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Abstract

We consider a first-order logic, a linear temporal logic, star-free expres-
sions and counter-free Bilichi automata, with weights, over idempotent, zero-
divisor free and totally commutative complete semirings. We show the expres-
sive equivalence (of fragments) of these concepts, generalizing in the quanti-
tative setup, the corresponding folklore result of formal language theory.

1 Introduction

The expressive equivalence of monadic second-order logic and finite automata over
finite words was established in [5, 16] and over infinite words in [6]. Droste and
Gastin, in [8] (cf. also [9]), introduced a weighted monadic second-order logic over
semirings and showed that sentences from a fragment of this logic, interpreted over
finite words, are equivalent to weighted automata. A corresponding result for infi-
nite words was stated in [13]. Recently in [12], the authors extended the expressive
equivalence of monadic second-order logic and automata over more general struc-
tures, namely valuation monoids. On the other hand, first-order (FO for short)
logic (i.e., the logic obtained from monadic second-order one by relaxing second-
order quantifiers) is equivalent to linear temporal logic (LTL for short), star-free
expressions and counter-free Biichi automata (cf. for instance [7]). More interest-
ingly, LTL and its alternatives serve as specification languages in model checking
for real world applications [3, 22, 31]. The last few years there is also an increas-
ing interest in establishing F'O logic and its equivalent objects in the quantitative
framework. This is motivated by the need to create model checking tools which
incorporate quantitative features. In [14], the aforementioned equivalence was es-
tablished in the weighted setup of arbitrary bounded lattices. Recently, in [26] (cf.
also [24]), we introduced a weighted FO logic, a weighted LTL, w-star-free series
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and counter-free weighted Biichi automata over the max-plus semiring with dis-
counting and investigated fragments of them satisfying an expressive equivalence.
The convergence of infinite sums over nonnegative real numbers was ensured by the
existence of discounting parameters.

In this paper, we consider a weighted FO logic, a weighted LTL, w-star-free
series and counter-free weighted Biichi automata over idempotent, zero-divisor free
and totally commutative complete semirings. We show that there are suitable
fragments of our objects so that the classes of infinitary series, derived by them,
coincide. Our results can be proved for series over finite words as well, though we
skip any technical detail.

The structure of our paper is as follows. Except of this introductory section,
in Section 2 we recall the notion of totally commutative complete semirings and
present notations used in the paper. The underlying structure for all weighted
objects considered in the paper will be an arbitrary idempotent, zero-divisor free
and totally commutative complete semiring.

In Section 3 we introduce the weighted LTL and define the semantics of LTL
formulas interpreted as infinitary series. We consider a fragment of our LTL namely
the fragment of U-nesting formulas. We should note that a quantitative LTL over
De Morgan algebras was introduced for the first time in [21].

In Section 4 we consider the weighted FO logic which is in fact the one induced
by the weighted MSO logic of [8, 9]. Its semantics is interpreted by infinitary series
as induced by the semantics of the corresponding weighted MSO logic of [13]. We
consider the fragment of weakly quantified FO logic formulas and in our first main
result, in Section 5, we show that every series which is definable by a U-nesting
LTL formula is definable also by a weakly quantified FO logic sentence.

In Section 6 we deal with star-free and w-star-free series. We recall that the
class of star-free languages over an alphabet A is the smallest class of languages
over A which contains ), the singleton {a} for every a € A, and which is closed
under finite union, complementation and concatenation. Furthermore, the class of
w-star-free languages over A is the closure of the empty set under the operations of
union, complement and concatenation with star-free languages on the left (cf. for
instance [7, 23, 27, 29]). It is worth noting that the application of the star-operation
(whenever it is permitted) to star-free languages is implemented by the other oper-
ations. However, in the setup of series (over semirings) the complement operation
is not ”too strong”. Therefore, we defined the class w-star-free series as the least
class of infinitary series generated by the monomials (over A and our semiring) by
applying finitely many times the operations of sum, Hadamard product, comple-
ment, Cauchy product, and iteration and w-iteration restricted to series of the form
> aca (ka), where, for every a € A, k, is an element of our semiring. The second
main result of the paper, in Section 7, states that the class of definable series by
weakly quantified FO logic sentences is contained in the class of w-star-free series.

In Section 8 we introduce counter-free weighted automata and counter-free
weighted Biichi automata and investigate closure properties of the classes of their
behaviors. We define a fragment of the class of series accepted by counter-free
weighted Biichi automata, namely the class of almost simple w-counter-free series
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and we show, in Section 9, that this contains the class of w-star-free series.

Finally, in Section 10 we show that the class of almost simple w-counter-free
series is contained in the class of series which are definable by U-nesting LTL for-
mulas. In fact this last inclusion concludes the coincidence of the classes of series
definable by U-nesting formulas of the weighted LTL and weakly quantified FO
logic sentences, w-star-free series and almost simple w-counter-free series. In the
Conclusion we refer to some interesting problems for further research. A prelimi-
nary version of this paper appeared in [25].

2 Preliminaries

Let A be an alphabet, i.e., a finite nonempty set. As usually, we denote by A* the
set of all finite words over A and At = A*\ {e}, where ¢ is the empty word. The set
of all infinite sequences with elements in A, i.e., the set of all infinite words over A,
is denoted by A¥. A finite word w = ag . ..a,—1, where ag,...,a,—1 € A (n > 1),
is written also as w = w(0) ... w(n — 1) where w(i) = a; for every 0 < i <n — 1.
For every 0 <i <n — 1, we denote by w<; (resp. w<;) the prefix w(0)...w(i — 1)
(resp. w(0)...w(7)) of w and by ws; (resp. wx;) the suffix w(i +1)...w(n —1)
(resp. w(i)...w(n—1)) of w. For every infinite word w = agay ... which is written
also as w = w(0)w(1) ..., the words w<;, w<;, W>;, w>; are defined in the same way,
with the suffixes ws;, w>; being infinite words.

Throughout the paper A will denote an alphabet.

A semiring (K,+,-,0,1) consists of a set K, two binary operations + and -
and two constant elements 0 and 1 such that (K, +,0) is a commutative monoid,
(K,-,1) is a monoid, multiplication distributes over addition, and 0-k =%-0=0
for every k € K. The semiring is denoted simply by K if the operations and the
constant elements are understood.

The semiring K is called commutative if k- k" = k' - k for every k, k' € K. It is
called additively idempotent (or simply idempotent), if k + k = k for every k € K.
Moreover, the semiring K is zero-sum free (resp. zero-divisor free) if k + k" = 0
implies k = k' = 0 (resp. k- k' = 0 implies k = 0 or k' = 0) for every k, k' € K. It
is well known that every idempotent semiring is necessarily zero-sum free (cf. [1]).

Next, assume that the semiring K is equipped, for every index set I, with
infinitary sum operations Y, : K! — K, such that for every family (k; | i € I) of
elements of K and k£ € K we have

DSki=0, > ki=kj, Y ki=k;+kforj#I,

i€ i€{j} ie{j,l}
Z(Zk) = ki, ifUje, i =T and ;N1 =0 for j # §,
jEJ HiEl; il

S k-ki)=k- (Zki), S (ki k) = (Zki) k.

i€l iel iel iel
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Then the semiring K together with the operations ), is called complete [15, 19].

A complete semiring is said to be totally complete [18], if it is endowed with a
countably infinite product operation satisfying for every sequence (k; | i > 0) of
elements of K the subsequent conditions:

[T1=1 [Ir=]I%

i>0 i>0 i>0
koo [k =]k TID_ki= > I %,
i>0 i>0 j>14€l; (61,00, ) €N X T2 X .. >1
where in the second equation kf, = ko - ... kn,, K} = kn,41 - ..« kny, ... for an
increasing sequence 0 < n; < ng < ..., and in the last equation Iy, I5,... are

arbitrary index sets.
Furthermore, we will call a totally complete semiring K totally commutative
complete if it satisfies the statement:

NGRS AR I

i>0 i>0 i>0

Obviously a totally commutative complete semiring is commutative. For our theory,
we shall also need that a totally commutative complete semiring K satisfies the
property

k#0 = J[r#0

i>0

for every k € K. Therefore in the sequel, by abusing terminology, when we refer to
totally commutative complete semirings we assume that they additionally satisfy
the above property.

Example 1. The following semirings are totally commutative complete, and all but
the second one are idempotent. Moreover, by excluding the arbitrary completely
distributive complete lattices, the remaining ones are zero-divisor free.

e the boolean semiring B = ({0,1},+,-,0,1),

the semiring (NU {oo}, +,-,0,1) of extended natural numbers [17],

the arctical semiring or max-plus semiring (R4 U {+oo}, max, +, —o0,0),

e cach completely distributive complete lattice (cf. [2]) with the operations
supremum and infimum, in particular each complete chain [20].

Lemma 1. Let K be an idempotent totally complete semiring and I an index set
of size at most continuum. Then, the following statements hold.

(i) [10, Chap. 5, Lm. 7.3] 3.1 =1.
I
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(i) Sk =k for every k € K.
T

(iii) Y ki= >k for every family (k;);c; in K.
iel KEK
Jielki=k

Proof. (ii) By (i) and distributivity we get > k=k-> 1=k -1=k.

T 7
(iii) For every k € K we let I, = {i € I | k; = k}. Then we get

She Y ke Yo

i€l keK I kEK
Jiel ki=k Jiel,ki=k
where the second equality follows by (ii). O

In the rest of the paper K will denote a totally commutative complete,
idempotent and zero-divisor free semiring.

Let @Q be a set. A formal power series (or simply series) over @ and K is a
mapping s : @ — K. For every v € () we write (s,v) for the value s(v) and refer
to it as the coefficient of s on v. The support of s is the set supp(s) = {v €
Q | (s,v) # 0}. The constant series k (k € K ) is defined, for every v € Q, by
(%, U) = k. The characteristic series 1p of a set P C @Q is given by (1p,v) =1 if
v € P, and (1p,v) = 0 otherwise. We denote by K ((Q)) the class of all series over
Q and K.

Let s,r € K ({(®)) and k € K. The sum s+ r, the scalar products ks and sk
as well as the Hadamard product s ® r are defined elementwise by (s + r,v) =
(s,v) + (r,v), (ks,v) = k- (s,v), (sk,v)=(s,v) -k, and (s®r,v)=(s,v)-(r,v)
for every v € Q. Abusing notations, if P C @, then we shall identify the restriction
s|p of s on P with the series s ® 1p. Moreover, if supp (s) C P, sometimes in
the sequel we shall identify s|p with s. It is a folklore result that the structure
(K {UQ)) ,+, ®,0, T) is a commutative semiring. In our paper, we work with the
semirings K ((A*)) and K ((A“)) of finitary and infinitary series over A and K,
respectively.

Let B be another alphabet and h : A* — B* be a nondeleting homomorphism,
i.e., h(a) # € for each a € A. Then h can be extended to a mapping h : AY — B
by letting h(w) = (h(w(7)))i>o for every w € A“. Moreover, h is extended to a
mapping h : K ((A*)) — K ({(B*)) as follows. For every s € K ((A*)) the series
h(s) € K{(B*)) is given by (h(s),u) = >_,cp-1(4) (s, w) for every u € B*. Since
K is complete, h is also extended to a mapping h : K ((4¥)) — K ((B“)) which
is defined for every series s € K ((A”)) by (h(s),u) = 3, cp-1(u)(s, w) for every
u € B*. If r € K ((B*)) (resp. r € K ({(B¥))), then the series h=1(r) € K ((A*))
(resp. h7l(r) € K ((A¥))) is determined by (h~1(r),w) = (r,h(w)) for every
w € A* (resp. w € A¥).
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3 Weighted linear temporal logic

For every letter a € A we consider a proposition p, and we let AP = {p, | a € A}.
As usually, for every p € AP we identify ——p with p.

Definition 1. The syntax of formulas of the weighted linear temporal logic
(weighted LTL for short) over A and K is given by the grammar

pu=k|pa| o leVelone|OpleUp|Op
where k € K and p, € AP.

We denote by LTL(K, A) the set of all such weighted LTL formulas ¢. We
represent the semantics ||¢|| of formulas ¢ € LTL(K,A) as infinitary series in

K ((A)).

Definition 2. Let ¢ € LTL(K, A). The semantics of ¢ is a series ||| € K ((A“))
which is defined inductively as follows. For every w € A¥ we set

= (Kl w) = &,

1 fw(0)=a
(”pa” ’w) - { 0 otherwise ’

(I~ , w) _{ 1 if (el w)=0

)

0 otherwise

(e v oll, w) = (el w) + (Il w),
(e Aol w) = (el w) - (Il s w),
1IO¢ll, w) = (lell, w=1) ,

(leUellwy =3 [ TT el wzy) | - (lll ws) |

i>0 0<j<i
- (I8¢l w) =TT (el ws:) -
i>0

The eventually operator is defined as in the classical LTL, i.e., by Oy := 1U,
hence we have (]|0¢||,w) = Z (ll¢ll , w>;) for every w € A%,
i>0
The syntactic boolean fragment bLT L(K, A) of LT L(K, A) is given by the gram-
mar
eu=0|1]pa|~9leVe|Op|eUe
where p, € AP. For every formula ¢ € bLTL(K, A) it is easily obtained, by struc-
tural induction on ¢ and using idempotency, that ||¢|| gets only values in {0,1}. By
identifying 0 with 0 and 1 with 1 it is trivially concluded that ||| coincides with
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the semantics in the boolean semiring B. The conjunction and always operators
are defined, respectively, by the macros gAY := —(—¢ V =) and Oy := —O—p.
Clearly, the application of the operators A and O in bLTL(K, A) formulas ¢,
coincides semantically with the application of the classical operators A and O in
©, 1 considered as classical formulas.

We aim to define a further fragment of LT L(K, A). For this we need some pre-
liminary matter. More precisely, an atomic-step formula is an LT L(K, A) formula
of the form \/ ., (ks A pa) where k, € K and p, € AP for every a € A. An LTL-
step formula is an LTL(K, A) formula of the form \/, .., (k; A ¢;) where k; € K
and ¢p; € bLTL(K,A) for every 1 < i < n. We shall denote by stLTL (K, A)
the class of LTL-step formulas over A and K. Furthermore, we shall denote by
abLTL (K, A) the class of almost boolean LTL formulas over A and K, i.e., formu-
las of the form A, ., @i with ¢; € bLTL (K, A) or ¢; = \/ ,c 4 (ka A pa), for every
1<i<n.

Definition 3. The fragment ULTL (K, A) of U-nesting LTL formulas over A and
K is the least class of formulas in LTL (K, A) which is defined inductively in the
following way.

e ke ULTL(K,A) for every k € K.

abLTL (K, A) CULTL (K, A).

If p e ULTL (K, A), then ¢ € ULTL (K, A).
If p,vp e ULTL (K, A), then p A,V € ULTL (K, A).
If p e ULTL (K, A), then Oy € ULTL (K, A).

If o e bLTL (K, A) or ¢ is an atomic-step formula, then Op € ULTL (K, A).

If ¢ € abLTL (K, A) and 1 € ULTL (K, A), then Ut € ULTL (K, A).

A series 7 € K ((A¥)) is called w-ULTL-definable if there is a formula ¢ €
ULTL (K, A) such that r = ||p||. We shall denote by w-ULTL (K, A) the class of
w-U LTL-definable series over A and K.

4 Weighted first-order logic

In this section, we define the weighted first-order logic (weighted FO logic, for
short) and consider a syntactic fragment of it. We aim to show that the class of
semantics of sentences in this fragment contains the class w-ULTL (K, A).

Definition 4. The syntaz of formulas of the weighted FO logic over A and K s
given by the grammar

pu=k|P@) |z <yl-ploVeloAp|[Tr.o|VE.p
where k € K and a € A.
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We shall denote by FO(K, A) the set of all weighted FO logic formulas over
A and K. In order to define the semantics of FO(K, A) formulas, we recall the
notions of extended alphabet and valid assignment (cf. for instance [30]). Let V be
a finite set of first-order variables. For an infinite word w € A% we let dom(w) = w.
A (V,w)-assignment o is a mapping associating variables from V to elements of w.
For every © € V and i € w, we denote by o[z — ] the (V,w)-assignment which
associates i to « and acts as o on V\ {z}. We encode pairs (w, o) for every w € A
and (V, w)-assignment o, by using the extended alphabet Ay, = A x {0,1}Y. Each
word in A§) can be considered as a pair (w,o) where w is the projection over A
and o is the projection over {0, 1}V. Then, o is called a wvalid (V,w)-assignment
whenever for every x € V the z-row contains exactly one 1. In this case, we
identify o with the (V,w)-assignment so that for every first-order variable z € V,
o(x) is the position of the 1 on the z-row. It is well-known (cf. [7]) that the set
My ={(w,0) |w e A¥, o is a valid (V,w)-assignment} is an w-star-free language
over Ay. The set free(p) of free variables in a formula ¢ € FO(K, A) is defined
as usual.

Definition 5. Let p € FO(K, A) and V be a finite set of variables with free(p) C
V. The semantics of ¢ is a series |||, € K ((A})) . Consider an element (w,0) €
AY. If o is not a valid assignment, then we put (||¢|, , (w,0)) = 0. Otherwise, we
inductively define (¢l , (w,0)) € K as follows.

- (Il (w, 0)) = F,
if w(o(z)) =a

1
0 otherwise

if o(x) < o(y)

1
0 otherwise

- (I=elly s (w,0)) = { th(c“ﬂ'i‘sje’ (w,0))=0

- (levely, (w,0)) = (lelly  (w, 0)) + (¥l » (w; 0))
- (e Aty s (w,0)) = (el s (w,0)) - (¢l (w,0))

(13l s (0,00 = 3 (Ielyogey » (w0, 0le 1))

i>0

- (Ve vl (w,0)) = TT (Iellyugay » (wiole = D)) -

i>0

- (IPa(@)lly > (w,0)) =

)

)

- (lz < ylly s (w,0)) =

O = A A

)

I
—

If V = free(p), then we simply write [|¢|| for [[¢]| 4,.(,)- Moreover, by Prop. 5
in [13], it holds
(”(p”V ) (’LU,O')) = (”(P” ) (w7g|free(tp)))

for every (w, o) € Ny.
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The syntactic boolean fragment bFO(K, A) of FO(K, A) is defined by the gram-

mar

pu=0]1]P(z)|z<y|-¢[eVe|Ir.e

For every formula ¢ € bFO(K, A) it is easily obtained, by structural induction on
¢ and using idempotency, that ||¢|| gets only values in {0, 1}. By identifying 0 with
0 and 1 with 1 it is trivially concluded that ||| coincides with the semantics in
the boolean semiring B. The conjunction and universal quantification are defined,
respectively, by the macros pAY := —=(—pV ) and Yo . := =Jz.—p. Clearly, the
application of the operators A and V in bFO(K, A) formulas ¢, 1 coincides seman-
tically with the application of the classical operators A and V in ¢, 1 considered as
classical formulas.

Next, we define a fragment of our logic. For this, we recall the notion of an
FO-step formula from [4]. More precisely, a formula ¢ € FO(K, A) is an FO-
step formula if ¢ = \/,<,, (ki A i) with ¢; € bBFO(K, A) and k; € K for every
1 < i < n. Moreover, a formula ¢ € FO(K, A) is called a letter-step formula
whenever ¢ = \/ 4 (ks A Py(x)) with k, € K for every a € A. We shall need also
the following macros:

- first(x) :=Vy.x < y,
-r=y=xz<yANy<uw,
-z <y:=x<yA-(r=y),
-zLlz<y:=z<zNz <y,
=P = V(e AY).

Definition 6. A formula ¢ € FO(K, A) will be called weakly quantified if when-
ever ¢ contains a subformula of the form Yz .1, then i is either a boolean or a
letter-step formula with free variable x or a formula of the form y < x — ' or
z<x <y — Y where ' is a letter-step formula with free variable x.

We denote by WQFO(K, A) the set of all weakly quantified FO(K, A) formulas
over A and K. A series s € K ((A¥)) is called w-wqFO-definable if there is a
sentence ¢ € WQFO(K, A) such that s = |¢||. We write w-wqFO(K, A) for the
class of w-wgFO-definable series in K ({(A%)).

5 w-ULTL-definable series are w-wqF (O-definable

In this section we show that every w-U LTL-definable series over A and K is also
w-wqFO-definable. For this, we will prove that for every ¢ € ULTL (K, A) there
exists a sentence ¢’ € WQFO(K, A) such that ||¢| = ||¢||, using the subsequent
technical results.

Lemma 2. Let ¢ € ULTL (K, A) such that there exists ¢’ (y) € WQFO (K, A)
with

(" @)l s (w, [y = i) = (ll, w>i) for every w e A%, i >0.

Then (=" W), (w, [y = i) = (=l , w=i) for every w € A¥,i > 0.
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Lemma 3. Let ¢, € ULTL(K,A) such that there exist
o ()0 (z) € WQFO (K, A) with (I¢' ()], (w,ly— 1)) = (Igll,ws:) and
(Il (@), (w, [z = i])) = (|&],wss) for every w € A¥,i > 0. Then, there ex-
ist & (), &2 (x) € WQFO (K, A) with

(& @) s (w, [z = a])) = (e APl w=i)

and

(&2 @) s (w, [z = a])) = (o VYl w=:)

for every w € A¥ i > 0.

Proof. Without any loss, we assume that the variable 2 does not occur in ¢’ (oth-
erwise we apply a renaming). We replace every occurrence of y with z in ¢’, and
we let & () = ¢’ () Ay (x) and & () = ¢ (x) V' (z) which trivially satisfy our
claim. O

Lemma 4. Let p € KUabLTL (K, A). Then, there exists ¢’ () € WQFO (K, A)
such that (||¢’ (2|, (w, [x — 1)) = (||l , ws;) for every w € A¥,i > 0.

Proof. Let ¢ = k € K. Then we set ¢'(z) = k. Next, let ¢ € abLTL (K, A),
Le, ¢ = Aicjcn ¥y with ¥; € BLTL(K,A) or ¢ = \,c 4 (ka Apa), for every
1 <j<mn Ifey; € bLTL(K, A), then it is well-known that there exists a for-
mula ¢’ (z;) € bFO(K, A) with one free variable x;, such that ([|¢;[,w>i) =
(||1/);(xj)|| s (w, [z %z])) for every w € A¥;i > 0. Without any loss, we can
assume that the variable z; (1 < j < n) does not occur in any v (whenever
¢, € bLTL(K,A)) with k # j (if this is not the case, then we apply a re-
naming of variables). Therefore, we can replace x; in w; with a new variable
z. In case ¥; = \/,c 4 (ka Apa) we consider the WQFO (K, A) letter-step for-
mula ¥ (z) = V,c4 (ko A Po()). Now it is a routine matter to show that the

WQFO (K, A) formula ¢'(z) = A\, . ;<,, ¢j(z) satisfies our claim. O

Lemma 5. Let ¢ € ULTL(K,A) such that there exists a formula
¢ (y) € WQFO (K, A) with (|¢" W), (w,[y = i])) = (llell,w>i) for every w €
A“i > 0. Then, there exists a WQFO (K,A) formula 1 (z) such that
(Il @), (w, [z = 1)) = (Ol , w>i) for every w € A“,i > 0.
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Proof. We let ¢ () =3Jy.(y =2+ 1A ¢ (y)) and we have

(v @I, (w, [z =) =3By (y =2+ 1AL W), (w, [z —i]))
=Y (ly=z+17A& W, (w, [z =iy — )

j=0
=(ly=z+1A¢" I, (0, [z =i,y —i+1]))
+ > (y=z+1A¢ W, W[z — iy —j))
j20,j#i+1
(ly=z+1A¢" @I, (0, [z =i,y = i+1]))
(e @Il (w, [y — i+ 1]))
(el wxiv1) = (1Ol wsi) -

for every w € A¥,i > 0, where the fourth equality holds by Lemma 1(ii). O

Lemma 6. Let ¢ € bLTL(K,A) or ¢ be an atomic-step formula. Then, there
evists ¥ (y) € WQFO (K, A) such that ([ W)l (w, [y = i])) = (|0, w>;) for
every w € A¥,i > 0.

Proof. If ¢ € bLTL(K, A), then Oy € bLTL(K, A), and thus there exists a formula
¥ (x) € bFO(K, A) with one free variable z, such that (||¢ (z)|, (w, [z —1])) =
(I8¢l ,w>;) for every w € A¥;i > 0. If o = \/,c 4 (ka A pa), then we consider the
WQFO (K, A) letter-step formula ¢’ (x) = \/ c 4 (ks A Pa(x)). We also consider the
WQFO (K, A) formula v (y) =Vz. (y <z — ¢'(x)). Then, for every w € A¥,i >0

we have

(e W (w,ly =) =[] (ly <z = & @), (w, [y = i,z = 1)

j=0
=Ly <z ne' @Il (w Iy = e — 3])

- H (' @), (w, [z — 41))
I (el w=5)

iz
= ([|10¢|| , w>:)

<
I\

where the fourth equality holds by Lemma 4. O

Lemma 7. Let ¢ € abLTL(K,A) and ¢ € ULTL (K, A) such that there exists

V' (y) € WQFO (K, A) with (| @), (w,[y —=1]) = (||, w>;) for every w €
A¥ i > 0. Then, there exists &£(2) € WQFO(K,A) such that

s (w, [z = i) = (leUdll s w>i) for every w € A,i > 0.
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Proof Let o = A\, <m 1 Then, by the proof of Lemma 4, there exists a formula
o (x) = /\1<l<mgal( x) where for every 1 <1 < m, ¢ (z) € bFO (K, A) or it is a
letter-step formula with (||¢] ()| (w, [z — i])) = (||gpl|| ,w>;) for every w € A¥ i >
0. Moreover, we have
(I’ @) 5 (w, [z = 1)) = (|l¢ll,ws;) for every w € A¥,i > 0. We consider the
FO (K, A) formula ' (2) =3Jy. (Vz. (z <z <y) = ¢ (z )) (z <y) Ay (y)). For
every w € A¥ i > 0 we compute

(11" s (w, [z = il))
Z Va. ((z <z <y) = ¢ (@) Az <y AY W], (w, [z = i,y = j]))

>
A

I\/
(=}

Z IVa. ((z <z <y) = " (@) A W (w, [z = i,y = i+ 5])
3=0

Z( I (e @1, (w, [w—>i+k]))) (" @I (w, [y = i+ 5)

0<k<j

(( 11 (90|7w>i+k:)) '(|¢||,w>i+j)>
>0 0<k<j

J
= (leUdll, wi) .

Now, we consider the formula

£ =3 (Ao, Ve (E<2<9) > G @) A G <9 A W)

o overy € 41> Dveget 1€ ()] [ ) = (1€ (2] o[> )
(U || ,w>;). Since & (2) € WQFO (K, A), we conclude our proof.

o

Lemma 8. For every ULTL (K, A) formula ¢ we can construct a WQFO (K, A)
formula ¢’ (x) such that (| (@), (w, [z — 1)) = (Il , wss) for every w € 4= >
0.

Proof. We use Lemmas 2, 3, 4, 5, 6, and 7. O]

Proposition 1. For every ¢ € ULTL (K, A) we can construct a WQFO (K, A)
sentence @' with ||¢']] = |||l

Proof. Let ¢ € ULTL (K, A). By the previous lemma, there exists a WQFO (K, A)
formula ¢ (z) such that (||¢ (2)]], (w, [z — z])) (lell, w>i), for every w € A“,i >
0. We consider the WQFO (K, A) sentence ¢’ = Jx. (first (x) A (z)) and we get
(1l w) (e @)1 ; (w, [z —0]))

= (|l¢ll s w) for every w € A%, i.e., ||<p I = llell, as required.

O

By the above proposition, we get the main result of this section.
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Theorem 1. w-ULTL (K, A) C w-wqgFO(K, A).

The result of the next corollary, which is trivially obtained by the constructive
proofs of this section’s lemmas and propositions, in fact generalizes the correspond-
ing result that relates boolean LTL and FO logic.

Corollary 1. For every ¢ € ULTL (K, A) we can construct a WQFO(K, A) sen-
tence ¢, that uses at most three different names of variables, such that ||¢'|| = ||¢]| -

6 Star-free series

In this section, we introduce the notions of star-free and w-star-free series over A
and K. Let L C A* (resp. L C A¥). As usually, we denote by 17, the characteristic
series of L. If L is a singleton, i.e., L = {w}, then we simply write 1,, for 1.
Furthermore, we simply denote by kj, the series kl1; for k € K. The monomials
over A and K are series of the form (k,), for a € A and k, € K. For simplicity,
we shall consider also the series of the form k. with £ € K as monomials. A series
s € K ((A*)) is called a letter-step series if s = . 4 (kq), where k, € K for every
a € A. The complement s of a series s is given by (5,w) = 1 if (s,w) = 0, and
(3, w) = 0 otherwise. Let r,s € K ({(A*)). The (Cauchy) product of r and s is the
series 1 - s € K ((A*)) defined for every w € A* by

(r-s,w) Z{ru sv|uv€A*w—uv}

The nth-iteration r™ € K ((A*)) (n > 0) of a series r € K ((A*)) is defined
inductively by

O=1, and 7' =7r.r? forn>0.

Then, we have (r",w) = {ngign(n u;) | u; € A w =1y . un} for every
w € A*. A series r € K ((A*)) is called proper if (r,e) = 0. If r is proper, then for
every w € A* and n > |w| we have (r",w) = 0. The iteration r* € K ((A*)) of a
proper series v € K ((A*)) is defined by v+ = % _ " Thus, for every w € A"
we have (rt,w) = Z (r",w) and (r*,e) = 0.

1<n<|w|

Definition 7. The class of star-free series over A and K, denoted by SF(K, A),
is the least class of series containing the monomials (over A and K) and being
closed under sum, Hadamard product, complement, Cauchy product, and iteration
restricted to letter-step series.

Next, let r € K ((A*)) be a finitary and s € K ({A“)) an infinitary series. Then,
the Cauchy product of r and s is the infinitary series r - s € K ((A%)) defined for
every w € A¥ by

(r-s,w) Z{ru (s,v) |u€e A* v €AY, w = uv} .

1Since the semiring K is idempotent (resp. By Lemma 1(ii)), the notation of the sum in the
definition of Cauchy product of two finitary series (resp. of a finitary and an infinitary series), is
consistent with the standard definition.
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The w-iteration of a proper finitary series r € K ((A*)) is the infinitary series
r¥ € K ((A%)) which is defined by

(rw)=>" {Hi21(7‘,ui) | u; € A, w=uqus .. }
for every w € A¥.

Example 2. Let r =) _, (ka), € K ((A*)) be a letter-step series. We will show
that (r+)* = r*. Moreover, for every w € A% we have (1, w) = [Liso (r;w (@)
Let w=w(0)...w(n—1) € AT. Then

(r'w)

SO hu) lw=w.. oup, 1 <k<n

1<j<k
= II (r,w (7)) -
0<j<n—1

Furthermore, we get
()" )
:Z H (r+,uj)|w:u1...uk,1§k§n

1<j<k

=> 1 11 I uw@)] lw=uw.. wl<k<n

1<i<k \0<i;<|u;|—1

= H (r,w(j)):(r+,w).

0<j<n—-1
Similarly, we can show that (r*,w) = [[;5, (r,w (7)), for every w € A®.

Definition 8. The class of w-star-free series over A and K, denoted by w-SF (K, A),
is the least class of infinitary series generated by the monomials (over A and K)
by applying finitely many times the operations of sum, Hadamard product, com-
plement, Cauchy product, iteration restricted to letter-step series, and w-iteration
restricted to letter-step series.

The next result is trivially proved by Definitions 7, 8 and standard arguments.

Lemma 9. Let r € SF(K,A) (resp. r € w-SF(K,A)) and B C A. Then r
SF(K,B) (resp. r|p € w-SF(K,B)).

In the sequel, we state properties of the classes SF(K, A) and w-SF(K, A).
More precisely, we prove a splitting lemma and the closure of the classes under
inverse strict alphabetic epimorphisms and bijections.

Lemma 10. If r € SF(K,A) (resp. r € w-SF(K,A)) and k € K, then kr €
SF(K,A) (resp. kr € w-SF(K, A)).

B* €



Weighted First-Order Logics over Semirings 449

Proof. We have kr = k. - r, hence we get the proof of our claim. O

Lemma 11. Let L, L' C A* and K, K' C A¥. Then

- lpor =10+ 1, lguk =1k + 1k
- lpa =101y, Ignk =1k © 1k
- lpp =11, lpx =151k

-1+ =(10)"  whenevere ¢ L

- 1pe = (11)* whenever € ¢ L.

Proof. We use standard arguments and the idempotency property of the semiring
K. In particular, for the last statement we use Lemma 1(i). O

The two subsequent results are shown by induction on the structure of star-free
(resp. w-star-free) languages and series using Lemma 11.

Lemma 12. For every L C A* the following statements are equivalent.
(i) L is a star-free language.
(i) 1, € SF (K, A).

Lemma 13. For every L C A“ the following statements are equivalent.
(i) L is an w-star-free language.
(ii) 1, € w-SF (K, A).

Since for every L C A* (resp. L C A¥) and k € K we have k;, = k. - 11, by
Lemmas 12 and 13, we get Lemma 14 below.

Lemma 14. Let L C A* (resp. L C A¥) and k € K. If L is star-free (resp.
w-star-free), then ki, € SF (K, A) (resp. ki, € w-SF (K, A)).

Lemma 15. Ifs € SF (K, A) (resp. s € w-SF (K, A)), then supp(s) is a star-free
language (resp. an w-star-free) language over A.

Proof. Using standard arguments, we state the proof by induction on the structure

of s. O

Lemma 16.

(i) Let L C A* be a star-free language and B,T' C A with BNT = (. Then
1olBre = Y icicn (Lag, - (14, - Lagr)) where for every 1 <i <n, M;, M] C
B* are star-free languages, and ~; € T.
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(i1) Let L C A“ be an w-star-free language and B,T' C A with BNT = (. Then
1zlprBe = Y1cicy (Ing, - (14, - 1ar)) where for every 1 < i <n, M; C B*
is star-free, M| C BY is w-star-free, and v; € T.

Proof. We prove only (ii); Statement (i) is shown with the same arguments. By the
splitting lemma for w-star-free languages (cf. Lm. 3.2. in [7]), we get LN B*T'BY =
UKK” M;y;M! where for every 1 < i < n, M; C B* is star-free, v; € I', and
M/ C B¥ is w-star-free. Since 11|p+rp« = lpnp+rB~, we complete our proof using
Lemma 11. O

Proposition 2 (Splitting lemma for finitary series). Let s € SF (K, A) and B,T' C
A with BNT = (. Then s|g-rp- = Y ycicn (s@ _ (Sg) .sg>)) where for every
1<i<n, sgi),sgi) € SF(K,B) and sgi) = (ki),, withy; € I k; € K.

Proof. We use induction on the structure of s. Let s = (kq), , @ € A, be a monomial.
Then, if a € T, we have s|g-rp- = 1. - ((ka), - 1c), otherwise s|p-rp- = 1p -
((k'.y)7 . 1@) for an arbitrary v € I'. If s = k., then again s|g-rp- = 1p- ((k’Y)v . 1@)

for an arbitrary v € T'.
Let s,r € SF(K,A) satisfying the induction hypothesis. This means that

slBrr = X1<i<n (sgi) ' (Sgi) ' Séz))) and r|prp = Xi<iom (ng) : (Téj) ‘réj)»
where for every 1 <i <n and 1 < j < m, we have sli),séi),rgj),rgj) € SF (K, B),
Sgi) = (k). , réj) = (lj)% s Yis vy €L, kiyl; € K. Obviously, (s +1)
required form.

Next let w € B*I'B* and 0 < k < |w| — 1 with w(k) € . Then wey,wsy € B*

and we have

B*'B* has the

(s

B*IB*, W) = Z (s(li) . (séi) . sé”)) W

1<i<n
= X (08 ) )
_ Z ((Sgi),wdf) . (5&1)711}(]6)) . <S§i),w>k))
1<i<n

where the third equality holds since for every 1 < ¢ < n and every decomposition
w = ujugus with us # w(k) we have (sé”,uz) =0.

Similarly

(r

B*FB*vw) = Z (’I"g‘y) . (T‘gj) . Téj))> s W

1<j<m

Z ((r%j)7w<k> . (réj),w(k)) . (r:gj),w>k)) .

1<j<m
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Hence,

((S®> w) = (s|prp-,w) - (r w)

=5 () () (00)

1<i<n
> ((Vhwa) (1 w) - (1§ wor))
1<j<m
= 1;n ((s§’> @r%j),wd@) . ((sg) @réj)7w(k)> ( (@) @ré ),w>k)))
1<j<m
| X (o) (o) (4 0r)))
1<j<m

Since s @r%j), s:(f) réj) € SF(K,B), and séi) @Téj) = (ki - 1), if v = 7}, and

( )& 7,(1)
product
Furthermore,

((s-7) [Borp-,w) = > {(s
+ Z{(s,u) (r

= 0, for an arbitrary v € I' otherwise, our claim is true for the Hadamard

u) - (r,v) |u € B*TB*,v € B*,w = uv}

,0) | u € B*,v € B'TB*,w = uv}

with

Z {(slp*rB*,u) - (r,v) |u € B*'TB*,v € B*,w = uv}

= Z Z (ng) . (sg) . s:(;))) yu | - (rv) |ue B TB* v € B*,w=ww

1<i<n

Il
—
v

~
-
=
—
V)
NS
=

D 50)) | -l v) [ € A% w =

1<i<n
= (sy) : (sg) 'Sg))) T|px, W
1<i<n
(S (s (8 9)) i)
1<i<n
(2 ()
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where r|g« =r®1p- € SF (K, B), and the fourth equality holds since the Cauchy
product distributes over the sum of series. Similarly

Z{(s,u) -(r|g*rp+,v) |u € B*,v € B'TB*,w = uv}

:Z (s,u) - Z (rgj)~(rgj)~r§j))),v | u€ B*,v € B'TB*,w = w

1<j<m
:Z (s|p,u) - Z (rgj)-(réj)-réj))),v | u,v € A", w = uv
1<j<m

B Y (ng) , (réj) -réj))) W

1<j<m

<[ 2 G ()

[ 2 () ()

1<j<m

== S

Thus,

((s-7)

B TB* W) = Z (S§Z) ’ (S;Z) ) (Si(;) .T|B*)>) W

Therefore, the series (s - r)|p«rp- has the required form.

Now, let s be a letter-step series. Then, s|g<rp- = s|r = Zwer (k:w),y. Let
w € supp(sT) N B*T'B*, which implies that there is an index 0 < k < |w| — 1 such
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that weg, wsy € B* and w(k) € T'. Then

((s7) IB=rp-,w)
=> s
= I Gwi)

0<j<|w|—-1

w) [ 1<m < ful} = (s

I[I Gwi) |- (s wk)- II Guwi)

0<j<k—1 k<j<|w|-1

(Gl - (sl - (slm)*) )
> (Gsle) - (), - (s12)7) ) v

~el’

and this concludes the induction for letter-step series.

Finally, let s € SF(K,A). Then 5 =1 Since supp (s) is a star-free

supp(s)”
language, we get that supp (s) is also star-free. Hence, by Lemma 16(i) we conclude
our proof. O
Proposition 3 (Splitting lemma for infinitary series). Let s E w- S A) and
B,T C A with BN =D 1<i<n (81 ( ) )) where for
every 1 < i < n, 51 € SF(K,B), sg € w-SF(K,B), and s = (ki),, with
v, el k € K.

Proof. Taking into account the definition of w-star-free series, firstly we embed the
proof of Lemma 2. Furthermore, we use arguments of that proof as follows. For
the operations of sum and Hadamard product we let s,7 € w-SF (K, A), and for
Cauchy product we let s € SF (K, A) and r € w-SF (K, A). For the complement
operation, we let s € w-SF (K, A) and we use the corresponding argument for w-
star-free languages and Lemma 16(ii). Finally, let s be a letter-step series. Then,
slprrps = slp = 3. er (ky),. Let w € supp(s”) N B*'T'B*, i.e., there exists an
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index k > 0 such that w<y € B*, wsy € B, and w(k) € T'. Then we get
((s*)
:Z H(s,ui) | u; € A", w=wujus...

i>1

= [ Gswi)

Jj=0

B*FBW7U)>

=| II w6y Gwm)- | I] 6 wi)

0<j<k—1 i>k

(Csl) ™ - (sl - (s1)*) )
> (1)t (), - (s12)°) ) sw

~v€er
ie.,
() [prpe = 3 (Glp)* - (hs), - (s15)°))
~yer
and this completes our proof. O

Proposition 4. Let A, B be two alphabets and h : A — B a bijection. Then
s € SF(K,A) (resp. s € w-SF(K,A)) implies that h(s) € SF (K,B) (resp.
h(s) € w-SF(K,B)).

Proof. There is an one-to-one correspondence between the words of A* and B*
(resp. the words of A and B*“) derived by h. Then, we can easily state our proof
by induction on the structure of star-free (resp. w-star-free) series. O

Proposition 5. Let A, B be alphabets and h : A — B a strict alphabetic epi-
morphism. Then s € SF (K, B) (resp. s € w-SF (K, B)) implies that h=1 (s) €
SF (K, A) (resp. h™!(s) € w-SF (K, A)).

Proof. We prove our claim by induction on the structure of star-free (resp. w-star-
free) series. Let s = (k;), be a monomial over B and K. Then, h=' (s) is a letter-
step series and thus a star-free series over A and K. If s = k., then h=! (s) = k.
since h is strict. Next let s1,s2 € SF (K, B) (resp. s1,$2 € w-SF (K, B)) such that
h=1(s1),h™ 1 (s2) € SF (K, A) (vesp. h™1(s1),h ! (s2) € w-SF (K, A)). Trivially
h=t(s;1 ®s2) =h 1 (s1) ©ht(se) and A1 (51 + s2) = h™ 1 (s51) +h~ 1 (s2).
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Furthermore, for every w € A* we have
(h™ (51 82) ,w) = (51 52, (w))
22{ S1,Up) - 52,u2)|u1,u2€B*,u1u2:h(w)}
=D Alst,h(w)) - (s2,h(wa)) | wi,wp € AT, wiwz = w}
= Z{(h Hs)wn) - (B (s2)  wa) | wi,wa € AT wnwg = w)
= (h7" (s1) - h ( 2),w)

where the fourth equality holds since h is strict alphabetic. Hence h™! (s1 - s9) =
h=(s1)-h~ ! (s3). If 51 € SF (K, B), s2 € w-SF (K, B), and w € A%, then we use
the same as above argument, where we write us € B and wy € A“.

Assume now that s is a letter-step series over B and K. Then, the series h~! ()
is a letter-step series over A and K, hence h™! (s) € SF (K, A). For every w € A"
we get

(W (s w) = (sThw) =[] (s, h(w)(5))

0<j<|w|-1
= I Ghwi)= ] & 's)wi)
0<j<|w|-1 0<j<|w|-1
= ((h_l(s))+,w)7
L., h=1(s%) = (h—(s))* € SF (K, A).

Next, let s € SF (K, B). Then, 5 = 1supp( ) and supp (s) is, by Lemma 12, a

star-free language over B. Moreover, the language h~! (supp (s)) C A* is star-free
(cf. for instance [28]) hence, the series h=! (5) = h~! (lm) = lh_l(m) is
star-free by Lemma 12. The case s € w-SF (K, B) is treated similarly.

Finally, assume that s is a letter-step series over B and K. Then, h=1(s) is a
letter-step series over A and K. Moreover, for every w € A“ we have

(W™ (s%),w) = (s*, h(w)) = [ ] (s, h(w)(5))

>0

=[G mw()) = [T (" (), w(3))

J=20 j>0
= (b)), w),
ie, h™!(s¥)=(h7! (s))“J € w-SF (A, K), and our proof is completed. O

7 w-wqFO-definable series are w-star-free

In the sequel, we show that every w-wgFO-definable series over A and K is an
w-star-free series, i.e., w-wqgFO (K, A) C w-SF (K, A). For this, we use induction
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on the structure of WQFO (K, A) formulas. We shall need the following auxiliary
result.

Lemma 17. Let ¢ € FO (K, A) and V be a finite set of first-order variables con-
taining free (v). If |||l is an w-star-free series, then ||p||,, is an w-star-free series.

Proof. Let |||l be an w-star-free series and h : Ay — Afreep) the strict al-
phabetic epimorphism erasing the z-row for every z € V '\ free(¢). It holds
lelly, = R~ (lell) ® 1as,. Then by Proposition 5 we get that A~ (||¢]]) € w-
SF (K, Ay), and thus |l¢|,, € w-SF (K, Ay), as wanted. O

Lemma 18. Let ¢ € FO (K, A) be an atomic formula. Then, ||¢|| is an w-star-free
series.

Proof. If ¢ = k € K, then ||| = kaw. Next, if ¢ = P, (z) or < y, then ¢ is a
boolean first-order formula, hence L(i) is an w-star-free language and ||| = 1.,
is an w-star-free series. O

Lemma 19. Let ¢ € FO (K, A) such that ||¢| is an w-star-free series. Then,
[l is also an w-star-free series.

Proof. By definition, we have ||-¢|| = ||¢]|. O

Lemma 20. Let p,¢p € FO(K,A). If ||¢ll,||l¢] are w-star-free series, then
le A, e V| are w-star-free series.

Proof. Let V = free (p)Ufree(v). Wehave [|p Av|| = [lefl, Olllly and [[¢ V4| =
llelly + 11¥ll,,, hence our claim follows by definition of w-star-free series and Lemma
17. O

Lemma 21. Let ¢ € FO(K,A) such that ||| is an w-star-free series. Then,
[|[3z.|| is also an w-star-free series.

Proof. Let W =free (p)U{z} and V = free(Jz.¢) = W\{x}. We define two subal-
phabets B,I' of Ay, by letting B = {(a,f) € Aw | f(x) =0} and
I' = {(a,f) € Aw | f(x) = 1}. Since [|¢l|,, € w-SF (K, Ay) (by Lemma 17, in
case x ¢ free(y)), by Proposition 3 we get

R Z (Sgi) ) (Séi) ) Sgi)))

1<i<n

el

with si” € SF (K, B), s € w-SF (K, B), and sy = (k;). , where k; € K, v € T
for every 1 < i < n. We show that

1Bl = { D2 (hla (517) - ((ay - hlz (557))) | © 1o

1<i<n
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where h : Ayy — Ay is the strict alphabetic epimorphism assigning (a, f|y) to
(a, f) for every (a, f) € Aw.

Let (w,0) € Ny. Then we have
Bzl (w, 7))
= > (lelly (w0 [z = 41))

=0

= (el

Jj=0

(> (Sgw : (Sg> .sg;))) (w, 0 [z — j])

>0 \1<i<n

BB, (w0 [z — j]))

) (s w,o e = i) oy) - (58, (w o le = ) ()
2| X (8 .ol = )
) (7 ool = ) oy) - (8. w0l = 3D ()
B 1<;n <j20 : (Sz(si)’ (w,o [z — j])>j)
(h|B <8§i)) , (w, 0)<j) : ((ki)h(%) ,(w,0) (J))
(jzo ) (MB (Sg)) a(wa0)>j)

- 3 (e () (010 1 () )

1) = (ki) and hlp s B — Ay s a
bijection. On the other hand, for every (w,o) € A$} \ Ny we have

S (bl (587) - (kidugyy -l (57))) © L () | =0

where the sixth equality holds since h ((kl)

1<i<n
Hence, ||3z.¢| = Z <h|3 (sgi)) . ((ki)h(%) -h|p (3;@))) ®1,,. By Propo-
1<i<n
sition 4, for every 1 < i < n, we get that h|p (s}) € SF (K, Ay), hlp (5&“) € w-
SF (K, Ay). Therefore |3x.¢|| is an w-star-free series. O

Lemma 22. Let ¢ € FO (K, A) be a boolean, or a letter-step formula with free
variable x, or ¢ = (y < x) = Y, or ¢ = (y < = < 2) — ¢ where 1 is a letter-step
formula with free variable . Then, ||Vx.p|| is an w-star-free series.

Proof. It ¢ € bFO (K, A), then Vz.p € bFO (K, A), hence the language L(Vx.p) is
w-star-free and the series ||[Vr.¢|| = 12 (va.p) is w-star-free.
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Next, assume that ¢ = \/ . 4 (ka A Pa(z)) is a letter-step formula with k, € K
for every a € A. We consider the letter-step series r = > 4 (k),. Then for every
word w € A¥ we have

(IVzell s w) = T T (el (w, [ = 4]))

i>0

TV, e
i>0
e IX0)

i>0

(w, e — )

Il
—
=

vw)

where the fourth equality holds by Example 2. Hence, we get ||Vz.¢|| = r* which
implies that ||Vx.¢|| is an w-star-free series.

Next, let ¢ = (y < x) = V,ca (ka A Pa(x)). We consider the subset F' =
{(a,0) | a € A} of Ag,y. The language F* is star-free, hence, the series 1p- is
star-free. Consider the series s = > 4 ((ka)(a’0)> and s = > .4 ((ka)(a,1)>
over Ag,y and K. Now for every w € A“ and [ > 0, we get

(Waell, .l = 1) =TT ([w = 2) >V, _, (ko A Pal))

720

~I(|V, et 2o

P

= (¢', (w(),1)) - T [ (s, (w(5), 0))
j>l

= (1p- - (s"5%), (w, [y = 1)),

S, [e = jy 1)

3%

| (. o = 5D)

ie., [Vz.pl| = 1p« - (¢’ - s¥) is an w-star-free series.

Finally, let ¢ = (y < = < 2) = V,c4 (ka A Pa(z)). We consider the finite
languages F' = {(a,0,0) | a € A}, F1 = {(a,1,0) | a € A}, F» = {(a,0,1) | a € A}
and F3 = {(a,1,1) | @ € A} over Ay, .y. The languages F, F|, Fy, F5, F™, F* are
star-free, hence the series 1p,,1p,, 1p,, 1p+, 1p- are star-free. Since (F7)* = F*
the languages L = (FT)¥ L' = F,L are w-star-free (cf. [28]) and the infinitary
series 17,17/ are w-star-free. We consider the series s = > 4 (k(avo»o))(a,o,o) and
' =3 ca (k(a,l,o))(a,m) over Ay, -y and K, where k(4,0,0) = K(a,1,0) = ko for every
a € A. Moreover, we let 71 = 1p« - (s - (1 +s1) - 11/)), ra = 1p« - (1, - 11), and
rs=1p - (1p, - (1pe - (1p - 11))).

Now, for every w € A¥ and 4,1 > 0 with j < [, we have
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(TZ +T37 (’UJ, [y - j,Z — l])) = Oa and

(Vaell, (w, [y = 4, 2 = 11))

*H(Hy<x<z %\/ (ko N Py(z))

=TI ([V ey ther Pute
<i<l

= (s, (w(5),1,0)) - [T (s, (w(2),0,0)

J<i<l
= (7’1, (’LU, [y = J,z = l]))
:(7”1+(7”2 +T3),(U},[y~>j,z—)l])).

(= iy = gz = 1)

ORERT)

Furthermore, for every w € A“ and j1 > 0 with 7 > [, we get
(r1, (w, [y = 4,2 —=1])) =0, and

(IVe-oll, (w, ly =,z = 1))

—H(Hy<x<z —>\/ (ko N Py(2))

=H(||ﬁ(y§$<Z)||’(w»[$—>i7y—>j72—>l]))
i>0

=(ro+rs, (w,ly — 4,2 —=1)))

=(ri+ (ro+r3), (w, [y — 4,2 = 1])).

,(w,[a:—>i,y—>j,z—>l]))

We conclude that ||Vz.p|| = r1 + (re2 4+ r3), hence ||Vx.¢|| is an w-star-free series, as
required. O

Now, we are ready to state the main result of the section.
Theorem 2. w-wqFO (K, A) Cw-SF (K, A).

Proof. We combine Lemmas 18, 19, 20, 21, and 22. O

8 Counter-free series

In this section, we consider the concept of counter-freeness within weighted (resp.
weighted Biichi) automata over A and K. Our models will be nondeterministic. We
need first to recall the notions of weighted automata and weighted Biichi automata
over A and K. For simplicity reasons, we equip our finitary models with a set of
final states instead of a terminal distribution.

A weighted automaton over A and K is a quadruple A = (Q, in, wt, F) where
Q is the finite state set, in : Q — K is the initial distribution, wt : Q x Ax Q — K
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is a mapping assigning weights to the transitions of the automaton and F' C @ is
the final state set.

Given a word w = ag...an_1 € A%, a path of A over w is a finite sequence of
transitions Py, := ((¢s, @i, ¢i+1))g<i<n_1- The running weight of P, is the value

rwt(Py) = H wt ((¢s, @iy git1))
0<i<n—1

and the weight of P, is given by
weight(Py) := in(qo) - Twt(Py).

The path P, is called successful if ¢, € F. We denote by succ(A) the set of

successful paths of A. The behavior of A is the series || A| : A* — K which is

defined, for every w € A*, by (||A],w) = ST weight(Py,). A series r €
Py, €succ(A)

K ({A*)) is called recognizable if it is the behavior of a weighted automaton over A

and K.

A weighted Biichi automaton A = (@, in,wt, F') over A and K is defined as a
weighted automaton. Given an infinite word w = agay ... € A, a path of A over w
is an infinite sequence of transitions P, := ((¢i, @i, qi+1));5¢- The running weight
of P, is the value a

rwt(Py) := H wt ((gs, @i, giv1))
i>0

and the weight of P, is given by
weight(P,) :=in(qo) - rwt(Py).

A path P, is called successful if at least one final state occurs infinitely often

along P,. Then, the behavior of A is the infinitary series || A|| : AY — K whose

coefficients are given by (||A],w) = > weight(Py), for every w € A¥. An
P, esucc(A)

infinitary series r € K ((A“)) is called w-recognizable if it is the behavior of a

weighted Biichi automaton over A and K.

We shall need also the following notation. Given a weighted (resp. weighted
Biichi) automaton A = (Q,in,wt, F), a word w = ag...a,—1 € A*, and states
q,q" € Q, we shall denote by P, ., 4y a path of A over w starting at state ¢ and ter-
minating at state q/7 Le., P(q,w,q’) = (Q7 ao, Q1) ((Q'La Qs Qi-‘rl))lgigan (Qn—la An—1, (1/)~
Then

rwt (P(q,w,q')) =wt ((qa ag, Ch)) : H1<i<n72 wt ((q’ia Qj, qi-‘rl)) ~wt ((QTL—la An—1, q/)) .

Now, we are ready to introduce our counter-free weighted and counter-free
weighted Biichi automata.
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Definition 9. A weighted automaton (resp. weighted Biichi automaton) A =
(Q,in,wt, F) over A and K 1is called counter-free (cfwa, resp. cfwBa, for short)

if for every q € Q, w € A*, and n > 1, the relation Y, rwt (P(qﬂvnm) #0
Pg,wm,q)

implies Y rwt (Pgun.q) = ( > rwt (P(,Lw,q))) .
Plgwm,q) (q,w,q)

A series € K ((A*)) (resp. r € K ({A¥))) is called counter-free (resp. w-
counter-free) if it is accepted by a cfwa (resp. cfwBa) over A and K. We shall
denote by CF(K,A) (resp. w-CF(K,A)) the class of all counter-free (resp. w-
counter-free) series over A and K.

A cfwa A = (Q,in,wt, F) over A and K is called normalized if there are two
states qo, ¢+ € @ such that F = {¢:} and for every ¢ € Q, a € A, we have in(q) =1
if ¢ = qo, and in(q) = 0 otherwise, and wt((q,a,q0)) = 0 = wt((¢:,a,q)). We
denote a normalized cfwa A simply by A = (Q, qo, wt, ).

The following result has been proved for weighted automata in [11].

Lemma 23. For every cfwa A = (Q,in,wt, F') we can effectively construct a nor-
malized cfwa A" = (Q U {qo,qt}, g0, wt', q) such that (|A'],w) = (|JA|l,w) for
every w € A" and (||A']|,¢) = 0.

Proof. We use similar arguments as in the proof of Lm. 7 in [11]. In fact, it remains
to show that the normalized weighted automaton A’ is counter-free. Indeed, let
q € QU{qo,q}, w e AT, n > 1, and P(’q wn g) D€ a path of A’ over w with

rwt(P(/q_wn q)) # 0. Since A’ is normalized we get that the states o, ¢; do not occur
in the path P(/q wr ) hence P(’q wr ) is also a path of A. This implies that

n

Z rwt (P(q1w¢L1q)) = Z rwt (P(q,w",q)) = Z rwt (P((I»UMQ))

P(/q,u,n,q) P(q,w",q) P(q,w,q)
n
_ /
= > rut (P <q,w,q>) )
!
(q,w,q)
where P, ,n 4) denotes a path of A over w, and this concludes our proof. O

A cfwBa A = (Q,in,wt, F) over A and K is called initial weight normalized if
there is a state go € @ such that for every ¢ € @ and a € A we have in(q) = 1 if
q = qo, and in(q) = 0 otherwise, and wt((g, a, qo)) = 0. We denote an initial weight
normalized cfwBa A simply by A = (Q, o, wt, F).

Lemma 24. For every cfwuBa A = (Q,in,wt, F) we can effectively construct an
initial weight normalized cfuBa A" = (Q U{qo}, qo, wt’, F) such that || A'|| = || A]|.

Proof. We use the same arguments, as in Lemma 23 for the modification of the
initial distribution. O
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In the sequel, we prove closure properties of the classes CF(K,A) and w-
CF (K, A). We shall need these properties in order to relate star-free and w-star-free
series with counter-free and w-counter-free series, nevertheless, these results have
also their own interest.

Proposition 6. The class CF (K, A) contains the monomials and it is closed under
sum, Hadamard product, complement, Cauchy product, and iteration restricted to
letter-step series.

Proof. The closure of CF (K, A) under sum, is shown by taking the disjoint union
of two cfwa. In this case, any "loop” belongs either to the first or to the sec-
ond automaton, hence the derived weighted automaton is also counter-free. Since
monomials over A and K are obviously counter-free series, we get that letter-step
series are also counter-free.

Closure under Hadamard product is proved by using the standard ” product con-
struction” of two cfwa. More precisely, let A;=(Q1,ini,wt;, Fy) and
Ao=(Q2,ins, wts, F5) be two cfwa over A and K. Consider the weighted au-
tomaton A =(Q,in,wt, F) with Q = Q1 X Q2, F = F; x Fy, and in((q1,¢2)) =
inl(ql) : iTLQ(QQ), wt(((qlv QQ)’ a, (plap2))) = wtl((qla avpl)) : th((QZv aaPQ))a for ev-
ery (q1,q2), (p1,p2) € Q,a € A. Then, for every w € A* and path P, of A over w,
there are two unique paths P; ,, of Ay over w, and P, ,, of Az over w (obtained by
projections of P, on @1 and Qs, respectively, in the obvious way) and vice-versa.
Furthermore, we have weight(P,,) = weight(P ) -weight(Ps ). Now assume that
for some (q1,¢2) € Q, w € A*, and n > 1 there is a path P(q, 4.),0m,(q1,9.)) With
rwt (P(( # 0. Then

Q1,Q2)7w"7(Q17¢Z2)))

Z Tt (P((q1,02),w,(q1,02)))

P(ay.92) w.(a1.92))

= > (rwt (Pr (g1 w00)) 70 (Pay(g5,,02)))

P1 (a1 w.01) P2, (a2.w.42)

= Z rwt (Pl,(ql,wm)) : Z rwt (P2,(q2,w,qz))

Pr (a1 ,w,a1) P, (42,w,42)
n n
= Z rwt (Pl,(qhw,th)) ’ E : rwt (PQ,(QQJW,(D))
P11 w.a1) P2, (g3,w,99)
= § : rwt (Plv(qlvw"vfh)) ’ § : rwt (PQ,(qzyw"ytp))
Py (g1, ,a1) Ps (qg,w™ ,q9)

_ Z rwt (P((ql,qz),w",(ql,qz)))

P(a1,a2),wm (a1,92))

which implies that A is counter-free, and by construction ||A| = || A1] © || Az2]|-
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Next, let r € CF(K,A) and A = (Q,in,wt, F) be a cfwa accepting r. We
consider the nondeterministic finite automaton A" = (Q, A, I, A, F) with I = {q €
Q |in(q) #0} and A ={(q,a,q") € Qx AxQ | wt((q,a,q")) # 0}. By construction
of A’, and since K is zero-divisor free, we get that for every ¢1,¢2 € Q and w € A*
the path Pg, w,q,) exists in A" iff rwt(Pg, w,q,)) 7 0 in A. Therefore, A’ accepts
the language supp(r) and it is trivially counter-free hence, supp(r) is a counter-
free language. Then, supp(r) is a counter-free language and let B be a counter-free
automaton accepting it. We convert B, in the obvious way, to a weighted automaton
B' (with weights only 0 and 1) over A and K. Since K is idempotent, B’ trivially
accepts 1W =7, and it is easily obtained that it is counter-free. We conclude
that the series 7 is counter-free, as required.

Let now A;=(Q1,in1,wt1, F1) and As=(Q2,ins, wts, Fy) be two cfwa over A
and K. Using Lemma 23 we consider the normalized «cfwa

1=(Q1 U {q0,1,G,1},qo,1, wt], q1) and A5=(Q2 U {qo,2, 4,2}, 90,2, wth, gz 2) such
that ||A}| coincides with ||A;]| on AT for i = 1,2. Without any loss, we assume
that (Q1U{qo0,1,9:,1}) N (Q2U{qo,2,q1,2}) = 0. We construct the weighted automa-
ton A =(Q, qo,1,wt, q¢2) with Q@ = Q1 U {qo,1} U Q2 U {qo,2,q:,2} where we identify
the states ¢;;; and o2, and define the weight assignment mapping wt for every
q,¢ € Q,a € Aby
wty((¢,a,q'))  ifq,¢ € QuU{qo1}
wty((q,a,q")  ifq,¢" € Q2U{qo2, 1.2}
wty((q,a,q:1)) if g€ Q1U{q 1} and ¢’ = qo2
0 otherwise.
It is a routine matter to formally prove that | A]| = || A}l - ||45]| . Furthermore,
the weighted automaton A is counter-free since, by construction, any ”loop” with
weight # 0 belongs either to A} or to A5. Now we let k; = (||.4;]| ,¢) for ¢ = 1,2.
Then [[Ay |- [l A2[] = (1AL} - A1) + ((F1). - [ASID + (AL (R2).) + (1), - (k2).)-
One can trivially construct cfwa accepting (k1) and (k2). and using simplifications
of our previous construction? for A can easily show that the series (k1) - [|A5]],
ALl - (k2)., and (K1), - (k2). are counter-free which implies, by what we have
shown, that ||.41]| - ||Az2] is a counter-free series.

Finally, let » = 4 (ka), be a letter-step series with k, € K for every a € A.
We consider the cfwa A = ({qo, ¢}, g0, wt, ¢:) with wt ((qo, @, q1)) = wt ((¢¢, a,qt)) =
k, for every a € A, and the weight of any other transition is 0. Obviously r™ = ||A|,
and we are done. O

wt((Q7 a, q/)) =

Proposition 7. The class w-CF(K, A) is closed under sum, complement, Cauchy
product and w-iteration restricted to letter-step series.

Proof. The closure under sum and complement is shown as in Proposition 6. In
particular, for the complement we use the property k # 0 = [[,~, k # 0 for every
k € K, the fact that the class of counter-free Biichi recognizable (i.e., w-star-free)
languages is closed under complement (cf. [7]), and Lemma 1(i).

2In fact the cfwa for (k1) and (k2). cannot be normalized.
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Next, let s; € CF(K,A) and sy € w-CF(K,A), and A; = (Q1,in1, wty, Fy),
Ay = (Q2,ing, wia, Fy) be a cfwa and a cfwBa over A and K accepting s; and ss,
respectively. Furthermore, let A7=(Q1 U {qo.1,¢:}, 90,1, wt}, ¢) be the normalized
automaton derived by A; (cf. Lemma 23), and A,=(Q2 U {qo.2}, qo,2, wth, F») be
the initial weight normalized cfwBa derived by A; (cf. Lemma 24). Without any
loss, we assume that (Q1 U {qo,1,¢:}) N (Q2 U {go2}) = 0. Consider the weighted
automaton A = (Q, go,1, wt, F») with Q = Q1 U{qgo,1} U Q2 U {qgo,2} where we have
identified the states g; and gg 2. The weight assignment mapping wt is defined for
every ¢,¢' € Q and a € A by

wty((g;a,q")) ifq,¢ € Q1 U{qo1}
wty((g,a,q")) if ¢,¢" € Q2 U{qo2}
wt)((¢,a,q:)) ifge Q1 U{go1} and ¢ =qop2
0 otherwise.

wt((q,a,q')) =

Trivially, ||A|]l = si|a+ - s2. Furthermore, the weighted Biichi automaton A is
counter-free since every ”loop” with weight # 0 belongs either to A} or to Aj. Let
(s1,€) = k. Then s1-s2 = s1|a+ - 2 + ke - s2 which concludes our claim since k; - so
is trivially w-counter-free.

Finally, let =" _ 4 (ka), be a letter-step series with k, € K for every a € A.
We consider the initial weight normalized cfwBa A = ({qo,q}, qo,wt, {q:}) with
wt ((go,a,q:)) = wt ((g,a,q:)) = kg for every a € A, and the weight of any other
transition is 0. Obviously r* = || A]|, and our proof is completed. O

Next, we introduce the subclass of almost simple counter-free (resp. almost
simple w-counter-free) series and we show, in Section 9, that it contains the class
SF(K,A) (resp. w-SF(K, A)).

Definition 10. A cfwa (resp. cfwBa) A = (Q,in,wt, F) over A and K is called
simple if for every q,¢',p,p’ € Q, and a € A, in(q) # 0 # in(q’') implies in(q) =
in(q"), and wt((q,a,q")) # 0 # wt((p,a,p")) implies wt((q,a,q")) = wt((p,a,p’)).
Furthermore, a series v € K ({(A*)) (resp. r € K ((A¥))) is simple if it is the
behavior of a simple cfwa (resp. cfwBa) over A and K.

Proposition 8. If r,s € K ((A%)) are simple infinitary series, then r ® s is also
simple.

Proof. Let A, B be two simple cfwBa accepting r, s, respectively. We let k,[ for
the weights # 0 assigned by the initial distributions of A, B, respectively, and k,, [,
for the weights # 0 of the transitions labelled by a € A, in A and B, respectively.
Without any loss, we assume that kg, [, exist for every a € A, otherwise we consider
a subalphabet of A. The language L = supp (||.A]|) N supp (|| B]]) is w-counter-free
(cf. the proof of Proposition 7), and we get

Al o [Bl| =1L © ((k~l) <Z (ka - la)a> ) :

a€cA
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Let C = (Q,A,I,A,F) be a counter-free nondeterministic Biichi automaton ac-
cepting L and consider the wBa C'=(Q, in, wt, F') where for every ¢,q' € Q,a € A
we let in(¢) = k-1 if ¢ € I, and in (q) = 0 otherwise, and wt ((¢,a,q")) = kq - 1o if
(g,a,q") € A, and wt ((¢q,a,q’)) = 0 otherwise. Since C is counter-free, we can easily
show, using the idempotency property of K, that C’ is also counter-free. Moreover,
by definition C’ is simple, and ||C’|| = ||.A|| ® ||B|| which concludes our proof. [

Definition 11.

o A series v € K ((A¥)) is called almost simple if r =3, (rgi) o 7“&?)
where, for every 1 < i <mn, rgi), .. ,7'7(,2) are simple counter-free series over
A and K.

o A series v € K ((A*)) is called almost simple if r =37, ;. (r%i) e r,(f%)
where, for every 1 <i <mn, rﬁ“, e ,rg)i_l are simple counter-free series and

r%) is a simple w-counter-free series over A and K.
From the above definition and Proposition 6 (resp. Proposition 7), we get that
a finitary (resp. infinitary) almost simple series is a counter-free (resp. an w-
counter-free) series®. We shall denote by asCF(K, A) the class of almost simple
counter-free series and by w-asCF(K, A) the class of almost simple w-counter-free
series over A and K.

9 w-star-free series are almost simple w-counter-
free

In this section we prove that every star-free (resp. w-star-free) series is an almost
simple counter-free (resp. almost simple w-counter-free) series.

Theorem 3. SF(K,A) C asCF(K,A).

Proof. The class asCF(K, A) trivially contains the monomials over A and K.
Therefore, it suffices to show that it is closed under sum, Hadamard product,
complement, Cauchy product, and iteration restricted to letter-step series.
Closure under sum and Cauchy product is easily obtained by definition of the
class of almost simple counter-free series. For the closure under complement, let
r € asCF(K,A), ie., r € CF(K,A). Then the weighted automaton B’ in the
proof of Proposition 6 is simple and moreover accepts the complement 7 hence,
7 € asCF(K,A). Trivially, we get that asCF(K, A) contains the letter-step se-
ries. Furthermore, the automaton A accepting r* for a letter-step series r, in the
proof of Proposition 6, is trivially simple, hence the class asCF (K, A) is closed
under iteration restricted to letter-step series. Therefore, it remains to prove

31n fact we can define an almost simple counter-free weighted (resp. weighted Biichi) automa-
ton, but we do not need it here.
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the closure under ®. Since, ® distributes over sum it suffices to show that if

Ai = (Qiying, wty, Fy), By = (P, inl;, wt}, Tj), for 1 <i <n,1 < j <m, are simple

cfwa over A and K, then the counter-free series (|| A1]|-.. .|| Anl) ©(||B1ll-- - -+ | Bmll)
is almost simple. We proceed by induction on m, hence, assume firstly that m = 1.
Without any loss, we suppose the state sets Q; (1 < i < n) to be pairwise dis-
joint*. For every p,p’ € P, and 2 < i < n — 1, we consider the simple cfwa

Cip = (Q1 x Prying, wty, F1 x {p}), Ci (ppy = (Qi X Pr,in; (), wii, Fy x {p'}),
and C, p = (Qn X P1,ing, p, wi,, F,, x T1) by

- iy ((q(l),pl)) =in1(¢V) - inf(p1) for every ¢V € Q1,p1 € P,

- why (((q§1),p1),a, (qél),pz))) = wt; ((q%l),a,qél))) -wty ((p1,a,p2)) for ev-

1 1
ery Q§ )aQQ)teaplapQGPhaeA, and

forevery2<i<n-—1

- iy (07, 01)) = ini(g®) if p1 = p, and i, ) ((¢9,p1)) = 0
otherwise, for every ¢() € Q;,p, € Py,

- wit; (((qgi),pl),m (qéi),pg))) = wt; ((q%i),mqéi))) ~wty ((p1, a,p2)) for every

Q§z)7Q§Z) eQi;p17p2€P17a€A7 a‘nd

- inny (¢, 1)) = inn(¢™) if pr =p, and in,, ((¢™),p1)) = 0 otherwise,
fOI‘ eVeI‘y q(n) S Qnapl € P17

- wty, (((q§")7p1)7a7 (qén),pa))) = wty, ((q§”>>a7q§"))) - wt ((p1,a,p2)), for

every ¢\, ¢S € Qu,p1,p2 € Prya € A.

We claim that
(MLl -+ AR D © 1B1 | =
Yo (il el - ICh-tpnspnn) | - [Capus|l) -

Pise-sPpn—1€P1

Clearly, it suffices to prove that for every w € A*, the sum

> II > weight (Péi ) S weight (P,)

w=wiwn \1<i<n \ pli) eguce(A;) Py, €succ(By)
w,; &8

4Here, we deal with the case n > 1. For n = m = 1 we consider the product automaton of two
simple cfwa which is trivially simple.
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equals to

S weight(Py,)
ﬁ“’l Esucc(CLpl)

> > I1 > weight(P,,)

PlyesPn_1E€EP | w=w1...wy, 1<i<n—2 Pu,iésucc(Ci,(piypi+l))

B > weight(P,_,)

Py, 4 Gsucc(Cn7p7L7 1 )

To this end, let w = apay...am—1 € supp((JA1]l ... || Axl) © [|B1]]) with
ag,a1,...,am_1 € A. Let us assume that w,...,w, € A*, with w = w1 ... w,,
and P : (qél)7ao,q§1)) (qil),al,qél)) ( Ef),aiqull),

2 2 2 2 2 2 2
Pi’; : (q’g1l’1’ail+17q§1)+2> (q£12r2vai1+2qu(13r3) (qu)’aizangzﬂ)y

P (0l aimiena o) (687 o aiirnal 1) o (@) amen @),

and Py : (po,ao,p1) (p1,a1,p2) .. (Pm—1,Gm-1,Pm),

are successful paths of A1, As..., A, B; over wy,...,w,,w respectively. By
definition of Cip; +1:Ca (i, 41.pigs1)r---+Cnpi, 41, We can construct from
qu,ll), cee PQEJZ) and P, the paths P,,,...,P,, of C;
w1, - .., W, respectively, as follows.

Py ¢ ((qél)ﬁpo) ,aq, (q§1)1y1)> ((q;l))pl) ,a1, (qél))p2)> L. ((q%)’pH) @y (qgi)_*_lypi1+1))ﬁ

Pug ((qgfllvl’iﬁl) i1 (qgf)uvpiﬁz)) ((qﬁf)+2>1’i1+2> g2 (qgflsvmﬁz)) X

(6 7)ot (o2 )

piyi1r---2Cnps 41 OVEr

. (n) . ) (n) )
Py, ((qin71+1'p1n—1+1 PP 110 Ty, 420 Pig 12

(o) ez ping2) iz (a0 apiyga) ) (250 pmen) s (a3 om ) ).
Then, weight (Pwl) - weight (FW) - ... - weight (ﬁwn) = weight (P&ll)) .
weight (P&?) -...-weight (P&?) -weight(P,,). Conversely, let p;,41,...,D0i,_,+1 €

Py such that w € supp <HCLP1‘1+1 |- ‘ C
above, and keeping the previous notations, we get that for every wq,...,w, € A*

with w = wi...w,, and successful paths P, Puy,,.-., Py, , there exist suc-
cessful paths PV, P2, ..., P, P, such that weight (Puw,) - weight (P,) -
weight (ﬁwn) = weight (Rg,ll)) - wetght (P&?) - ...~ weight (P,S,Z)) - weight(Py,).
Therefore, by standard computations, we get the equality of the two sums and this
concludes our claim for m = 1.

For the induction step, for simplicity, we prove our claim for m = 2. For every
1 <i<mnand¢® e Q;, we define the simple cfwa Ai g = (Qsing, wty, {gV})

nPi, 441 ) Using similar arguments as
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and Ag)q(i) = (Qi,inl, wt;, Fy) with in/(q) = 1 if ¢ = ¢'?, and in/(q) = 0 otherwise,
for every ¢ € @Q;. Then, with similar as above arguments, we can show that

(A AR © (1B ] - [1B2]) equals to
S (Al g ) @ 18 - (|4 - 14al) @ 1821 ) -
1<i<n
D eQ;
Hence, by induction hypothesis we conclude our claim. O

Below, in our second main result of the present section, we show that every
w-star-free series is an almost simple w-counter-free series.

Theorem 4. w-SF(K,A) C w-asCF(K, A).

Proof. By Definition 8 and Theorem 3, it suffices to show that the class
w-asCF (A, K) is closed under sum, Hadamard product, complement, w-iteration
restricted to letter-step series, and if s; € asCF (K, A) and s; € w-asCF (K, A),
then s1 - 85 € w-asCF(K,A). The last property as well as closure under sum
are easily obtained by Definition 11. For the closure under complement, we use
a similar argument as in the corresponding part of the proof of Theorem 3. Fur-
thermore, the automaton A accepting r for a letter-step series r, in the proof
of Proposition 7, is trivially simple, hence the class w-asCF(K, A) is closed un-
der w-iteration restricted to letter-step series. Again, the most complicated case
is to prove the closure under Hadamard product, i.e., to prove that if A; =
(Qs,iny, wt;, F;), B; = (Pj,ing,wt;.,Tj), for1<i<n-—1,1<j<m-—1,are simple
cfwa and A, = (Qn, inp, Wiy, Fy), By = (P, inl, wt!  T,,) are simple cfwBa over
A and K, then the w-counter-free series (| A1l ... [|Anl) © (IB1]l - --- - [|Bmll) is
almost simple. We state our proof by induction on m, hence, let firstly m = 1,
ie, By = (Pp,in},wt|,T1) be a simple cfwBa (again we assume n > 1, oth-
erwise if n = m = 1 we get our result by Proposition 8). We keep the no-
tations of Theorem 3 and consider the simple cfwa Ci,, and C; (, ) for every
2 < i < n—1. Furthremore, for every p € P; we define the wBa C,, =
(Qn x P1 x {0,1,2},in, p, wty,, Qn x P1 x {2}) with the initial distribution in,,
given for every ¢™) € Q,,,p1 € Py,z € {0,1,2} by
o (@™, pr, @) = { inn(¢™) ifpr=px=0

)

0 otherwise

and the weight assignment mapping wt,, defined for every qgn), qé") € Qn,p1,p2 €

Pi,a€ A xz,y € {0,1,2} as follows.

wiy, (((q@’pl,x) .a, (qén)vpzvy») = wiy, ((q§”),a7Q§”))) -wt) ((p1,a,p2))

if(x:y:()orqén)EFn,x:(),yzlorpg¢T1,x:y:10rp2€T1,aj:1,y:

2 or x =2,y =0), and
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wt,, (((q%n),pl,x) ,a, (qén),pg,y)>) = 0 otherwise®.

We note that, since A, (resp. Bi,Cn,)® is simple, for every w € A%, all the
successful paths of A,, (resp. B1,Cpp) over w with weight # 0 have the same
weight. Again we will show that

(AL Al © 1B =
> (ewnl-llez@mll - len-1.wn-zpn - ICaps )

D1, Pn—1€P1

by proving that for every w € A the sum

Z H Z weight (PSZ) Z weight (Py)

w=wy...w 1<i<n (i) . Py, €succ(B
wl,.“,wn,lGA*”jwnA“’ Pwi Esuce(Aq) v &)
equals to

> weight(Puw, )
Puwy esucc(chl )

> 5 11 > weight(Pu;)
e <i<n—2|_
P1sPp—1€PL W=wy .- Wn lsisn-2 Pw,Esucc(Ci( o )>
Waewyy ] EA* wp AW i J(PiPit1

b weight(Puw, ;)
Puo,_q €suce(Cnp, 1

To this end, let w = apay ... € supp((||A1] - ... - [|An]]) ©||B1]|) with ag, a4, ... € A.
We fix an analysis w = wy ... Wp_1wy (W1,...,wy_1 € A%, w, € A¥), and we let
Pu(,?, for every 1 < i < n, to be a successful path of A; over w;, and P,, a successful
path of By over w. We keep the notations of the proof of Theorem 3, for the paths
PIE;? (1<i<n-—1), and we set

Pt(fi) : (q(nz , Q4 +1,q(nz ) (q(nz , G4, +2,q(nz ) ..., and

in—1+1 1 in—1+2 in—1+2 1 in—1+3

Pyt (po; ao, p1) (p1,a1,p2) - - ..

We consider the paths P,, (1 <i <n — 1) as in the proof of Theorem 3, and let

Fwn : ((QE:zl+17pin—l+1’xl> » Qi 1415 (qz(:llzl+27pin,—1+2,x2))

(n) ) . (n) .
qi"71+27pln_1+27 T2 aazw,_1+27 qi7L71+37p17,,_1+33 T3 cee
where for every j > 1 the choice of z; is done as follows. We have (z; = 0 and
(nondeterministically) xj41 = 1 if q§fil+j+1 € F,)or (zj =1and zj41 = 1if
Piy_1+j+1 ¢ Tl) or (.Ij =1 and Tj+1 = 2 if Diyy_14+j+1 € Tl) or (l‘j =2 and Tjt+1 =
0). Clearly, by definition of Cipiyas---5C the above paths are successful,

yYNpi, 410

5For every p € Pi, ||ICn,pll = | Anll ® ||Bpl|, where B, is the simple cfwBa derived by B; by
replacing the initial distribution, with the one assigning the value 1 to p and 0 to any other state.
Since, Ay, By are simple, we conclude by Proposition 8 that ||Cp,p|| is simple.

6 Abusing the definition, we call the wBa Cj,,p simple though it is not counter-free.
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and we get that weight (Rg}g) ... -weight (RE,?) -weight(P,,) = weight (?wl) :
. - weight (ﬁwn). Conversely, for fixed pi,+1,...,0i, ,+1 € P1 such that w €

supp (Hcl,pi1+1 H et ‘ Cn,pin,1+1
can determine the successful paths qu,ll), sz), ey Pl(uz), P, such that weight (le) .
o - weight (P.,) =
weight (Pé}l)) ... - weight (qujn)) - weight(P,). By Lemma 1 we conclude the
required equality.

Next, for the induction step, again for simplicity, we state our claim for m = 2.
Now, we consider, for every 1 <i < n —1 and ¢ € Q;, the simple cfwa A ) =
(Qs,ini, wt;, {gP}) and A;)q(i) = (Qs,in}, wt;, Fy) with in}(q) = 1 if ¢ = ¢?), and
in}(q) = 0 otherwise. Moreover, for every ¢ € Q,, we consider the simple cfwa
Ay g = (Qns inp, Wiy, {¢'™}) and the simple cfwBa “4/n,q<n> = (Qn,in,, wt,, Fy,)
with in/,(q) = 1 if ¢ = ¢, and in/,(¢) = 0 otherwise. Then, we get that the

) , and successful paths Py, Pyy, ..., Py, , We

Hadamard product (|| A1l -...- [A.|) © (||B1]| - ||B2]]) equals to
S (Wl Mo ) @ 1B - (|4 - 14all) @ 1821))
1<i<n
qDeQ;
and, by induction hypothesis and Theorem 3, we are done. O

10 Closing the cycle

In this section, we prove that the class of almost simple w-counter-free series is
included in the class w-ULTL (K, A) and we conclude the main result of our paper.
For this, we shall need some preliminary matter on our weighted LTL.

For every ¢ € LTL(K,A) and n > 0 we denote by (O™ the n-th repetitive

application of the O operator on ¢, i.e., O"p = O(O...(Oy)...), and hence
n times

O% = ¢. Then, for every w € A¥ we have (||O"¢l||,w) = (|||, w>,). The
external next depth exnd (p) of a formula ¢ € LTL(K, A) is defined as follows.
If ¢ = O, then exnd (p) = exnd (¢) + 1. In any other case, we let exnd (p) =
0. For instance exnd (O (O (O(O (paN2))))) = 2, and if ¢ € LTL (K, A) with
exnd (p) = 0, then exnd (O"p) = n for every n > 0. The following lemma is
concluded in a straightforward way by the definition of stLT'L (K, A) formulas.

Lemma 25. Let ¢ € stLTL (K, A). Then exnd (1)) = 0.

For every n > 0, we denote by stLTL ((,n,A) the class of all LTL (K, A)
formulas of the form /\ogjgm OFirp; with m > 0, maxo<j<m (k;j) = n, and ¢; €
stLTL (K, A) for every 0 < j <m. Welet stLTL (O, N) = U,>¢ StLTL (O, n,A).
Furthermore, for every m > 0, we let U,, to be the set of all (m + 1)-tuples of
the form ((¢o,k0), (§1,901,k1) 5+ (Ems ©m, km)) where @; € stLTL (O, k;, A\) and
& € abLTL (K, A) for every 0 <i<mand 1 <j<m,.
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Definition 12. Let T = ((¢o, ko), (£1, 01, k1) 5« -5 (Ems @m> km)) € U For every
w € A% and j > 0 we define the value (T'yw, j) € K as follows. If j < ko+...+kn,
we set (Tyw,j) = 0. Otherwise, for every ii,iz,...,im € N and 0 <1 < m we
define the sum S; = kg 4+ 11 + k1 + ...+ 4 + k; with the restriction that S, = j — 1.
Then, we let

(Twp= % (uwmnvw>- IT ( IT Okﬂ«w2ﬁ71+n>'(HW”va&,1+n)))»

i1,02,.imEN 1<1<m \0<g; <4y
Sm=j—1

Note that in case m = 0, the restriction Sy = j — 1, i.e., kg = j — 1 implies that
(Tw,j) =0 for every j > ko + 1. Therefore, if m = 0, then (T,w, j) = 0 for every
J# ko+1, and (Tw, ko + 1) = ([[oll , w).

Composition algorithm. Let 71 = ((¢o,k0),(§1, 01, k1) - (§ms Pms km)) €
Un and Tp = ((¢0710) s (917'(/)1711) Yo (9n7¢n,ln)) € U, with wO = /\ Opj Q5

0<j<h

We consider the formula o = Om A /\ O mtpitl o, in
0<j<h
stLTL (O, km + lo + 1, A). Then, if m = 0 we let

T = ((kao +lO + 1),(917¢1,l1)7--~7(9m¢mln))’

otherwise we let

T = ((8007k0)7(517¢1ak1)7"'7(§m7@7km +ZO + 1)7(917w1,ll)a"'7(6n7¢n7ln))'

Clearly T' € U,4n, and we claim that

<T7w7j> = Z ((Tlawai> ' <T23w2iaj - Z>) (1)

0<i<y

for every w € A, j > 0. Assume firstly that m = n = 0. If j # kg+1p+2, then both
sides of the above relation equal to 0. If j = ko + 1o + 2, then (T, w, j) = (Jlo]| ,w) =

(lgoll ) - (ol wsigsr) = Tk +1) - Towsimerd — o +1) =
> (T, w,i) - (Tz,ws4,5 — 1))
0<i<;

Next, assume that n # 0 or m # 0. Then, if j > ko+k1+.. . +kn+1+lo+. ..+,
we assign to (T, w, j) the sum of the products of the form

( H (H&” ’wZSzflJrjz) )

0<j1<i;
: (”QOZ” 7wZSz—1+il)

(loll ) - T

1<i<m

H , (”9h|| vw28m+1+s;ﬂ+jh)
(%ol aw25m+1) : H 0<jn <},

L<h<n '<H¢hHawzsm+1+Sﬁ4+¢)



472 Eleni Mandrali and George Rahonis

where the sum is taken over all i1,...,4m,4,...,4, € Nwith kg + i1 + k1 +... +
im kA 1+ lo+d + 4. i+, =5 —1.

On the other side, for every 0 < i < j, we get the value (71, w,4) by summing
up the products

(”‘POH aw) ’ H H (||£l|| 7w25171+jz) ’ (||80l|| >w25171+i1) (2)

1<i<m \ 0<j; <4

for every i1,...,0ym € Nwith S, = ko + 41+ k1 + ... +4m + ky, = ¢ — 1. Similarly,
we obtain the value (T, w>;,j — i) as the sum of the products

ol ws - TT { T (00l wsivsy i) - (lonllwsivsy o) | 3)

1<h<n \0<jj<i),

for every ¢},...,i,, e Nwith S/, = o+, +L+...+i,+l,=(—i)—1. Bya
straightforward calculation in the right-hand side of (1) we conclude our claim.
Finally, assume that j < ko+ k1 +...+kpn+1+1lo+...+1,. Then, (T, w,j) =0,
and for every 0 < i < j at least one of the following is true: i < kg + ... + kp,
which implies that (Th,w,i) = 0, or j — i < Iy + ... + l,,, which implies that
<T2,w2i,j — ’L> =0.

In the sequel, we recall an alternative definition for star-free languages which
does not involve the closure under complementation. For this, we shall need the
notion of bounded synchronization delay. More precisely, let £ > 0 be an integer.
A prefix-free set L C A" has bounded synchronization delay if uvw € L* implies
uv,w € L* for every u,w € A* and v € LF. The least integer & > 0 satisfying the
aforementioned property is called the synchronization delay of L.

Lemma 26. [27] A prefiz-free set of delay 0 is also of delay 1.

It is well-known (cf. for instance [27, Thm. 6.3]) that the class of star-free
languages over A is the smallest class of languages over A containing () and {a} for
every a € A, and which is closed under union, concatenation and star operation
restricted to prefix-free sets with bounded synchronization delay.

For every L, F C A% we define the infinitary language (cf. [27]) LUF = {w €
AY | w = uv where u € A*, v € F and v'v € L for each nonempty suffix v’ of u}.
It should be clear that supp (1,U1lr) = LUF, where the operation U among two
series 1, s € K ((A¥)), is defined for every w € A%, by

(TUS,U)) = Z H (7“, ij) : (S’wzi)
i>0 \0<j<i

The two subsequent lemmas are proved in [27]. Here we present a slight modification
of them and for completeness shake we state their proofs.
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Lemma 27. Let L C A" be a prefiz-free set with bounded synchronization delay
E>1. Letuec A", ve L*, and w € Y C A* such that

(i) vow € LFA%, and
(i) wvw € LFHLAY U (A“\L* A%) for every suffit v’ of u.
Then uwv € LT,

Proof. We follow the inductive proof of Lm. 6.11 (pg. 371) in [27]. The induction
is on the length of u. We let first |u| = 0, then wv = v € L?* and since ¢ ¢ L,
we have L2 C LT, Next, assume that our claim holds for |u| < n — 1 and let
|u| = n. Condition (ii) holds for ' = u, and hence we get uwow = ujug ... upp1"
with uq,ug,...,ux+1 € L and r € A“. We point out the following cases.

- The word wuy is a prefix of u. Then, u = uyq with ¢ € A*, and we get
UVW = ULU2 ... U+1T = UIGVW = ULU2 ... Uk+1T = qUW = U2...Uk1T.
Thus, we can apply the induction hypothesis to (¢, v,w). We conclude that
qu € L™, and thus uv = u;qv € LT,

- The word uv is a prefix of ujus...ug+1. Then, ujus...upp; = wor with
r € A*. Since L has delay k, and v # ¢ we obtain that uv € LT.

- We have |u| < |ui| and |ujug ... ug41| < |Juv|. Then, vy = up and wv =
ULUD . . . Up41q = UPU2 . .. Ugt+1q for some p,q € A*, which implies that v =
PuUg ... ugy1q. Since L has delay k, we have ¢ € L*. Thus, uv = ujus ... ug119
is in LT, as wanted.

O

Lemma 28. Let L C AT be a prefiz-free set with bounded synchronization delay
k>1andY C A¥. Then

(L)Y =LYU...UuL*'YUR
with R = L*A* N ((L*1 A% U (A \ LFA¥)) UL?*Y).

Proof. Again we follow the proof of Lm. 6.12 (pg. 372) in [27]. Let Z = LY U
..UL?*~1Y UR. First we prove that Z C (L") Y. Clearly, it suffices to show that
R C (L*)Y. Let 2 € R. Then z € LFA“ and z = wvw with u € A*, v € L2k
and w € Y with v/vw € LF1 A% U (A“\L* A¥) for each nonempty suffix u’ of u.
Clearly, for u/ = ¢ it holds vw € L?* A« C LFt1 A« U (A“\LFA¥). By the previous
lemma we get uv € LT, which implies that uvw € (LT)Y.

We show now the opposite inclusion. Let z € L™Y for some n > 0. If n < 2k,
then z € Z. Let now z = wow with u € L*, v € L?* and w € Y. Clearly
z € L*A“. Hence, it remains to prove that u'vw € LFY1A® U (AY\LFA¥) for
each nonempty suffix u’ of u. Equivalently, it suffices to prove that w/vw € L*¥A¥
implies v/'vw € L*t1A¥. Suppose that v/vw € LFA¥. Then v'vw = xq with x € L*
(1 <i<k)and g€ A¥. We point out the following two cases.
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- x is a proper prefix of uw'v. Let u = pu/, p € A*. Since z = pu'vw = pzxq,
there is a word s € AT such that pzrs = pu'v = wv € L*. Since x € L*, we
have s € L™. More precisely, since s # ¢, it holds s € L™, i.e., u'v = zs is in
LF+1A* and w/vw is in LFH1 A%,

- /v is a prefix of 2. Then 2 = u’vs for some s € A*. Since v € L?* there exist
v1,v9 € L* with v = vyve. We have z € L¥ and v; € L, which implies that
w'vy € L. Hence vw/vivow € LFtTA¥ and we are done.

Due to the idempotency of K, the subsequent result is a straightforward con-
clusion from the last lemma above.

Lemma 29. Let L C AT be a prefiz-free set with bounded synchronization delay
k>1andY C A%. Then

lp+ -y =1p-1y) 4+ ...+ (Aper—1 - 1y) +r
wzth T = lLkA“’ @ (lLk“HA‘”U(A“’\LkA‘“)U(le" . 1y))

Lemma 30. Let L C AT be a star-free language. Then, there exists an integer
n>0 and T; € Uy, (m; >0) for every 1 <1i <mn, such that for every w € A¥ and
.j Z 0 we have (1L7w<j) = Z <E7w7]>

1<i<n

Proof. We state the proof by induction on the structure of L. For the empty set
the tuple T' = (0,0) € U, satisfies our claim. Let L = {a} for a € A. We consider
the tuple T = (pa,0) € Uy 7. Then Sy = 0 and since Sy = j — 1 we get that
(T,w,j) = 0 for j # 1. Moreover, (T ,w,1) = 1 if w(0) = a, and (T,w,1) = 0
otherwise. Therefore (T, w, j) = (14, w<;) for every w € A“,j > 0.

Next, assume that the induction hypothesis holds for the star-free languages
Ly,Ly C AT. Then, there exist n,m,l;,hy € N, and T; € U, T} € Uy,, (1 <
i < n,1 <k < m) such that for every w € A¥,j > 0 we have (1,,w<;) =

> (Ti,w,j) and (1r,,w<;) = >, (T},w,j). Firstly, let L = L; U Ly. Then
1<i<n 1<k<m
(1p,wej) =g, + 10, wey) = >, (Ti,w, i)+ >, (T},w,j), as wanted.
1<i<n 1<k<m

Next, let L = LiLy. Then 17,7, = 11, - 17,. Forevery 1 < ¢ <mand 1 <

k < m we derive from T;, T}, the tuple T; € Uy, 44, by applying the Composition

"In fact we transform p, to the equivalent stLTL (0,0, A) formula 1 A pg.
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algorithm. Then, we get

(g, - 11, we;) = Z ((1L1,w<p) . (1L27 (’WZp)<j7p>)

0<p<j
= Z Z <Tiaw7p> ! Z <Tléaw2pa.j _p>
0<p<j \1<i<n 1<k<m

— Z | (Ts,w,p) - (Ty, wsp, j — )

- Z (T, w,p) - (Ty, wsp, j — )

for every w € A¥,j > 0.

Finally, let L be a star-free prefix-free set with bounded synchronization delay
k > 0 satisfying the induction hypothesis. By Lemma 26, it suffices to consider the
case k > 1. We will prove our claim for L*. By Lemma 29, for Y = A“, we get

1+ - 14w :(1L . 1Aw) + ...+ (1L2k—1 '1Aw)+
(1LkAw © (1Lk+1Awu(Aw\Lk:Aw)U (Lp2w - ].Aw))) .
We denote 2k simply by p. By what we have shown above, the induction hypothesis,
and same arguments with the ones used in the previous inductive step, we can prove
that for every 1 < h < p there exist an n, € N, so that the following hold. For

every 1 < i < ny, there exist an m; > 0 and a Tj,; € Uy, with (1pn,we;) =
> (Thi,w,j), for every w € A% 5 > 0.
1<i<ny
Let ¢',¢ € bLTL(K,A) with semantics 17s v, 1pk+1 40040\ Lk Aw), TESPEC-
tively. We set g = ¢’ if ¢’ € stLTL ((,0,A) and g = 1 A¢’, otherwise. Clearly, ¢’
and 1 A ¢’ are equivalent and 1 A ¢’ € stLTL(O,0,A). We fix an 1 <7 < n,, and
we denote for simplicity T}, ;, Up,, (where T),; € U,y,,) with T, U,,, respectively. Let

T= ((’l/)Oa lO) ) (Solv’l/)la ll) PR (Sﬁmﬂ/’vm lm))
and define the tuple T" € Uy, 11 by

T = ((@) 0) ) (()Za ¢07ZO) ) (901; ¢17ll) PRI ((Pm7wm7 lm)) .
Then, for every w € A¥,j > lg+ ...+ [, we have

<Tl,w,j> = Z (||¢|| 7w) ’ H (H‘ZH 7w2h) ’ <T= W>q,] — q>

0<q<g—(lo+.-.+1m) 0<h<q
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and (T",w,j) = 0 for every j < lg+ ...+ l,,. We repeat the same procedure for
every 1 <i <n, and we get the corresponding (m; + 1)-tuple 7}, ;.
Now, we show that for every w € A¥,j > 0 we have

(]-L+aw<j): Z Z <Th,iaw7j> + Z <T1/),sz7]>

1<h<p—1 \1<i<n, 1<i<n,

To this end, let w.; € LT, hence either we; € |J L' orwe; € JL" In
1<h<p-1 h>p

the first case Y (Ipn,w<;) = 1l and so ), ( > <Thvi,w,j>> = 1.

1<h<p-1 1<h<p—1 \1<i<ny,

In the latter case, Ju € L*,v € LP such that w<; = uv. Since v = <w2\u|)<|v\

and (1p»,v) = 1, by induction hypothesis, we get that > <Tp7¢,w2|u‘, \v|> =

1<i<n,

> <Tp,i,w2‘u|,j - \u|> = 1. Then, by the proof of Lemma 28, we get that for
1<i<n,

every suffix v’ of u we have vw/vws; € L*1A“ U (A \ LFA%). Hence, (||7],w) -

< IT el wsn) | - < i Walu|, J — |u\> =1 for some 1 < ¢ < n,. By this and
0<h<|u|

relation (4), we conclude that Y <Tzﬁ7i,w,j> = 1. Therefore, (1,+,w<;) =1
1<i<n,

implies . ( > <Th7i,w,j>> =lor <T;’i,w,j> =1, as required.

1<h<p—1 \1<i<n, 1<i<n,

Conversely, assume that > ( > (Th,i,whj)) =lor Y (T}, wj)=

1<h<p—1 \1<i<ny, 1<i<n,

1. If the first one is true, then Y. (1pr,w<;) = 1. Otherwise, if the latter case
1<h<p—1

holds, then there is an 1 < 7 < n,, such that <T;7i,w,j> = 1. This implies that
j>lo+ ...+ 1ln,, and by relation (4) we get

(Tp,iw, ) = > <(|<P| w) - TT U8l wen) - Ty wsq5 - q)) =1

0<q<j—(lo+..-+lm;) 0<h<gq

Therefore, (||| ,w) = 1, and for some 0 < ¢ < j — (lo + ... + Ln,) we have
(el swsrn) = (1Lk+lAwu(Aw\LkAw),w2h) = 1 for every 0 < h < ¢, and

(Tpisw>qJ —q) = (1Lp, (W>q)j_y) = 1. Weset u=w<q, and v = (w>q) ;-
Then w = uvws; and the requirements of Lemma 27 are fulfilled. We conclude

that we; =uv € L, ie., (1p+,w<;) = 1, and our proof is completed. O

Remark 1. By the above inductive proof, we get that for every star-free language
L C A" we can find a unique integer n > 0 and a unique (up to formulas’ equiva-
lence) set of tuples (1}), <, <,,, with T; € Uy, (m; > 0) for every 1 < i < n, satisfying
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Lemma 30. More interestingly, we get that > (T;,w,j) = > (T, w',j) for
1<i<n 1<i<n

every w,w’ € A“ with w<; = w’;.

Example 3. Let A = {a,b} and L = {ab}. Clearly, L is a prefix-free set with
bounded synchronization delay & = 1. Following the inductive construction of
the previous proof we get: ¢’ = pa A Opy, ¢r2ae = pa A Ops A O*pa A OPps,
pac\Lae = 7 (Pa AOpp) and @ = @240 V @aw\paw. Weset Ty = (¢',1) and Tp =
(AAY',0),(P,¢r2a+,3)) . Then, (1p+,w<;) = (T1,w, j) + (T2, w, j) for every w €
A¥, j > 0. For instance, for every w € A¥, (Th,w,j) = 1iff (j =2 and w<o = ab).
Let now w = abababu where u € A“. Then,

(Tyw,6)= Y | Uellw) - JT U8l w=5) - (lerzasl,wsi,)
i1€N 0<j1<is
0+i143=5

(eIl w) - (1@l w) - (121 w=1) - (lerzasll, w>2)
=1=(lp+,w<s)-

Similarly,

(T,w,5) = > (Uw) - [T Ul wss) - (lerzasll wsi,)
i1€N 0<j1<ia
04i1+3=4

= ('l w) - (121l , w) - (lerzasll, ws1)

= 0 = (1L+,’LU<5) .
It should be clear that the values obtained by the semantics of the formulas
@', P, 1240 that appear in the computation of (T, w, 6) do not depend on the suf-
fix u = w>¢ of w, but only on the prefix w<g. This implies that for w’ = abababu’
where v’ # u (v’ € A¥) we get that (Ty,w’,6) = (Ts,w,6). A similar observation
can be made for (Ts, w, 5).
Example 4. Let A = {a,b} and L = a™b. For every w € A“,j > 0 it holds
(1b7w<j) = <T1,w,j> and (1a+7w<j) = <T27w7j> + <T3,w,j> where T} = (pb,O),
T> = (pa,0), and T5 = ((pa,0), ((pa A OPa) V ~PasPa A Opa, 1)) . We apply the
composition algorithm to T3 and T; (resp. T» and 77 ) and derive the tuple
Ty = ((pa;0), ((Pa A OPa) V =Pas Pa A Opa A O?pp,2)) (resp. Ts = (pa A Ops, 1))
Then (1r,w<;) = (Ty,w, j) + (T5,w, j). Indeed, consider w = aabu with u € A¥.
It holds (T5,w,3) = 0 and

<T47 w, 3> =

Yo el w)- TT (Ulwa AOpa)lliwzs) - ([pa A Opa A Opol| s w2i,)

11 EN 0<j1<i1
0+41i14+2=2

= (lIpall s w) - (||pa A Opa A O?po]| , w)
=1= (1L,U)<3) ’
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ie, (1p,we3) = 1= {(Ty,w,3) + (T5,w,3), as wanted.

Proposition 9. Let L C AT be a star-free language and v € K ((A*)) a letter-step
series. Then, for every ¢ € ULTL (K, A) the infinitary series (1, ® 1) - ||p]| is
w-U LTL-definable.

Proof. Let r = 3 .4 (ks), where k, € K for every a € A We set
¢ = Vuca (ka Apg). By the previous lemma there exist an n > 0 and T, € U,
(mg > 0) for every 1 < ¢ < n, such that for every w € A%, > 0 we have

(1p,wej)= > (T,w,j). Wefixal<g<n and let us assume that
1<q<n

Tq = (((1007 kO) ’ (517 P1, kl) [ (gm(ﬂ @mqykmq)) .
We define the tuple Ty € Uy, by

Ty = (e ho) (€04 k1) s (s g i, ) )

as follows.

- If my =0, then ¢ = o A /\ Oh¢

0<h<kq

- If my > 0, then & = & A ¢ for every 1 < | < mg,. Moreover, for every

0<I1<my—1,if k # 0, then we let ¢ = ¢; A /\ O" ¢ |, otherwise
0<h<k;—1

Sp; = Q. Finally, we set Sﬁlm,q = Pmyq A /\ Oh C
0<h<km,

We show that (T}, w,j) = (Ty,w,j) - (r*,we;) for every w € A¥,j > 0. Indeed,
assume firstly that mg, = 0. Then, for every j # ko + 1 we get <Té,w,j> =
(Ty,w,j) = 0 which implies that <Té,w,j> = (T,,w,j) - (rt,we;). For j = ko +1
we have

<Té7w7k0+1> wo A /\ Ohc , W

0<h<ko

(ol w) - A O"¢fw

0<h<ko
= <Tqaw7k0 +1> : H (Z (ka)a7w(h)>
0<h<ko \a€A

= <Tq7w7k0 + 1> . (T+,W<k;0+1) .
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Next let mq > 0. For every j < ko+...4+kp, we have <T(§,w,j> = (Ty,w,j) =0,
ie., (T}, w,j) = (Ty,w,j) - (rt,we;). For every j > ko + ...+ kpy, it holds

T (g€l wss_144)
(Thwi)= Y (bl w) - H( o
21402 ,e.ny ’iquN 1<Ii<my,
Smgq=j—1

0<71<i
: (H‘P;H 7wZS[,1+il)

By definition we have

- (I#oll, w) = (leoll,w) - 1T (ryw (R)),

0<h<ko—1

- (”gll‘l ’wZSL—lJrjz) = (Hglll 7w251—1+jz) . (7‘7’11) (Slfl +jl))
for every 1 <1 <mg, and 0 < j; < i,

- (”902” 7w251—1+i1) = (||<Pl|| 7w231—1+i1) : H (T7w (Slfl +i + h))
0<h<lki—1

for every 1 <1 <m, —1, and

-

/

Prm,

035, rtimg ) = ([|omall 025, 1 tim, ) -

0<id (Ta w (S'mq—l + imq + h))

Hence
(Tgw.j)

0<51<iy
: (”(le ) wZSl,1+il)

[ (rnw)

< H (Hfl” 7wZSl—1+jl) )

(ol w) - 1}

- Z 1<

01,62, es0mg EN

Sing=i—1 0<h<Sm,
H (Hgl” ’wZSz—1+jl)
= Z (H()OOH >w) . H ( 0<71 <%y . (7"+,’U)<j)
i1,42,...,imy EN 1<I<my, . (”@l” ,w25l71+il)
Smg=j—1

= <Tq7waj> : (r+7w<j) .

Therefore, we get

(1L=w<j) ’ (r+7w<j) = <Tq7w7j> ’ (T+7w<j)
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For every 1 < ¢ < n, we define now the formula {, € ULTL (K, A) by
= i O (640 (44 O (50 (640 OF (10 (e, 1 OFe1) ).
By induction on mg, with straightforward calculations, we can show that

Ul w) = (Tgw.5) - (el ws))

7>0
for every w € A¥. Therefore, we conclude

Yo Ugllw)y | = >0 (D0 (Tgw. ) - (el ws))

1<g<n 1<g<n \j>0

S (Thw, ) - (el ws))

7>0 \1<q<n

I
]

S (1w ) | -l ws;)

0 1<g<n

((1z @r" we) - (el ws))
>0

j
(e or®) el w),

J

and our proof is completed. O

Our next result states that the almost simple w-counter-free series are w-U LTL-
definable, and in fact concludes our theory.

Theorem 5. w-asCF(K,A) Cw-ULTL(K, A).
Proof. Clearly it suffices to show that whenever A, ..., A,_1 are simple cfwa and

A, is a simple cfwBa over A and K, then ||A;| - ... || Ay| € w-ULTL(K, A). We

let r; = ||A;]|, and denote by k; the initial weight # 0 and kS the weight # 0 of the
transitions of A; (1 <14 < n) labelled by a € A. Since supp (r,,) is an w-counter-free
language it is also w-LTL-definable hence, there is formula ¢ € bLTL(K, A) with

llell = Lsupp(r,)- We let pn, =k A A (D (\/ (k((zn) /\pa>>> and we trivially

acA
get r, = ||¢nl|. By construction ¢, € ULTL(K,A). Furthermore, for every

1 <4 < n—1, the language supp (r;) \ {e} € A* is counter-free hence, star-free.
Since

rila+ = Loupp(ronfey © (k’ (ZGGA (k‘(li))a)+)

for every 1 <i <n—1, and
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Tntla+ - Tn = kno1 <(1supp(rn1)\{e} © (ZaeA (/fé"_l))af) ~rn>,

by applying Proposition 9, we get that

<1SUDP(M1)\{8} © (ZaeA (kfz"‘”) )+) -1, € w-ULTL(K, A)

which implies that there exists a ULTL (K, A) formula ¢, | such that

<1supp<m_1>\{s} © (Laea (kr(z"_l))a)+> = [l

HQDCQ, T’n—1|A+ cTn = Hkn—l A @I-l” We  let Pn—-1 = (kn—l A QOZ—l)
V ((rn_1,€) Apn) € ULTL (K, A) and we have ||¢,_1|| = rn_1-7n. Thusr,_1-7, €
w-ULTL(K,A). We proceed in the same way, and we show that r; - ... -7, €
w-ULTL(K,A), for every 1 < i <mn — 2, which concludes our proof. O

a

Now we are ready to state the coincidence of the classes of w-U LTL-definable,
w-wqFO-definable, w-star-free, and almost simple w-counter-free series. More pre-
cisely, by Theorems 1, 2, 4, and 5 we get our main result.

Theorem 6 (Main theorem).

w-ULTL (K,A) = w-wqFO(K,A) = w-SF(K, A) = w-asCF (K, A).

Conclusion

We showed the coincidence of the classes of series definable in a fragment of the
weighted LTL, series definable in a fragment of the weighted FO logic, w-star-free
series, and almost simple w-counter-free series. Our underlying semiring required
to be idempotent, zero-divisor free and totally commutative complete satisfying an
additional property. It is an open problem whether we can relax the idempotency
and/or the zero-divisor freeness property of the semiring. Our results can be proved
for series over finite words. In this case we do not need completeness axioms
anymore. As a future research we state two main directions. The first one is
the development of our theory in the probabilistic setup, i.e., to investigate the
expressive equivalence (of fragments) of probabilistic LTL, probabilistic FO logic,
probabilistic w-star-free expressions, and counter-free probabilistic Biichi automata,
where the last two concepts have not been defined yet. The latter concerns the
development of our theory in the setup of more general structures than semirings.
For instance, in [12] the authors studied weighted automata and weighted MSO
logics over valuation monoids which capture operations that play an important
role in practical applications.
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