t, are all the trees verifying

height (tx) < height (1) — |7|.
Case 2 height (1) < |7|. Then it holds
7 height = |7|- 1 + height.

Hence, in any case 7~ 'height € A, as claimed. O
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Corollary 8. PP(N,I') — REC (N,T") # 0.

Proof. We only have to combine the previous result together with the fact that
height is a non-recognizable tree series. a

In [Bol], linearly presentable series are obtained as matrix representations and
as behaviours of the so called tree modules. On the other hand, when K is a field,
recognizable and linearly presentable series coincide (cf. [BA]).

It is an open question whether LP (K,I') — REC (K,T) # @ or PP (K,T) —
LP(K,T) # 0 for semirings which are not fields.

5 Almost Presentable Tree series

We define the tree series 5,5’ : Tr — K to be almost equal and write S = 5’
whenever (S,t) = (9’,t) for all but a finite number of ¢’s.

The above equivalence relation is compatible with sum, scalar product and
derivation, i.e.

S;=8 (i=12), S=8, MeK,rePr

imply
S1+8,=8,+5;, AS=\8, tis=r"1g"

Call a series S € K ((Ir)) almost linearly presentable whenever there is a finite
list of series Si,...,S, € K {{Ir)) such that § = A1 51 + -+ + A.Sy, for some
A,... ., am€E€Kandforallt€ Prandi=1,...,nwe have 7718, = u1S1+--- +
Un Sy for some py,..., 0, € K.

The tree series height is almost linearly presentable since for all 7 € Pr it holds

77l height = |7| - 1 + height.

Hence the class ALP (K,T")of almost linearly presentable series properly con-
tains that of almost recognizable tree series.
Moreover ALP (K,T) is an invariant subalgebra of K ({(TT)).
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