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Commutative Positive Varieties of Languages*
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Abstract

We study the commutative positive varieties of languages closed under
various operations: shuffle, renaming and product over one-letter alphabets.

Most monoids considered in this paper are finite. In particular, we use the term
variety of monoids for variety of finite monoids. Similarly, all languages considered
in this paper are regular languages and hence their syntactic monoid is finite.

1 Introduction

Eilenberg’s variety theorem [12] and its ordered version [17] provide a convenient
setting for studying classes of regular languages. It states that positive varieties of
languages are in one-to-one correspondence with varieties of finite ordered monoids.

There is a large literature on operations on regular languages. For instance,
the closure of [positive] varieties of languages under various operations has been
extensively studied: Kleene star [16], concatenation product [7, 19, 25], renaming
[1, 4, 8, 23, 26] and shuffle [6, 10, 14]. The ultimate goal would be the complete
classification of the positive varieties of languages closed under these operations.
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The first step in this direction is to understand the commutative case, which is the
goal of this paper.

We first show in Theorem 5.1 that every commutative positive ld-variety of
languages is a positive variety of languages. This means that if a class of commu-
tative languages is closed under Boolean operations and under inverses of length-
decreasing morphisms then it is also closed under inverses of morphisms. This
result has a curious application in weak arithmetic, stated in Proposition 5.4.

Next we study two operations on languages, shuffle and renaming. These two
operations are closely related to the so-called power operator on monoids, which
associates with each monoid the monoid of its subsets. In its ordered version,
it associates with each ordered monoid the ordered monoid of its downsets. We
give four equivalent conditions characterizing the commutative positive varieties of
languages closed under shuffle (Proposition 6.1) or under renaming (Proposition
6.2).

In order to keep the paper self-contained, prerequisites are presented in some
detail in Section 2. Inequalities form the topic of Section 3. We start with their
formal definitions, describe their various interpretations and establish some of their
properties. General results on renaming are given in Section 4 and more specific
results on commutative varieties are proposed in Section 5, including our previously
mentioned result on [d-varieties. Our characterizations of the positive varieties of
languages closed under shuffle or renaming form the meat of Section 6 and are
illustrated by three examples in Section 7. Finally, a few research directions are
suggested in Section 8.

2 Prerequisites

In this section, we briefly recall the following notions: lattices and (positive) vari-
eties of languages, syntactic ordered monoids, varieties of ordered monoids, stamps,
downset monoids, free profinite monoids.

2.1 Languages

Let A be a finite alphabet. Let [u] be the commutative closure of a word wu,
that is, the set of words commutatively equivalent to u. For instance, [aab] =
{aab, aba,baa}. A language L is commutative if, for every word u € L, [u] is
contained in L.

A lattice of languages is a set L of regular languages of A* containing () and A*
and closed under finite union and finite intersection. It is closed under quotients if,
for each L € £ and u € A*, the languages = 'L and Lu~?! are also in L.

The shuffle product (or simply shuffle) of two languages L; and L, over A is
the language

LiwL, ={we A" | w = uyv; - - - u,v, for some words uy,...,u,

Uiy ...,0, of A* such that u; ---u, € Ly and v ---v, € Ly}
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The shuffle product defines a commutative and associative operation on the set of
languages over A.

A renaming or length-preserving morphism is a morphism ¢ from A* into B*,
such that, for each word u, the words v and ¢(u) have the same length. It is
equivalent to require that, for each letter a, p(a) is also a letter, that is, p(A4) C B.
Similarly, a morphism is length-decreasing if the image of each letter is either a
letter or the empty word.

A class of languages is a correspondence C which associates with each alphabet
A a set C(A*) of regular languages of A*.

A positive variety of languages is a class of regular languages )V such that:

(1) for every alphabet A, V(A*) is a lattice of languages closed under quotients,

(2) if ¢ : A* — B* is a morphism, L € V(B*) implies p~1(L) € V(4%).
A wariety of languages is a positive variety V such that each lattice V(A*) is closed
under complement. We shall also use two slight variations of these notions. A
positive ld-variety [Ip-variety] of languages [13, 19] is a class of regular languages
V satisfying (1) and

(2") if p : A* — B* is a length-decreasing [length-preserving] morphism, then

L € V(B*) implies ¢~ (L) € V(A*).

2.2 Syntactic ordered monoids

An ordered monoid is a monoid M equipped with a partial order < compatible
with the product on M: for all z,y,z € M, if x < y then zx < zy and zz < yz.

The ordered syntactic monoid of a language was first introduced by Schiitzen-
berger in [24, p. 10]. Let L be a language of A*. The syntactic preorder of L is
the relation <; defined on A* by u <, v if, for every z,y € A*, zuy € L implies
zvy € L. When the language L is clear from the context, we may write < instead
of <. As is standard in preorder notation, we write u < v to mean that u < v
holds but v < u does not.

For instance, let A = {a}. If L = a + a3, then a® <, a, but if L = a + a3a*,
then a <, a®.

The associated equivalence relation ~ , defined by u ~; vifu <; vand v <, u,
is the syntactic congruence of L and the quotient monoid M (L) = A*/~ is the
syntactic monoid of L. The natural morphism 7 : A* — A*/~} is the syntactic
stamp of L. The syntactic image of L is the set P = n(L).

The syntactic order < is defined on M(L) as follows: u < v if and only if
for all x,y € M, zuy € P implies xvy € P. The partial order < is compatible
with multiplication and the resulting ordered monoid (M, <) is called the ordered
syntactic monoid of L.

Example 2.1. Let L be the language 1 + a. The syntactic monoid of L is the
commutative monoid {1, a,0} satisfying a? = 0. The syntactic order is 0 < a < 1.
Indeed, one has a < 1 since, for each r > 0, the condition a"a € L implies a” € L.
Similarly, one has 0 < a since, for each r > 0, the condition a"a? € L implies
a"a € L. However, 1 £ a and a £ 0 since a € L but a® ¢ L.
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Example 2.2. Let L be the language a +a®a*. The syntactic monoid of L may be
identified with the commutative monoid {0,1,...,6} equipped with the operation
zy = min{z + y,6}. In particular, 0 and 6 are the unique idempotents. The
syntactic order is represented as follows (a path from ¢ to j means that i < j):

For instance, one has 1 < 6 since, for each r > 0, the condition aa” € L implies
a%a”™ € L. Similarly, one has 0 < 5 since, for each r > 0, the condition a” € L
implies a®a” € L. But 1 £ 5 since a € L but a® ¢ L.

Example 2.3. Let L be the language a + (a® + a*)(a”)*. Its minimal automaton
is represented below.

The syntactic monoid of L is the monoid presented by (a | a® = a?). The syntatic
order is the equality relation.

2.3 Stamps

Monoids and ordered monoids are used to recognise languages, but there is a slightly
more restricted notion. A stamp is a surjective monoid morphism ¢ : A* — M from
a finitely generated free monoid A* onto a finite monoid M. If M is an ordered
monoid, ¢ is called an ordered stamp.

The restricted direct product of two [ordered] stamps ¢, : A* — M; and ¢, :
A* — M, is the stamp ¢ with domain A* defined by ¢(a) = (p1(a), pa(a)) (see
Figure 1). The image of ¢ is an [ordered] submonoid of the [ordered] monoid
My x M,.
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Figure 1: The restricted direct product of two stamps.

Recall that an upset of an ordered set E is a subset U of E such that the conditions
x € Uand x < y imply y € U. A language L of A* is recognised by a stamp
@ : A* — M if there exists a subset P of M such that L = ¢~!(P). It is recognised
by an ordered stamp ¢ : A* — M if there exists an upset U of M such that
L=¢ YU).

It is easy to see that if two languages Ly and L; of A* are recognised by the
[ordered] stamps ¢y and ¢, respectively, then Ly N L; and Ly U L; are both
recognised by the restricted product of ¢, and ¢;.

2.4 Varieties

Varieties of languages and their avatars all admit an algebraic characterization.
We first describe the corresponding algebraic objects and summarize the corre-
spondence results at the end of this section. See [18] for more details.

[Positive] varieties of languages correspond to varieties of [ordered] monoids. A
variety of monoids is a class of monoids closed under taking submonoids, quotients
and finite direct products. Varieties of ordered monoids are defined analogously.

The description of the algebraic objects corresponding to positive Ip- and Ild-
varieties of languages is more complex and relies on the notion of stamp defined in
Section 2.3. An [p-morphism from a stamp ¢ : A* — M to a stamp ¢ : B* — N is
a pair (f,a), where f : A* — B* is length-preserving, o : M — N is a morphism
of [ordered] monoids, and ¢ o f = a0 ¢.

f

A* B*

v

M —%. N

P

The Ip-morphism (f, &) is an Ip-projection if f is surjective. It is an Ip-inclusion if
« is injective.

An [ordered] lp-variety of stamps is a class of [ordered] stamps closed under
Ip-projections, Ip-inclusions and finite restricted direct products. [Ordered] ld-
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varieties of stamps are defined in the same way, just by replacing Ip by Id and
length-preserving by length-decreasing everywhere in the definition.

Here are the announced correspondence results. Eilenberg’s variety theorem [12]
and its ordered counterpart [17] give a bijective correspondence between varieties
of [ordered] monoids and positive varieties of languages. Let V be a variety of finite
[ordered] monoids and, for each alphabet A, let V(A*) be the set of all languages
of A* whose [ordered] syntactic monoid is in V. Then V is a [positive] variety of
languages. Furthermore, the correspondence V. — V is a bijection between varieties
of [ordered] monoids and [positive| varieties of languages.

There is a similar correspondence for Ip-varieties of [ordered] stamps [13, 27].
Let V be an Ip-variety of [ordered] stamps. For each alphabet A, let V(A*) be
the set of all languages of A* whose [ordered] syntactic stamp is in V. Then V
is a [positive] Ip-variety of languages. Furthermore, the correspondence V.— V
is a bijection between Ip-varieties of [ordered] stamps and [positive] Ip-varieties of
languages.

Finally, there is a similar statement for ld-varieties of [ordered] stamps.

2.5 Downset monoids

Let (M, <) be an ordered monoid. A downset of M is a subset F' of M such that if
z € F and y < x then y € F. The product of two downsets X and Y is the downset

XY = {z € M | there exist x € X and y € Y such that z < a2y}

This operation makes the set of nonempty downsets of M a monoid, denoted by
PH(M) and called the downset monoid of M. Its identity element is | 1. If one also
considers the empty set, one gets a monoid with zero, denoted 733 (M), in which the
empty set is the zero. For instance, if M is the trivial monoid, 7)3 (M) is isomorphic
to the ordered monoid {0, 1}, consisting of an identity 1 and a zero 0, ordered by
0 < 1. This monoid will be denoted by U}.

The monoids P&(M) and PH(M) are closely related. First, P+(M) is a sub-
monoid of ’Pé(M). Secondly, as shown in [10, Proposition 5.1, p. 452], ’P&(M) is
isomorphic to a quotient monoid of PH(M) x Uy,

The monoids PH(M) and Pg(M) are naturally ordered by inclusion, denoted
by <. Note that X <Y if and only if, for each = € X, there exists y € Y such that
T <Yy.

Given a variety of ordered monoids V, let P*V [P%V] denote the variety of
ordered monoids generated by the monoids of the form PH(M) [P}(M)], where
M € V. The operator P+ was intensively studied in [4]. In particular, it is known
that both P+ and P% are idempotent operators.

The hereinabove relation between 733 (M) and P+(M) can be extended to vari-
eties as follows. Let SI¥ be the variety of ordered monoids generated by Uf. Itisa
well-known fact that SI¥ = [ry = yx,x = 22, 2 < 1]. Moreover, the equality

PV =PV vSI (1)
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holds for any variety of ordered monoids V.

2.6 Free profinite monoid

We refer the reader to [1, 2, 3, 28] for detailed information on profinite completions
and we just recall here a few useful facts. Let d be the profinite metric on the
free monoid A*. We let A* denote the completion of the metric space (A*,d). The
product on A* is uniformly continuous and hence has a unique continuous extension
to A*. It follows that A* is a compact monoid, called the free profinite monoid on
A. Furthermore, every stamp ¢ : A* — M admits a unique continuous extension
@ A* — M. Similarly, every morphism f : A* — B* admits a unique continuous
extension f : A* — B*. In the sequel, L denotes the closure in A* of a subset L of
A*.

The length of a word u is denoted by |u|. The length map u — |u| defines a
morphism from A* to the additive semigroup N. If A = {a}, this morphism is
actually an isomorphism, which maps a™ to n. In other words, (N, +,0) is the free
monoid with a single generator. We let N denote the profinite completion of N,
which is of course isomorphic to a*. .

This allows one to define the length |u| of an element u of A* simply by ex-
tending by continuity the length map defined on A*. The length map is actually a
morphism, that is, |1| = 0 and |uv| = |u| + |v] for all u,v € A*.

3 Inequalities and identities

The inequalities [equalities] occurring in this paper are of the form u < v [u = v],
where u and v are both in A* for some alphabet A. In an ordered context, u = v
is often viewed as a shortcut for u < v and v < u.

However, these inequalities are interpreted in several different contexts, which
may confuse the reader. Let us clarify matters by giving precise definitions for each
case.

3.1 Inequalities

Ordered monoids. Let M be an ordered monoid, let X be an alphabet and let
u,v € X*. Then M satisfies the inequality u < v if, for each morphism ¢ : X* — M,
Y(u) < P(v).

This is the formal definition but in practice, it is easier to think of u and v
as terms in which one substitutes each symbol x € X for an element of M. For
instance, M satisfies the inequality zy~ ! < z¥y if, for all z,y € M, zy*T! < z¥y.

Varieties of ordered monoids. Let V be a variety of ordered monoids, let X
be an alphabet and let u,v € X*. Then V satisfies an inequality v < v if each
ordered monoid of V satisfies the inequality. In this context, equalities of the form
u = v are often called identities.
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It is proved in [20] that any variety of ordered monoids may be defined by a
(possibly infinite) set of such inequalities. This result extends to the ordered case
the classical result of Reiterman [22] and Banaschewski [5]: any variety of monoids
may be defined by a (possibly infinite) set of identities.

The case of [p-varieties and /d-varieties of ordered stamps. Let V be an Ip-
variety [ld-variety] of ordered stamps, let X be an alphabet and let u,v € X*. Then
V satisfies the inequality u < v if, for each stamp ¢ : A* — M of V and for every
length-preserving [length-decreasing) morphism f: X* — A%, o(f ( ) < p(f ( ).

The difficulty is to interpret correctly f ( ). If f is length-preserving, f(u) is
obtained by replacing each symbol z € X by a letter of A. For instance, an Ip-
variety V satisfies the inequality xy“*! < 2%y if, for each stamp ¢ : A* — M of V
and for all letters a,b € A, $(ab*™') < $(a*b).

It is proved in [15, 19] that any ordered Ip-variety of stamps may be defined by
a (possibly infinite) set of such inequalities.

If f is length-decreasing, this is even more tricky. Then f(u) is obtained by
replacing each symbol x € X by either a letter of A or by the empty word. For
instance, an ld-variety V satisfies the inequality zy“t! < a¥y if, for each stamp
¢ A* = M of V and for all letters a,b € A, $(ab*™t) < @(a*b), P(b*T1) < H(b)
and @(a) < §(a”).

It is proved in [15, 19] that any ordered ld-variety of stamps may be defined by
a (possibly infinite) set of such inequalities.

We will also need the following elementary result. Recall that a variety of [ordered]
monoids is aperiodic if it satisfies the identity 2% = x**1,

Proposition 3.1. Let V be an aperiodic variety of ordered monoids. Then, for
each o € N, 'V satisfies the identity a* = x¥z.

Proof. Let o € N. Then a = lim,, . k,, for some sequence (k,,),>o of nonegative
integers. Since V is aperiodic, it satisfies the identity 2“+*» = z¢ for all n, and
hence it also satisfies the identity xz“x® = z*. O

4 Renaming

In this section, we give some general results on renaming.
Since any map may be written as the composition of an injective map with a
surjective map, one gets immediately:

Lemma 4.1. A class of languages is closed under renaming if and only if it is
closed under injective and surjective renamings.

The next two results give a simple description of the positive Ip-varieties [Id-
varieties] of languages closed under injective renaming;:

Proposition 4.1. The following conditions are equivalent for a positive Ip-variety
of languages V:
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(1) V is closed under injective renaming,
(2) for each alphabet A and each nonempty set B C A, B* belongs to V(A*),
(3) for each alphabet A and each set B C A, B* belongs to V(A*).

Proof. (1) implies (3). Suppose that V is closed under injective renaming. Let B
be a subset of an alphabet A. Since B* € V(B*) and since the embedding of B*
into A* is an injective renaming, one also has B* € V(A*).

(3) implies (2) is trivial.

(2) implies (3). We have to show that for any alphabet A, {1} € V(A*). First
assume that A has at least two elements. If A = B; U B, is a partition of A into
two disjoint nonempty sets By and B,, then both B} and B3 are in V(A*), so that
{1} = Bf N Bj is also in V(A*). Now consider a one-letter alphabet a and the
two-letter alphabet {a,b}. The inclusion h : a* — {a,b}* is length preserving and
thus {1} = h=1({1}) is in V(a*). Finally, the result is trivial if A is empty.

(3) implies (1). Suppose that, for each alphabet A and nonempty set B C
A, B* € V(A*). Let h : B* — A* be an injective renaming. Then there is a
renaming f : A* — B* such that f o h is the identity function on B*. Since for
any L C B*, h(L) = f~Y(L) N (h(B))*, we conclude that h(L) € V(A*) whenever
LeV(BY). O

Proposition 4.2. An ld-variety V is closed under injective renaming if and only
if for each one-letter alphabet a, {1} belongs to V(a*).

Proof. Since each [d-variety is an [p-variety, Proposition 4.1 shows that V is closed
under injective renaming if and only if, for each alphabet A and each subset B of
A, B* belongs to V(A*). In particular, if V is closed under injective renaming, then
{1} belongs to V(a*).

Suppose now that V(a*) contains {1}. Let A be any alphabet and let B be a
subset of A. The morphism h : A* — a* that maps each element of B to 1 and
all elements of A\ B to a is length-decreasing. Since V is an Id-variety and {1}
belongs to V(a*), h=1({1}) also belongs to V(a*). But B* = h=1({1}), and hence
V(A*) contains B* as required. O

Let V be a variety of ordered monoids and let V be the corresponding positive
variety of languages. A description of the positive variety of languages correspond-
ing to PV was given by Poldk [21, Theorem 4.2] and by Cano and Pin [9] and
[10, Proposition 6.3]. The following stronger version! was given in [8]. For each
alphabet A, let us denote by AV(A*) [A'V(A*)] the set of all languages of A* of the
form @(K), where ¢ is a [surjective] renaming from B* to A*, B is an arbitrary
finite alphabet, and K is a language of V(B*).

Theorem 4.1. The class AV [A'V)] is a positive variety of languages and the cor-
responding variety of ordered monoids is P(l)V [P+V].

Corollary 4.1. A positive variety of languages V is closed under [surjective] re-
naming if and only if V = P(l)V [V =P+V].

I'We warn the reader that a different notation was used in [8].
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5 Commutative varieties

A stamp ¢ : A* — M is said to be commutative if M is commutative. An [d-variety
is commutative if all its stamps are commutative. A stamp ¢ : A* — M is called
monogenic if A is a singleton alphabet.

Proposition 5.1. Every commutative ld-variety of [ordered] stamps is generated
by its monogenic [ordered] stamps.

Proof. We first give the proof in the unordered case. Let V be a commutative
ld-variety of stamps and let ¢ : A* — M be a stamp of V. For each a € A, denote
by M, the submonoid of M generated by ¢(a) and let v, : A* — M, be the stamp
defined by 7, (a) = p(a) and 7,(c) = 1 for ¢ # a. Let W be the ld-variety of stamps
generated by the stamps ~,, for a € A. We claim that V.="W.

Let 7, : A* — A* be the length-decreasing morphism defined by 7,(a) = a and
mq(c) = 1 for ¢ # a. Denoting by ¢, the natural embedding from M, into M, one
gets the following commutative diagram:

ﬂ—a
A A*
%l lw
M, = M

Therefore (7, ¢,) is an ld-inclusion and each stamp 7, belongs to V. Thus W C V.

The restricted product v of the stamps v, also belongs to W. Note that ~
is a surjective morphism from A* onto [],.4 M,. Moreover, the function «a :
[I,ca M, — M which maps each family (m,),ec4 onto the product [],. 4, m, is a
surjective morphism. Since a oy = ¢, the stamp ¢ belongs to W. Thus V C W.
This proves the claim and the proposition.

In the ordered case, each M, is an ordered submonoid of M and thus each ~, is
an ordered stamp. Since ¢, clearly preserves the order, the same argument shows
that each 7, is in 'V and thus W C V. For the reverse inclusion, one basically
needs to observe that [],., M, is equipped with the product order, and that the
map « preserves the order, since M is an ordered monoid. [l

A similar but simpler proof would give the following result:

Proposition 5.2. Every commutative variety of [ordered] monoids is generated by
its monogenic [ordered] monoids.

Proposition 5.1 has an interesting consequence in terms of languages. Equiva-
lently, a language is commutative if its syntactic monoid is commutative.

Corollary 5.1. Let V; and V, be two positive ld-varieties of commutative lan-
guages. Then V; CV, if and only if Vi (a*) C Vy(a*).
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Corollary 5.1 shows that a positive commutative [d-variety of languages is en-
tirely determined by its languages on a one-letter alphabet. Here is a more explicit
version of this result.

Proposition 5.3. Let V be a commutative positive ld-variety of languages. Then
for each alphabet A = {aq,...,a,}, V(A*) consists of all finite unions of languages
of the form Ly w -+ w L where, for 1 <i<k, L; € V(a}).

Proof. Let A ={ay,...,a;} be an alphabet. Let W(A*) consist of all finite unions
of languages of the form L; w --- w Lj where, for 1 < i < k, L; € V(a}). Let us
first prove a lemma.

Lemma 5.1. The class W is a commutative positive ld-variety of languages.

Proof. By construction, every language of W is commutative. Furthermore, W(A*)

is closed under union. To prove that W(A*) is closed under intersection, it suffices

to show that the intersection of any two languages L = L{w -+ w Ly, and L' =
fwee-w Ly with Ly, L) € V(a)) is in W(A*). We claim that

LNL =(LyNLY)w - w(LyNLy) (2)

Let R be the right hand side of (2). The inclusion R € L N L’ is clear. Moreover,

ifue LNL, then u € (a* w -+ way*) N (@ way*), with a;* € L; and
a;* € L} for 1 < i < k. This forces n; = n} and hence u € R, which proves the
claim.

Let us prove that W(A*) is closed under quotient by any word u. Setting

n; = |u|a for 1 < i < k, it suffices to observe that
N (Lyw - wLy) = (af) T Ly - wi(agt) TN,

Finally, let o : B* — A* be a length-decreasing morphism. It is proved in [6,
Proposition 1.1] that

Ozil(Llu_l I_I_IL]C):Oéil(Ll)I_I_I LuOéil(Lk) (3)

It follows that W is closed under inverses of [d-morphisms, which concludes the
proof. [l

Let us now come back to the proof of Proposition 5.3. Since W is a commutative
positive ld-variety by Lemma 5.1, it suffices to prove, by Proposition 5.1, that
V(a*) = W(a*) for each one-letter alphabet a. But this follows from the definition
of W. O

Proposition 5.3 has an interesting consequence.

Theorem 5.1. Every commutative positive ld-variety of languages is a positive
variety of languages.
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Proof. Let V be a commutative positive [d-variety of languages and let W be the
positive variety of languages generated by V. We claim that V = W. Since V is
contained in W, Corollary 5.1 shows that it suffices to prove that W(a*) C V(a*)
for each one-letter alphabet a. Since inverses of morphisms commute with Boolean
operations and quotients, it suffices to prove that if ¢ : a* — A* is a morphism and
L € V(A*), then p~1(L) € V(a*).

Let ¢(a) = ay - - - ay, where aq, ..., a; are letters of A. Setting C = {cy,..., ¢},
where ¢y, ..., ¢, are distinct letters, one may write ¢ as ao 8 where 8 : a* — C* is
defined by B(a) = ¢; -+ - ¢ and o : C* — A* is defined by a(¢;) = a; for 1 < i < k.

!
ot —CF— A"

~_ 7

P

Since « is length-preserving, the language K = o~ (L) belongs to V(C*). It follows
by Proposition 5.3 that K is a finite union of languages of the form L, w --- w Ly
where, for 1 < i < k, L; € V(¢f). Let, for 1 < i < k, B; be the unique length
preserving morphism from a* to ¢}, defined by §;(a”) = ¢f. We claim that

BN Lyw e wLy) = BN (L) - B (Ly) (4)

Let R be the right hand side of (4). If a" € R, then B;(a") € L;. Therefore
¢] € L; and since B(a”) = (¢y---¢)", B(a”) € Lyw -+~ w L. Thus R is a subset
of ﬂfl(Ll [EERER LuLk).

If now a” € YLy w -+ wLy), then B(a”) € ¢{* wi -+ wic,* with ¢™ € L; for
1 < i< k. Butsince 8(a") = (¢;---¢;)", one has ny = --- = ny, = r and hence
i € L;. Therefore a” € 3;'(L;) for all i and thus a” belongs R. This proves (4).

Since L; € V(c}) and §; is length-preserving, 8; '(L;) € V(a*). As K is a finite
union of languages of the form L; w -+ w Ly, Formula (4) shows that 371(K) €
V(a*). Finally, since ¢ = a o 3, one gets ¢ (L) = B~ (a (L)) = B7HK).
Therefore p~1(L) € V(a*), which concludes the proof. O

Theorem 5.1 has a curious interpretation on the set of natural numbers, men-
tioned in [11]. Setting, for each subset L of N and each positive integer k,

L-1={neN|n+1€lL}
L+k={neN|knelL}

one gets the following result:

Proposition 5.4. Let L be a lattice of finite subsets® of N such that if L € L, then
L —1€ L. Then for each positive integer k, L € L implies L +~k € L.

21t also works for a lattice of regular subsets of N.
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6 Operations on commutative languages

In this section, we compare the expressive power of three operations on commutative
languages: product, shuffle and renaming.

6.1 Shuflle

Let us say that a positive variety of languages V is closed under product over one-
letter alphabets if, for each one-letter alphabet a, V(a*) is closed under product.
Commutative positive varieties closed under shuffle may be described in various
ways.

Proposition 6.1. Let V be a commutative positive variety of languages and let
V be the corresponding variety of ordered monoids. The following conditions are
equivalent:

(1) V is closed under surjective renaming,

(2) V is closed under shuffle product,
(3) V is closed under product over one-letter alphabets,
(4) V=P\V.

Proof. (1) implies (2). Let B = A x {0,1} and let my, m; and 7 be the three
morphisms from B* to A* defined for all a € A by

mo(a,0) =a m1(a,0) =1 7(a,0) =a

mo(a,1) =1 m(a,1) =a m(a,1) =a

Let Ly and L, be two languages of A*. Since 7 is a surjective renaming, the
formula Lo Ly = m(my ' (Lo) Ny *(Ly)) shows that every positive variety closed
under surjective renaming is closed under shuffle product.

(2) implies (3) is trivial since on a one-letter alphabet, shuffle product and
product are the same.

(3) implies (1). Let m : A* — B* be a surjective renaming. For each b € B,
let v, : b* — a* be the renaming which maps b onto a. Let L be a language of
V(A*). By Proposition 5.3, L is a finite union of languages of the form wi,¢c L,
where L, € V(a*) for each a € A. For each b € B, let

K= ] ')

acm—1(b)

If V(a*) is closed under product for each one-letter alphabet a, then K belongs
to V(b*). Finally, the formula (L) = wyecp K}, shows that 7(L) belongs to V(B*).
Therefore V is closed under surjective renaming.

Finally, the equivalence of (1) and (4) follows from Corollary 4.1. O
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6.2 Renaming

Let us say that a positive variety of languages contains {1} if, for every alphabet
A, V(A*) contains the language {1}. The following result is a slight variation on
Proposition 6.1.

Proposition 6.2. Let V be a commutative positive variety of languages and let
V be the corresponding variety of ordered monoids. The following conditions are
equivalent:

(1) V is closed under renaming,
(2)
3)
(4) V is closed under product over one-letter alphabets and contains {1},
(5)

5) V=P§V.

V is closed under surjective renaming and contains {1},

V is closed under shuffle product and contains {1},

Proof. The equivalence of (2)—(4) follows directly from Proposition 6.1. If (2)
holds, then V is closed under injective renaming by Proposition 4.2 and hence is
closed under renaming by Lemma 4.1. Thus (2) implies (1).

To show that (1) implies (2), it suffices to show that if V is closed under renaming
then it contains {1}. Let A = {a,b} and let 7 : A* — A* be the renaming defined
by m(a) = w(b) = a. Since A* € V(A*) and 7(A*) = a*, one has a* € V(4*). A
similar argument would show that b* € V(A*) and thus the language {1}, which
is the intersection of a* and b* also belongs to V(A*). Consider now an alphabet
B and the morphism « from B* to A* defined by a(c) = a for each ¢ € B. Then
a~t({1}) = {1} and thus V contains {1}.

Finally, the equivalence of (1) and (5) follows from Corollary 4.1. O

7 Three examples

In this section, we study the positive varieties of languages generated by the lan-
guages of Examples 2.1, 2.2 and 2.3.

7.1 The language 1+ a

Let L be the language 1 + a, let M be its ordered syntactic monoid and let V be
the smallest commutative positive variety such that V(a*) contains L. Let V be
the variety of finite ordered monoids corresponding to V.

Since a positive variety of languages is closed under quotients, V(a*) contains
the language a='L = 1. It follows that V(a*) contains 4 languages: 0, 1, 1+ a and
a*. We claim that

V=[zy=yzx,x <1 andx2<x3ﬂ.

First, the two inequalities z < 1 and 22 < 22 hold in M. Furthermore, the
inequality < 1 implies the inequalities of the form zP < z? with p > ¢ and the
inequality 22 < 3 implies all the inequalities of the form z? < z¢ with 2 < p < q.
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The only other nontrivial inequalities that V could possibly satisfy are 1 < z? for
q>0orx < x?for g > 1. However, M does not satisfy any of these inequalities.

Let V' be the closure of V under shuffle, or equivalently, under product over
one-letter alphabets. Then V'(a*) contains the empty language, the language a*
and all languages of the form (14 a)™ with n > 0. By Theorem 4.1 and Proposition
6.1, V' corresponds to the variety of ordered monoids P+V. We claim that

PYV =[xy = yr and z < 1].

Indeed, the ordered syntactic monoids of the languages of V' (a*) all satisty xy = yx
and z < 1. Conversely, if the ordered syntactic monoid of a language K of a*
satisfies © < 1, then 2™ <x 1 for every n > 0, and K is closed under taking
subwords. If K is infinite, this forces K = a*. If K is finite, it is necessarily of the
form (1 + a)™ with n > 0. In both cases, K belongs to V'(a*).

Finally, let W be the variety of ordered monoids corresponding to the closure
of V under renaming. Since U; € P¥V, Theorem 4.1 and Formula (1) show that

W =P}V =P'VVSIt=P'V = [zy = yz and = < 1].

7.2 The language a + a®a*

Let L be the language a + a®a*, let M be its ordered syntactic monoid and let V
be the smallest commutative positive variety such that V(a*) contains L. Let V
be the variety of finite ordered monoids corresponding to V.

Since a positive variety of languages is closed under quotients, V(a*) contains
the language ¢ 'L = 14 a°a* and the language L Na~'L = aba*. It also contains
the quotients of this language, which are the languages a’a*, for j < 6. Taking the
union with L, a=!L or both, one finally concludes that V(a*) contains 20 languages:
0, a’a* for 0 < i <6, 1+a’a* for 1 <i<5,a+a‘a* for 3 <i<6andl+a+ala*
for 3 <7< 5.

We claim that

V =[xy =yz,1 < 2° 2% <2325 = 27].

Indeed, all defining inequalities hold in M. Since z% = 27, the other possible
inequalities satisfied by M are equivalent to an inequality of the form x? < x?
with p < ¢ < 6. For p = 0, the only inequalities of this form satisfied by M are
1 <a?and1 < 2% but 1 < 2% is a consequence of 1 < 25 and 22 < 23 since
1 < 2® = 2322 < 2323 = 28, For p = 1, the only inequality of this form satisfied
by M is x < %, which is a consequence of 1 < 2°. Finally, the inequality 22 < 3
implies 2P < 29 for 2 < p < ¢ < 6.

Let V' be the closure of ¥ under shuffle, or equivalently, under product over one-
letter alphabets. We claim that V’(a*) consists of the empty set and the languages
of the form

a"(F +a°a*) (5)
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where n > 0 and F is a subset of (1 + a)*. First of all, the languages of the form
(5) and the empty set form a lattice closed under product, since if 0 < n < m and
F and G are subsets of (1 4 a)?, then

a™(F +a°a*) + a™(G + a°a*) = a"(F + a™ "G + a’a*)
a™(F +a°a*) Na™(G + a°a*) = am(((amfn)fl(F +a°a*)) NG) + a5a*>
a™(F 4 a°a*)a™(G + a°a*) = a" ™™ (FG + a°a*)

Since V' (a*) is closed under finite unions, it just remains to prove that the languages
of the form a™(a* +a°a*), with n > 0 and 0 < k < 4 all belong to V'(a*). But since
the languages a + a%a* and 1+ a® *a* are in V(a*), this follows from the formula

a"(a* +d°a*) = (a+ a®a*)"t*(1 + a®Fa¥)

By Theorem 4.1 and Proposition 6.1, V' corresponds to the variety of ordered
monoids PYV. We claim that

P¢V:[[xy:yxand1<$”f0r5<n<9]].

Indeed, the ordered syntactic monoid of any of the languages of the form (5) satisfies
all inequalities of the form 1 < z™ for n > 5, but the syntactic ordered monoid of
1+ a?a* does not satisfy any inequality of the form 2P < x9 with p > q. Moreover,
the only inequalities that are not an immediate consequence of an inequality of the
form 1 < 2™ with 5 < n < 9 are the inequalities 2 < 2/ with 0 < j —4 < 4.
But none of these inequalities are satisfied by the ordered syntactic monoid of
a‘(1+ a®a®).

Finally, Theorem 4.1 and Formula (1) show that the variety of ordered monoids
corresponding to the closure of V under renaming is

P,V =PV VSl
:[[acy:yxand1<x”for5<n<9ﬂ\/[[xy:yx,x2:x,xgl]].

We claim that PéV = W, where

W =[zy =yz and z < 2" for 6 <n < 10].

First, the inequality < 2™ is a consequence both of the inequality 1 < 2"~ ! and

of the equation z = z2. It follows that PgV C W. To establish the opposite
inclusion, it suffices to establish the claim that any inequality of the form xP < x4
satisfied by both P+V and SI*is also satisfied by W. If p = 0, then the inequality
becomes 1 < z? and it is not satisfied by Sl*since 1 ¢ 0 in Uli. Moreover, for p > 0,
the only inequalities of the form zP < 27 that are not an immediate consequence
of an inequality of the form z < 2™ with 6 < n < 10 are the inequalities 2P < x4
with 0 < ¢ —p < 4. But we already observed that the ordered syntactic monoid of
aP(1 + a®a*) belongs to P¥V but does not satisfy any of these inequalities, which
proves the claim.
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7.3 The language a + (a® + a*)(a")*

Let L be the language a + (a® + a*)(a”)*, let M be its ordered syntactic monoid
and let V be smallest commutative positive variety such that V(a*) contains L. Let
V be the variety of finite ordered monoids corresponding to V. One has

(@)7'L =1+ (a®+ a®)(a”)* (a 2)*1L: (a+a?)(a")*
(@)L= (1+a)(a") (a* = (1+a°(d")*

(@°)7'L = (a® + a®)(a")* (a ) 1L (a* +a®)(a")*
(@)L = (a® +a")(a")" (a® = (a® +a’)(a")*

The set of final states of the minimal automaton of L is {1,3,4}. The quotients of
L are recognised by the same automaton by taking a different set of final states as
indicated below

(a)7'L = {0,2,3} (@®)7'L — {1,2,8}
(a®)7'L - {0,1,7,8} (a®)™'L - {0,6,7}
(a®)'L — {5,6} (a®) 'L — {4,5}
(@)L — {3,4} (a®) 'L — {2,3}
Observing that
{0} ={0,2,3} n{0,6,7} {1} ={1,3,4} n{1,2,8}
{2} ={0,2,3} N {1,2,8} {3} = {1,3,4} n {0,2,3}
{4} = {3,4} n{4,5} {5} ={4,5} n{5,6}
{6} = {5,6}n{0,6,7} {0,7} = {0,6,7} N {0,1,7,8}

{1,8} ={1,2,8} n{0,1,7,8}

it follows that a language belongs to the lattice of languages generated by the
quotients of L if and only if it is accepted by the minimal automaton of L equipped
with a set F' of final states satisfying the two conditions

7¢eF = 0€F and 86 F = 1€F (6)

Now, the complement of a set F' satisfying (6) also satisfies (6). It follows that the
lattice of languages generated by the quotients of L is actually a Boolean algebra
and consequently, V is a variety of languages. It also follows that

V = [zy = yz,2? = 2].

Moreover, since U; = {0,1} belongs to V, it follows that PV = P,V. By |16,
Théoreme 2.14], PV is the variety of all commutative monoids whose groups satisfy
the identity 7 = 1. Therefore

V =[xy = yx,z* = 2¥T7].

The closure of V under shuffle, or equivalently, under product over one-letter al-
phabets, and the closure of V under renaming both correspond to the variety of
monoids PV.
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8 Conclusion

We gave an algebraic characterization of the commutative positive varieties of lan-
guages closed under shuffle product, renaming or product over one-letter alphabets,
but several questions might be worth a further study.

First, each commutative variety of ordered monoids can be described by the
equality zy = yx and by a set of inequalities in one variable, like ¥ < 9 or more
generally 2® < z? with o, 8 € N. It would then be interesting to compare these
varieties. We just mention a few results of this flavour, which may help in finding
bases of inequalities for commutative positive varieties of languages.

Proposition 8.1. The variety [y = yx,x < "] is contained in the variety
[vy = yz,x < 2™ if and only if n divides m.

Proof. Suppose that n divides m, that is, m = kn for some k > 0. If x < "1, then
r < 2™ and by induction, z < 2z*" = ra™ = 2™+, Thus [zy = yz,r < 2" is
contained in the variety [zy = yz,r < 2™ F1].

Suppose now that [ry = yx,z < 2"t!'] is contained in the variety [zy =
yx,z < 2™T1]. Then the ordered syntactic monoid of a(a™)* satisfies the inequality
x < 2"! and thus it also satisfies the inequality = < 2™ %!, Since a € a(a™)*, this
means in particular that ¢ € a(a™)* and thus that n divides m. O

In fact, a more general result holds. For each set of natural numbers S, let
Vg =[zy=yz,z <z"' foralln e S].

Let (S) denote the additive submonoid of N generated by S. It is a well-known fact
that any additive subsemigroup of N is finitely generated and consequently, there
exists a finite set of natural numbers Fg such that (S) = (Fg).

Proposition 8.2. The variety Vg satisfies the inequality x < 2™+ if and only if
m belongs to (S).

Proof. Let T be the set of all natural numbers n such that V g satisfies the inequality
x < 2™ First observe that T is an additive submonoid of N. Indeed, if Vg
satisfies the inequalities z < xz™ and x < za™, then it satisfies x < zax™ <
(zz™)z™ = T+ Now T contains S by definition and thus also (S). It follows
that if m belongs to (S), then Vg satisfies the inequality z < 2™*1.

Suppose now that Vg satisfies the inequality z < 2! and let

Ls={a™! |ne (S)}.
Since (S) = (Fg), one has
LS = a{as | S € Fs}*

and thus Lg is a regular language.

We claim that the ordered syntactic monoid M of Lg satisfies an inequality of
the form x < z"*! if and only if n € (S). Suppose first that M satisfies z < 2" *1.
Then the property a € Lg implies a" ™! € Lg and hence n € (S).
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Conversely, let n € (S). We need to prove that M satisfies the inequality
x < ™1, or equivalently, that a* <. (a*)"*! for all k > 0. But for each r > 0,
the condition a"a* € Lg implies r+k—1 € (S). Since r+k(n+1)—1 = r+k—1+kn,
one gets r+k(n+1)—1 € (S) and hence a”(a*)"*! € Lg as required. This concludes
the proof of the claim.

In particular, since M satisfies all the inequalities z < 2" forn € S, M
belongs to Vg and thus also satisfies the inequality z < 2™*!, which finally implies
that m belongs to (S). O

Corollary 8.1. Let S and T be two sets of natural numbers. Then Vg = Vp if and
only if (S)y = (T).

It would also be interesting to have a systematic approach to treat examples similar
to those given in Section 7. That is, find an algorithm which takes as input a
monogenic ordered monoid M and outputs a set of inequalities defining respectively
V, PYV and PéV7 where V is the variety of ordered monoids generated by M.
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