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Abstract

We consider offline sensing unranked top-down tree automata in which
the state transitions are computed by bimachines. We give a polynomial time
algorithm for minimizing such tree automata when they are state-separated.
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1 Introduction

Minimization algorithms are necessary for the practical application of tree au-
tomata. Over ranked trees, Bjorklund and Cleophas [1] presented a taxonomy
of algorithms for minimizing deterministic bottom-up tree automata, and Gécseg
and Steinby [5] minimized deterministic top-down tree automata.

XML data or XML documents can be adequately represented by finite labeled
unranked trees, where unranked means that nodes can have arbitrarily many chil-
dren. This XML setting motivated the development of a theory of unranked tree
automata, both bottom-up and top-down computing were studied [2, 10]. Bottom-
up and top-down unranked tree automata have the same recognizing power [3].
Researchers usually abstract XML schema languages as Extended Document Type
Definitions (EDTDs for short) instead of tree automata. Minimizing unranked tree
automata or EDTDs is of both theoretical and practical importance [7].

In the case of bottom-up computing, Martens and Niehren [7] compared several
notions of bottom-up determinism for unranked tree automata, minimized various
types of deterministic bottom-up unranked tree automata, and showed that the
minimization problem is NP-complete for bottom-up unranked tree automata in
which the string languages in the transition functions are represented by determin-
istic finite state automata. For the size of deterministic bottom-up unranked tree
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automata, Salomaa and Piao [11] presented upper and lower bounds for the union
and intersection operations, and an upper bound for tree concatenation. They [12]
presented a lower bound for the size blow-up of determinizing a nondeterministic
unranked tree automaton.

For deterministic top-down unranked tree automata a blind version and a sens-
ing version with two variants were introduced. The first variant is the online one,
the state of a child depends on the state and the label of its parent and the labels
of its left-siblings. Hence the child states are assigned when processing the child
string in one pass from left to right. Online deterministic top-down unranked tree
automata have been investigated in the context of XML schema languages, they
were called as restrained competition EDTDs [9]. The second variant is the offline
one, it first reads the complete child string and only then assigns states to all chil-
dren. The blind, online, and offline sensing deterministic top-down unranked tree
automata are increasingly more powerful, and all of them are less powerful than
nondeterministic top-down unranked tree automata [8].

Minimization runs in nondeterministic polynomial time for deterministic blind
top-down unranked tree automata, but the precise complexity is unknown, and
runs in polynomial time for deterministic online sensing top-down unranked tree
automata. Martens et al. [8] minimized deterministic offline sensing top-down
unranked tree automata, where an unambiguous nondeterministic finite state au-
tomaton, associated with the state of the parent, reads the complete child string
and assigns to each child the state it enters having read the child’s label. They [8]
reduced the minimization problem for unambiguous nondeterministic finite state
automata, shown to be NP-complete by Jiang and Ravikumar [6], into the mini-
mization for deterministic offline sensing top-down unranked tree automata, hence
the minimization is NP-complete for deterministic offline sensing top-down un-
ranked tree automata.

Cristau et al. [4] gave an equivalent formalism for deterministic offline sensing
top-down unranked tree automata in terms of bimachines, from now on we refer to
this notion simply as a deterministic top-down tree automaton (DTTA for short).
A bimachine associated with the state of the parent assigns states to all children
during the transition. Its two semi-automaton components read the child string
from left-to-right and right-to-left, respectively, and its output function computes
the state of a child depending on the label of the node and the states of the two
semi-automata. Cristau et al. [4] noted that restrained competition EDTDs can
be seen as a restricted version of the DTTAs. Martens and Niehren [7] minimized
single-type and restrained completion EDTDs in polynomial time.

We minimize the size of a DTTA by minimizing the number of its states and the
number of the states of the bimachines associated with its states. A state of a DTTA
is an (-state if it accepts the empty tree language. A DTTA is state-separated if
each transition yields a sequence of (-states or a sequence of non ()-states. We show
that it is decidable if a DTTA is state-separated. As the main result of our paper,
we give a polynomial time minimizing algorithm for state-separated DTTAs. We
will measure time as the number of elementary steps, assuming that each such step
takes a constant time. The core of our algorithm is twofold. Following the ideas of
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[5], we compute the connected part of the DTTA, find the equivalent states, and
then collapse them into a single state, which is their equivalence class. Then we do
similar minimization steps for the semi-automaton components of the bimachines
associated with the DTTA states. We compute the connected parts of the semi-
automata, find the equivalent semi-automaton states, and then collapse them into
a single state, which is their equivalence class. Here two states of either of the
semi-automata are equivalent if they yield the same output along all computations
on any input word starting from them and any state of the other semi-automaton
of the bimachine.

In Section 2, we present a brief review of the notions and notations used in the
paper. In Section 3, we recall the concept of a bimachine, then study and minimize
bimachines. In Section 4, we recall the concept of a DTTA. Then we present our
minimization algorithm for state-separated DTTAs, and show the correctness of
our algorithm.

2 Preliminaries

We denote by N the set of positive integers.

The cardinality of a set A is written as |A|. The composition of two mappings
f:A— Bandg: B — Cis the mapping fog : A — C defined by fog(a) = g(f(a))
for every a € A.

A (binary) relation p over a set A is a subset p C A x A. For (a,b) € p we
write apb. We denote the reflexive and transitive closure of p by p*. Let p be an
equivalence relation (i.e., a reflexive, symmetric, and transitive relation) over A.
For every a € A, we denote by a/p the equivalence class which contains a, i.e.,
a/p={be A| apb}. Moreover, for every B C A we define B/p = {a/p | a € B}.
Hence A/p is the set of all equivalence classes determined by p.

For a set X we denote by X* the set of all finite words over X. The empty
word is denoted by e. For every x € X*, we denote by |z| and 2~! the length and
the reversal of x, respectively, and define them in the usual way.

A tree domain is a non-empty, finite, and prefix-closed subset D of N* satisfying
the following condition: if i € D for x € N* and ¢ € N, then xj € D for all j with
1<j<i

Let X be an alphabet, i.e., a finite and non-empty set of symbols. An unranked
tree over X (or just a tree) is a mapping £ : dom(§) — X, where dom(¢) is a tree
domain. The elements of dom(&) are called the nodes of £. For every x € dom(§)
we call the element £(z) of ¥ the label of the node x and the number rke(z) =
max{i € N | zi € dom(§)} the rank of the node x in £. The root of & is £(¢). If
xi € dom(&) for some z € dom(§) and i € N, then we call xi the successor of z. As
usual, a node of ¢ without successors is called a leaf of £. The height height(&) of
¢ is defined by height(§) = max{|z| | x € dom(&) }. We denote by T the set of all
trees over X.

Furthermore, let &,& € T, and & € dom(§). The subtree £, of & at position
x is defined by dom(¢|;) = {y € N* | ay € dom(§)} and &|,(y) = &(zy) for all
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y € dom(&|,). Moreover, we denote by £[x + £'] the tree which is obtained from &
by “replacing £|, by &7, i.e. defined by

dom(¢[z + ¢']) = (dom(§) \ {zy [y € N"}) U {ay | y € dom(¢)}

and
ne — J €z if z € (dom(§) \{xy [y € N*})
lz + &(2) = { &(y) if z = xy for some ;zz// Eydom(g’)}.

If the root of € is labeled by a and the root has k successors at which the direct
subtrees &1, ..., & are rooted, then we write £ = a(&y ... &k).

Throughout the paper ¥ and ' denote arbitrary alphabets.

3 Bimachines

In this section we recall the concept of a bimachine, and establish a pumping lemma
for bimachines and give a polynomial time algorithm for minimizing a bimachine.

3.1 General concepts

A semi-automaton is a quadruple S = (5, %, 50, d), where S is a finite set (states),
Y is an alphabet (input alphabet), sg € S (initial state), and § : S x X — S is a
mapping (transition mapping). Let s € S be a state and w = ay...ax € X* an input
word. The s-run of S on w is the sequence ty ...ty of states such that ty) = s and
t; = 0(ti—1,a;) for all 1 < i < k. We denote the state ¢ also by sws or by sw if
S is clear from the context. The sp-run of S on w is called the run of S on w. A
state s € S is reachable (in S) if there is a w € X* such that s = spw. The set
of all reachable states is S¢ = {sow | w € £*}. Moreover, the connected part of S
is the semi-automaton S¢ = (5, %, s, 6°), where 6°(s,a) = 0(s,a) for each s € S°
and a € ¥. (Note that d(s,a) € S°.) We call S connected if S = S. Obviously, &¢
is connected. The following result is well-known.

Proposition 1. There is a polynomial time algorithm which constructs S¢ for a
given S.

Proof. The standard algorithm runs in O(]S]?|%]|) time. O

A congruence of S is an equivalence relation p over S such that spt implies
d(s,a)pd(t,a) for every s,t € S and a € X. The factor semi-automaton of S de-
termined by a congruence p is the semi-automaton S/p = (S/p, %, s0/p,d,), where
dp(s/p,a) =6(s,a)/p for all s € S and a € X.

Let T = (T,%,10,6') be a semi-automaton. A mapping ¢ : S — T is a homo-
morphism from S to T if

® ¢(s0) = to and,

e p(d(s,a)) =8 (p(s),a) for every s € S and a € 3.
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Figure 1: Visualization of the definition of the mapping |B| (s~ s-)

For a homomorphism ¢ from S to T, we have p(sws) = p(s)wr. If ¢ is a surjective
homomorphism, then 7 is a homomorphic image of S. If, in addition, ¢ is a
bijection, then we say that S and T are isomorphic and write S = T.

A bimachine is a system B = (3X,I,87,87, f), where ¥ and T' are alpha-
bets (input and output), S~ = (S7,%,s5,07) and S« = (57, %, s5,0) are semi-
automata, and f: S” x ¥ x S — T is a mapping (output function).

For every s € S7 and s € S, we define the mapping

I1Bl(s~,s-y : ¥ =T

as follows. Let |B] - s-)(¢) =¢. Forevery k > 1 and w = a;...a, € ¥*, we let
IBl(s~,s-)(w) = by ... by, where by, ... b, € I' are obtained as follows. Let

o i3ty ...t _4t; be the s”-run of S~ on a; ... ayg,

o {5ty ...ty _t;; the s7-run of S on the reversed input ay...a1, and

o let by = f(t;7 1, ai,t;,_;) for 1 <i <k, see Fig. 1.
We call |B| (s> ss) the mapping computed by B and denote it by |B3].

Throughout the paper, B and B' will denote the bimachines
e B=(XT,8,8,f), with semi-automata S~ = (57,%,s5,07)
and 8 = (S,%,s5,07) and
o B = (1,77, T, f) with semi-automata T~ = (T, %, t5,7”)
and TC = (T, 5,t5,77),

respectively.

The bimachines B and B’ are equivalent if |B| = |B’|. Next we prove a pumping
lemma for bimachines.

Lemma 1. There is an integer N > 0 such that for every € ¥* with |z| > N
and |B|(z) =y, there are z1, 22,23 € ¥* and y1, Y2, ys € I'* such that

T = 112273 and y = y1y2ys3,

|z;] = |y;| for 1 < i <3,

0 < |x2| = |y2] < N, and

18| (z125x3) = y1y5ys for every n > 0.
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Proof. Let N = |S7||S||X|. Moreover, let = a;...ar € ¥* be an input string
with a1,...,ar € ¥ and k > N and |B|(z) = y. Let

® 5587 ...5._15; be therun of S~ on a; ... ag,

® 5557 ...5; 15, therun of S~ on ay...a1, and

o let b, = f(s;7q,a4,s;_;) for 1 <i<k.
Then y = by ...bg. Since k > N, there are 1 < ¢ < j < k such that

(37—1v Qi, S;—i) = (5;—17(13'; 8;_]')~

We may assume w.lo.g. that the triples in the sequence (s;,ai+1,S5_;_1)---
(871, a5, 55, j) are pairwise different. Then we define

Tr1 =ay...a;, T2 = Qi1 ---Ay, and T3 = Aj41 -0k,

and decompose y into y1,y2, and ys accordingly. By standard arguments we can
show that these decompositions of x and y satisfy the requirements of the lemma.
O

Let s € S7, 57 € §7, and z,y € ¥*. It should be clear that

1Bl (s~ ,s=)(xy) = I1Bl (s~ 5=y (@) Bl (s~ 2,5-) (%)

We will use this fact later in the paper.

Let s € S~ and s € S*. The pair (s, s") is reachable (in B) if there is a
string * = ay ...a € X* with runs

® 5587 ...5. 15, of ST ona...a; and

® 5557 ...5;, 15, of ST onag...a;
such that (s~,s) = (s;74,s,_;) for some 1 < ¢ < k. We note that (s~,s7) is
reachable in B if and only if s™ is reachable in S~ and s is reachable in S°.

The connected part of B is the bimachine B¢ = (X,T",87¢,87¢, f¢), where:

e 57¢ and §7¢ are the connected parts of S™ and S, respectively,

o f(s7,a,87) = f(s7,a,s7) for every s7 € S7¢ s~ € S and a € X.
It is obvious that B¢ is equivalent to 5. We call B connected if B¢ = B. We note
that B is connected if both S~ and S are connected. Hence B¢ is connected. By
Proposition 1 we have the following result.

Proposition 2. There is a polynomial time algorithm which constructs B¢ for a
given B.

Proof. We compute §7¢ and S§7¢. Thus, by Proposition 1, the algorithm runs in
O((|S72 + |S7))|X|) time. O

A congruence p of B is a pair (p~, p), where

e p~ and p“~ are congruences of the semi-automata S~ and S, respectively,
and

e forall s7,t7 € 57, s7,t“ € S ,and a € X, if s7p~t~ and s p~t~, then
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For a congruence p = (p~, p7) of B, we define the factor bimachine of B determined
by p to be

B/p = (Ea F? S_}/pqv Sh/phv fp)a
where f,(s”/p”,a,5"/p7) = f(s7,a,s7) for all s7 € S7,57 € 7, and a € X.

A pair ¢ = (p7,p7) of mappings ¢~ : S7 — T~ and ¢~ : S© —» T is a
homomorphism from B to B’ if ¢~ and ¢ are homomorphisms from S~ to 7~
and 8 to T, respectively, and in addition f(s7,a,s7) = f'(¢~(s7),a,97(s7))
for every s7 € S7, s” € S, and a € ¥. If ¢ is a homomorphism and both ¢~
and ¢ are surjective, then B’ is a homomorphic image of B. If both ¢~ and ¢~
are bijections, then we say that B and B’ are isomorphic and write B = B'.

Lemma 2. If there is a homomorphism ¢ = (¢~,») from B to B’, then

”B"(sﬂ,s“) = HB/"(SO”(S”)%PH(Sk))
for every s~ € S~ and s~ € S<. In particular, |B| = |B'|.

Proof. For every s~ € S7 and s= € S7, |[B|i-s)(6) = e and
1Bl (5,0 (s () = &

Let £ > 1 and w = a1...ax € ¥*. Then |B| - s-)(w) = by...b, where
b1, ...,b, are obtained as follows. Let

o gty ...t _4t; be the s”-run of S~ on a; ... ay,

o tyty ...t,_1t; be the s™-run of S on the reversed input ay ...a1, and

o b, = f(t;q,ai,ty,_;) for 1 <i <k, see Fig. 1.
Then

o o (ty)p (7). (t_1)e~ (ty) is the ¢~ (s7)-run of 7~ on ay ...ay, and

o o (t5 ) (7). (t_1)e (tr) is the ¢~ (s7)-run of 7 on the reversed

input ay ...a;.

As ¢ is a homomorphism, b; = f'(¢7(t;7 1), ai, ¢ (t;_,;)) for 1 < i < k. Hence
"B/”(go”(sﬁ),gp*(s“))(w) :blbk O

By the corresponding definitions we have the following result.

Lemma 3. If there is a surjective homomorphism ¢ from B to B', then |T,”| < |S’|
and |T,7| < |S;].

Lemma 4. If p is a congruence of B, then B/p is a homomorphic image of 5.

Proof. Tt is easy to check that the mapping ¢~ : S~ — S~ /p~ defined by ¢~ (s7) =
s7/p~ is a surjective homomorphism from S~ to §7/p~. Also, the mapping
pT 87 — 57 /p° defined analogously is a surjective homomorphism from S
to 8T /p*. O

Lemma 5. Let p = (p~, p*) be a congruence of the bimachine B. Then
”B”(Sﬂask) = "B/p”(sﬂ/pﬁ,s*/p“)

for all s7 € S~ and s € S*. In particular, |B| = |B/p|.

Proof. Tt follows from Lemmas 2 and 4. [
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3.2 Minimization of bimachines

The bimachine B is called minimal if |S7| < |T7| and |S<| < |T“| for any bima-
chine B’ which is equivalent to B.

We introduce the relation pz € S~ x S~ as follows: for all s7,¢t~ € S, we have
s7pgt™ if [B](s~,s-) = [Blt~,s-) for all s7 € <. Analogously, we define pyz C
S x S such that for all s=,t7 € S, we have s~ pgt~ if B (s~ o) = |B| (s~ +-)
for all s™ € S~. Moreover, let pg = (pg, P5)-

Lemma 6. The relations pgz and pj; are congruences of the semi-automata S~ and
S, respectively. Moreover, pg is a congruence of B.

Proof. We show that pg is a congruence of S~. Obviously, p;z is an equivalence re-
lation. Now let s7,¢7,u”,v” € 87, and a € ¥ such that s7pgt~, v~ =07(s7,a),
and v~ =67 (t7,a). Moreover, let w € ¥* and s~ € S~. Then we have

1Bll(s~ sy (aw) = f(s7,a,t7)[B](u- s-)(w), and
1Bl sy (aw) = f({E, a,t7)[ Bl w5 (w),

where ¢t~ = s“w~! in S. Since the left-hand side of both equalities are the same,
we obtain |B|,-~ s-y(w) = |By~,s-)(w), which proves that u~pgzv~.
Analogously, we can show that py is a congruence of the semi-automata S*.
Finally, let s7,t~ € §7,s7,t~ € 57, and a € ¥ such that s”pzt~ and s~ pgt*.
Then
1Bl (s~ ,s-) = 1Bl sy = Bl ¢-)-
In particular, |B| (s~ s-)(a) = [B| - ) (a), ie., f(s7,a,57) = f(t~,a,t7). Hence,
pB is a congruence of B. O

Let us recall that B/pg = (X,1,87 /pg, S /pg; fos)-
A bimachine B is called reduced if both pz and pj are the identity relation. It
is easy to check that B/pp is reduced.

Lemma 7. Assume that B and B’ are connected and reduced. Then
IB] = |B'| if and only if B B'.
Proof. Assume that |B| = |B’|. Let us define the relation ¢~ C S~ x T as follows:
o = sy tga) | v € ).

The domain of ¢~ is S~ because B is connected. First we show by contradic-
tion that ¢~ is a mapping. For this, we assume that there are x,y € ¥* such
that sgx = sgy and tgz # tgy. Since B’ is reduced, there are u,z € X*
such that |B'| ¢y 2,652 (W) # 1Bt y,t52)(u). Consequently, "B/”(tgm,tg)(uzil) #
||B’||(t5y’tg)(uz_1). On the other hand, by |B| = |5'|,

||B||(sg,s;;)($uz_1) = ||B’H(ta,t5)(xuz_1) and

1Blsg i) (uz™") = 1B Nug ) (yuz™").
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Thus

HB||(S{)'1,SE)‘)(UZ_1) = "B/”(to“m,to“)(uz_l) and
HB”(sgy.,sg)(UZ_l) = "B/“(tgy,tg)(uz_l)'

Hence |B|(sz 55y (uz™") # \|B||(33y736—)(uz*1), which is a contradiction by our as-
sumption sy = s5'y.

By interchanging the role of B and B’, we obtain that ¢~ is injective. Moreover,
it is obvious that ¢~ is surjective.

We can also show that ¢~ is a homomorphism. For this, let x € ¥* and a € X.
Then we have

P67 (sgw,a)) = 97 (sgwa) = tgwa =77 (tyw,a) =77 (¢ (s0'2), ).

Thus S~ and 7~ are isomorphic.

Analogously, we can define the relation ¢~ and show that it is an isomorphism
between S~ and 7 <. Finally, we show that the pair ¢ = (¢, ¢*) is an isomorphism
between B and B’. For this, let 2,y € ¥* and a € ¥.. Then

1Bl (zay™) = |B'|(zay ™).
By the corresponding definition this means that f(syz,a,sqy) = f'(tgx, a,ty).
With this we have proved that B = B’. The proof of the other implication is
trivial. O
Lemma 8. Assume that B and B’ are connected. Then

Bl = |B'] if and only if B/ps = B'/pss.

Proof. It B/pp = B'/pp/, then by Lemma 5 we obtain |B| = |B/|.

Next assume that |B| = |B’|. Again, by Lemma 5 we obtain |B/ps| = |B'/ps|.
Moreover, both B/pp and B’/pp: are connected and reduced. Hence, by Lemma 7,
B/ps = B'/pp. O

Theorem 1. If the bimachine B is connected, then B/pg is minimal.

Proof. Let us assume that B is connected and that |B| = |B|. By Lemma 4,
B'/pp: is a homomorphic image of B'. By Lemma 8, B/pg =2 B'/pp:. Hence B/pg
is also a homomorphic image of B’. O

In the rest of this section we give an algorithm which computes pgz, i.e., pz and
pi- First we deal with pj.

For every ¢ > 1, we define the relation p;” C S~ x 57, by induction as follows.
For all s7,t7 € §7,

(i) let s7p7t™ if for all @ € ¥ and s~ € S, we have f(s7,a,87) = f(t7,a,s7),
and
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(ii) for each @ > 1, let s p;7  t™ if s7p;t™ and 67 (s7,a)p; 07 (7, a) for each
a€X.

Obviously, we have
Py 2py 2

and thus there is an integer ¢ > 1 such that p;” = p7} ;.

For the rest of this section, let ig be the least integer such that p;, =
Pior1- We will show that p;) = pg.

Claim 1. p; ;= pj 0 ="""-

Proof. We prove by contradiction that p;” = p;; implies p;,;, = p;’ 5 for every
i > 1. For this we assume that p;” = p;,; and p;,; D p; o for some i > 1. Then
there exist two states s7,t7 € S~ such that s7p;, 17 but s7p;’ 5t~ does not hold.
This means that there exists a symbol a € ¥ such that 07 (s7,a)p; 7,67 (t7,a)
does not hold. As p;” = pj’ |, we obtain that 6~ (s™,a)p; 0~ (t”,a) does not hold
either. Hence s7p;, ¢~ does not hold either. This contradicts our assumption

Pi = Pt O

Claim 2. Foralll > 1,s57,t7 € §7,if s7p;"t”, then for each s~ € S~ and w € ¥*
with [w| = [, we have |B| (s~ s-)(w) = [B| - s)(w)-

Proof. We proceed by induction on [. If [ = 1, then w = a for some a € ¥ and
hence ”B"(s*,s“)(w) = f(sﬂva’ SH) = f(tﬁvav SH) = "B”(t",s“)(w)'

Now assume that the claim holds for I > 1. Let w = av € £* such that |v| =1
(that is, |w| = I+ 1). Then, by the definition of p;’,, we have f(s~,a,s"v™") =
f(t7,a,s7v™ 1) and (s”a)p;(t”a). From this, by the induction hypothesis,
1B~ aer) (0) = Bl a0 (0) for all 5= € $°. Thus

”B”(S*,Sﬂ(w) = f(s_)7aa SHU_I)HBH(sﬁa,S“)(U) =
f(tﬂ7 a, Skvil)"BH(t"a,s‘_)(U) = ||B||(t'>,s")(w)

for all s~ € S<. O
Claim 3. p;; C pjz.

Proof. Assume that s~ p;’t”. Observe that |B| (s~ s-)(¢) = € = | B~ s-)(€). Let
w € ¥* with |w| = 1 > 1 be arbitrary. By the definition of iy and Claim 1,
pi < p;’- Consequently, we also have s7p;"t™, from which we obtain by Claim 2
that | B (s~ s-)(w) = |B] ¢~ s-)(w). Hence s~ pgt~. O

Claim 4. p;’ 2 pg.

Proof. 1t suffices to show that, for all s7,t~ € S7, if for each s~ € S~ we have
I1Bl(s~,s-) = 1Bl sy, then s7p;’t™ for all i > 1.

We proceed by induction on i. Let ¢ = 1 and a € X. By our assumption,
f(s71a,57) = 1Bl(s- s-y(@) = 1Bl o (@) = f(t",a,5). Consequently, s~ py't".
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Now assume that the claim holds for ¢ > 1, i.e., s7p;t”. Let s~ € ST, a € X
and v € £* be arbitrary. Then f(s7,a,5 v ") B](s=a,5-)(v) = [Bl (s~ s-)(av) =
Bl wr(av) = F(t a5 0" D|Blonsey(v).  Hence f(sa,s-v-') =
f@t,a,57v7Y) and |B|(s~a,s-)(v) = [Bl(t=a,s-)(v). From the latter, we have
I1Bl(s~a,s=) = |Bl(t~a,s-), thus by the induction hypothesis, (s~a)p;"(t”a). Then,
by the definition of p;? |, we obtain s7p;7 ;27 holds as well. O

Lemma 9. We have p;’ = pg.
Proof. 1t follows from Claims 3 and 4. O
Analogously, we can define a decreasing sequence
pr 2py 2

of relations over S such that pz = p;  for the least integer i with p; = p; ..
Hence we can conclude the following.

Proposition 3. There is a polynomial time algorithm which constructs the mini-
mal bimachine which is equivalent to B.

Proof. By Proposition 2 we compute the connected part B¢ of B in polynomial
time. So assume that B is connected. We compute p;z as follows. We compute p;’
in O(|S~|?|2||S<|) time and, for every 1 < i < ig, we compute p;” in O(]S~[?|L]?)
time. Since igp < [S7[, we compute p;; in O(|S7[*|E]?) time. Analogously, we
compute py in polynomial time. O]

4 Deterministic top-down tree automata and their
minimization

In this section first we recall the concept of a deterministic top-down tree automaton
(DTTA for short) from [4]. Then we give a polynomial time algorithm minimizing a
state-separated DTTA. The size of a DTTA is the sum of the sizes of the bimachines
associated with its states, hence we minimize it by minimizing the number of its
states and the number of the states of the bimachines associated with its states.

4.1 Basic concepts

A deterministic top-down tree automaton (DTTA for short) is a system

A= (Q.% fin,(By |4 € Q). F),

where
e () is a finite set (states),
e ¥ is an alphabet (input alphabet),
e fin : X — Q is the initial function,
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e B, =(%,Q,8;,S;, fy) is a bimachine for every ¢ € @ with semi-automata
S, =(87,%,5,0,0,) and S = (S, %, 55,0, ), and
o [ C Q (final states).
Let £ € Ty, and g € Q. A g-run of A on £ is a mapping r : dom(§) — @ such
that () = ¢ and for each node x € dom(§) with k > 0 successors z1,22,...,zk,
we have

r(@1)r(22) - r(wk) = |Bwl (§(21) - - (k).

Note that for each £ € Ty, and q € @Q, there is exactly one g-run of A on £. This
g-run r is accepting if it assigns to each leaf a final state, that is, r(z) € F for every
x € dom(€) which is a leaf. The tree language L(A,q) accepted by A in q consists
of all trees £ such that the ¢g-run of A on £ is accepting. The fi,(£(¢))-run of A on
¢ is called the run of A on £ and the tree language L(A) accepted by A consists of
all trees £ such that the run of A on £ is accepting.

Two DTTA A and A’ are equivalent if L(A) = L(A’).

Remark 1. We note that the root £(¢) of £ does not play any role in (accepting)
g-runs on &. Hence if £ € L(A,q), then ¢ € L(A,q) for each tree £’ obtained by
replacing the root of £ with an arbitrary a € X.

A state ¢ € Q is called a (-state if L(A,q) = 0. We write Q = Q1 U Q., where
Q. is the set of all (-states and Q4 = Q \ Q.. Note that FF C Q.

Lemma 10. The set Q) is effectively computable.

Proof. We define a sequence Qq, @1, ... of sets of states by the following algorithm:
(i) Let Qo = F and i = 0.
(i) Let Qit1 = QiU{qe Q| 3(z € ¥7) : [Byf(z) € Q7 }.
(iii) If Qi+1 = Qq, then stop, otherwise i := ¢ + 1 and goto (ii).
First we note that for every ¢ > 0 and ¢ € () we can decide whether there is an
x € ¥* with |B,|(z) € QF. In fact, it suffices to check if |By|(z) € QF for input
strings « with |z| < Ny, where N, is the number provided by Lemma 1 for the
bimachine B,. Hence Q;41 in step (ii) can be computed.
By standard arguments, we can prove the following statements:
e there is an ¢ > 0 such that Q;41 = Q;,
o if Qiy1 = @y, then Qi4; = Q; for every j > 1, and
¢ if Qi1 =Q; thenV(g€Q): (¢ € Q; — I €Tx): € L(Aq)).
Altogether we obtain that the algorithm terminates with ;11 = @; and in this
case Q4 = Q. O

Next we introduce the concept of a connected DTTA. For this we define the
binary relation — 4 over @) as follows: for every q,q" € @Q, we have ¢ —_4 ¢’ if there
are k > 1, ay...a, € X* such that |By|(a1...ax) = ¢1...qx and ¢’ = ¢; for some
1 < i < k. For every q € @, we define

T,={de€Qlqg—=4%d}

The DTTA Ais connected if, for every ¢ € Q, we have fi,(a) =% ¢ for some a € X.
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Proposition 4. There is a polynomial time algorithm which computes 7, for a
given state g € Q.

Proof. By Proposition 2 we may assume that B, is connected for every p € Q.
(i) Let To = {q} and i = 0.
(ii) Let

Tipa=TU {fp(sqvaﬂgh) |
acYandI(peT;):s” €8, ,s° €S}

(iii) If T;41 = T, then stop, otherwise let i := 4 + 1 and goto (ii).
It is an exercise to show that 711 = T; for some ¢ > 0 and for this ¢ we have T, = T;.
The algorithm runs in O(|Q|N~[X|N7) time, where N~ = max{|S| | p € Q} and
N< =max{|S, || p € Q}. O

For A we define the DTTA A° = (Q% %, f5,(By | ¢ € Q°),F°) called the
connected part of A as follows:
o Q°=U(T, | ¢ = fin(a) for some a € X),

e f(a) = fin(a) for every a € X, and
o FC=FNQ°.

The following statement is obvious.
Proposition 5. A° is connected and is equivalent to A.

By the definition of A€ and Proposition 4, we have the following result.
Proposition 6. There is a polynomial time algorithm which constructs A°.

A congruence of A is an equivalence relation 7 C @) x @ satisfying the following
two conditions:

(i) for all states p,q € @, and nonempty word aj...ar € X*, if prq,
IBpl(a1...ax) = p1...pk, and |Bg|(a1...ax) = ¢1...qx, then p;7g; for all
1<i<k,

(ii) if prq, then p € F if and only if ¢ € F.

Let 7 be an equivalence relation on (. For every ¢ € @, we introduce the
bimachine

Bq,‘r = (E7Q/T,S;,S;7fq,7)7

where f,,(s7,a,57) = fy(s7,a,57)/7 for all s7 € S,s7 € S, and a € X.
Then, for every aj...ar € XT, we have |B,,|(a1...ax) = p1/7...pk/7T, where

||Bq‘|(a1~~(lk) =p1...Pk-

Lemma 11. Let 7 be a congruence on A and p,q € @ such that prq. Then
"Bpﬂ'” = ”Bqn' |.
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Proof. By definition |B, ;|(¢) =€ = | By, - | ().

Let k > 1 and a;...a; € ¥7. Then we have |By |(a1...ax) = p1/7...pk/T,
where |Bp|(a1...ax) = p1...pr and |By-|(a1...ax) = @1/7...qx/7, where
IB4l(a1-..ax) = q1...gx. By (i) in the definition of a congruence of a DTTA,
we have p;7q; for all 1 < ¢ < k. Hence p1/7...px/7 = q1/7...q/7. Thus
1Bp.l(a1...ax) = |Bgrl(a1...ax). O

Given a congruence 7 of A, we define the factor DTTA A/T of A determined
by T as A/T = (Q/7,%, finr, Byr | ¢/7 € Q/7), F/7), where

e finr(a) = (fin(a))/T for every a € 3,

e By/r =By, for every q € Q.

We note that the definition of the bimachine B,/ and hence that of the DTTA
A/T is syntactically ambiguous. Indeed, for p/T = ¢/7, the bimachines B, , and
By may be different syntactically and we can pick any of them. However, our
choice has no impact on |.A/7| because, by Lemma 11, prq implies |B, | = |Bg.~|-
In other words, |A/7] is well-defined.

Throughout the paper A and A" will denote the DTTA

e A=(Q,%, fin,(By | g € Q), F) with bimachines By = (2,Q,8,,8;, f4)
and semi-automata S = (S, %,5.,0, ) and S5~ = (S;7, %, 550,04 )
for every q € Q, and

o A = (Q’, S fi By |l g € Q) F’) with bimachines
B, =(%,Q,7T,,7,, f;) and semi-automata T, = (T, %,t;0,7;")

and T,” = (T, %, t5 0,75 ) for every g € Q',

respectively.

Furthermore, let ¢ : Q@ — @’ be a mapping and ¢* : Q* — Q' its unique
extension to a monoid homomorphism. The mapping ¢ is a homomorphism from
A to A if

i i/n = fin ° Y,

o |B )l = |Bg| " for every ¢ € Q, and

e g€ F < ¢(q) € F' for every q € Q.

If o is a surjective homomorphism, then A’ is a homomorphic image of A. If, in
addition, ¢ is a bijection, then we say that A and A’ are isomorphic and write

A=A

Lemma 12. If there is a homomorphism ¢ from A to A’, then
(1) L(A,q) = L(A’,p(q)) for every q € @, and
(ii) L(A) = L(A").

Proof. Let ¢ be a homomorphism from A to A’. To show (i), we prove by induction
on height(§) that for any ¢ € Q and £ € Ty, £ € L(A,q) if and only if £ €

LA, ¢(q))-



Minimization of Deterministic Top-down Tree Automata 393

Base of induction: height(£) = 0, i.e., £ = a for some a € 3. Then £ € L(A,q)
if and only if £ € L(A’, ¢(q)). Thus the statement holds obviously.

Induction step: height(§) = n > 0. Then £ = a(&,...,&) for some a € X,
k>1 and &,...,& € Tx. Let a; = £(3) for all 1 <4 < k. Then we have

§€L(Aq)
I1B4l(a1...ar) = q1 ... q and
& eL(Aq) forall 1 <i<k

—

= |Bygl(ar..ar) = o(q1) ... ¢(qr) and
& e L(A,p(g)) forall 1 <i<k

—

§ € LA, ¢(q))-
We now show (ii). Let ¢ € L(A), ie., £ € L(./El , fin(€(€)). Then by (i), £ €

LA o(fin(£(€))). As @ is a homomorphlsmv m(£(€) = ¢(fin(&(e))). Thus & €
L(A, fl (&(¢)), which implies € € L(A').
Conversely, let £ € L(A), ie., let & € L(A', fl (£(¢)). As p is a homomorphism,

¢(fin(§(€))) = fin(€()). Then by (i), & € L(A fin(€()) which proves that § €
L(A). O

Lemma 13. If 7 is a congruence of A, then A/7 is a homomorphic image of A.

Proof. Tt is easy to check that the mapping ¢ : Q — Q/7 defined by p(q) = ¢/ is
a surjective homomorphism from A to A/7. O

Lemma 14. If 7 is a congruence of A, then L(A, q) = L(A/7,q/T) for every ¢ € Q.
Moreover, L(A) = L(A/T).

Proof. Tt follows from Lemmas 12 and 13. O

4.2 Minimization of DTTA
The DTTA A is called minimal if

QI <1Q), YISy 1< Y T ], and Y ISg 1< > Ty

qeQ qeQ’ q€Q qeQ’

for any DTTA A’ which is equivalent to .A. Moreover, A is state-separated if
o |B,l(x) € Q% UQ; for every g € Q4 and
o [B,l(z) € Q: for every g € Q.

for every z € ¥*.

Lemma 15. For the DTTA A the following two statements are equivalent.
(i) A is state-separated.
(ii) If | By|(x) € Q*QeQ*, then |B,|(x) € Qf for every ¢ € Q and z € ¥*.
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Proof. Tt is clear that (i) implies (ii). Now assume that (ii) holds. Let € ¥* and
q € Q. If g € Qe, then obviously |B|(z) € Q*Q.Q*. Hence by (ii), |B,|(z) € Q.
Now let ¢ € Q4. If |By|(z) € Q*Q.Q*, then by (ii), |By|(x) € Q. Otherwise,
|1B4|(x) € Q. Hence (i) holds. O

Lemma 16. The DTTA A is state-separated if and only if for all state ¢ € Q,
reachable states s € §;” and s~ € §;7, and a,b € X,

fa(s7,a,07(s7,0)) € Q. if and only if f,(6, (s7,a),b,57) € Qe.

Proof. (=) Assume that A is state-separated and let ¢ € Q. Moreover, let s~ € S,
and s € S&‘ be reachable states, and a,b € ¥. Then there are j > 0and a;...a; €
¥ such that s gas .. a] = 57, and there are k > j + 3 and aj43...a; € X* such
that sq 00k ---Gj43 =5 . Let aj;1 =a and aj40 =b,and x = a; ... a.

Then |5, ||(g o) (@ ) =qi...qx, where q1,...,q, are obtained as follows. Let

ottty . t; 1t" be the sq o-tun of S on ay ... ay,

o oty ...t 4ty the sg o-run of S on the reversed input ay, ...a1, and

o let ¢; = fo(t7 1, ai,ti;) for 1<i< k
Here t7 = s7, tj, = 0,(s7,a), t = 587, ;4 = 05 (57,0),
fq(sﬂ’avtsqe(sgvb)) - qj’ and fq( ( - ) b s ) = gj+1- If qj+1 € Qea then by
Lemma 15, |B,|(x) € Q. Therefore qj+2 € Q.. Conversely, if gj12 € Q., then by
Lemma 15, gj11 € Q..

(<) By Lemma 15 it is sufficient to show that |B,|(z) € Q*Q.Q* implies
1B4](x) € QF for every ¢ € @ and z € X*.

Let = a1 ...ax, k > 1, be arbitrary, and let | B, H(s 550 (¥) be as in the first
part of the proof Assume that q; € Q. for some 1 < i < bl If i < k, then by our
assumption, g;+1 = g as well. Iterating this reasoning, we get that g; = ¢. for each
1 < j <k. Ifi>1, then by our assumption, ¢;_1 = ¢. as well. As before, we get
that ¢; = g for each 1 < j <. Hence ¢; = ¢ for each 1 <7 < k. O

Lemma 17. It is decidable whether A is state-separated or not.

Proof. The sets Q4 and Q. = Q \ Q4 are effectively computable (cf. Lemma 10).
Then, by direct inspection of A, we can decide whether the condition of Lemma 16
holds. O

In the rest of this section we assume that A and A’ are state-separated
with @ = Q1 U Q. and Q' = Q'L UQY,, respectively. In fact, our mini-
mization algorithm works only for state-separated DTTA.

We introduce the equivalence relation 74 C @ x Q as follows: for all p,q € Q,
let praq if and only if L(A,p) = L(A,q).
The DTTA A is reduced if 74 is the identity relation.

Lemma 18. Let ¢ € Q and ¢’ € Q' such that L(A,q) = L(A’,q"). Moreover,
let k> 1, a1...a; € 3%, and let |By|(a1...ax) = ¢1...qx and |By|(a1...ax) =
qi---q, Then L(A,q;) = L(A',¢) foralli=1,... k.
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Proof. Since L(A,q) = L(A’,q’), we have either (1) ¢ € Q. and ¢’ € Q. or (2)
q € Q4 and ¢’ € Q',. Let us recall that A and A’ are state-separated.

In case (1) we have ¢1 ... qr € Q} and ¢ ... ¢, € Q. hence the statement holds.

In case (2) either (2a) q1...qx € Q; and ¢;...q), € Q. or (2b) q1...qr € Q%
and ¢} ...q; € Q7. (The other two cases are excluded because L(A, q) = L(A’,¢).)

In case (2a) the statement again holds, so let us assume that (2b) holds. Ar-
guing by contradiction, assume that L(A,q;) # L(A’,q.) for some 1 < i < k.
Then there exists a tree £ € (L(A,¢;) \ L(A’,¢))) U (L(A", ¢}) \ (L(A, ¢;)) and there
are trees 1); € L(A,g;) and 0; € L(A', q}) foreach j =1,...,i—1,i+1,... k. Hence
a’(nla s ,niflvfa Nit1y .- - 777k) € (L(Aa q)\L(A/’q/)) or (1(01, oo 791'71753 0i+17 ceey ek)
€ (L(A',q")\ (L(A,q)). Thus L(A,q) # L(A’,¢'), which is a contradiction. O

Lemma 19. The relation 74 is a congruence of A.

Proof. Let p,q € Q such that pr4q. For showing property (i), let a1 ...a; € X*
with |By|(ay...ax) = p1...pk and |Bg|(a1...ax) = ¢1...¢x. Then by Lemma
18 with A = A’, we have L(A,p;) = L(A,¢) for all i = 1,... k. Hence by the
definition of 7.4, p;T4q; for every 1 <1 < k.

Finally, we show that (ii) holds by contradiction as follows: if p € F and ¢ € F,
then a € (L(A,p) \ L(A,q)) for every a € ¥ which contradicts to praq. O

Lemma 20. The DTTA A/74 is reduced.

Proof. Assume that L(A/74,p/74) = L(A/Ta,q/74) for some p,q € Q. Then by
Lemma 14 and Lemma 19, L(A,p) = L(A/74,p/74) = L(A/74,q/74) = L(A,q).
Hence pTaq, i.e., p/74 = q/Ta. O

Theorem 2. Assume that A and A’ are connected and reduced. Then
L(A) = L(A) if and only if A= A"

Proof. We prove the implication from left to right, because the proof of the other
direction is obvious. Assume that L(A) = L(A’). Let us define the relation ¢ C
Q x Q' as follows: ¢ = {(q,q¢") | L(A,q) = L(A’,¢")}. For convenience, we divide
the proof in five steps.

(i) We show that for each q € Q, there exists ¢ € Q' such that (¢,¢') € ¢, i.e.,
the domain of ¢ is Q. As A is connected, we have

fin(a’) —AqL A 7AGQn =(

for some a € ¥, n > 0, and ¢1,...,¢, € Q. If n = 0, then ¢ = fiy(a). Since
L(A) = L(A’), we have L(A, fin(a)) = L(A', f/ (a)), hence (q, f/,(a)) € ¢. If

m

n > 1, then by Lemma 18 there exists ¢f,...,q, € Q' such that
fin(@) 2y a2 g,

and L(A,¢q;) = L(A',q}) for each i = 1,...,n. Thus (¢q,q},) € ¢.
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(ii) We show that ¢ is a mapping. For any ¢ € Q and ¢},q¢5 € Q’, if (¢,¢}) € ¢
and (¢, q3) € o, then L(A', q1) = L(A, q) = L(A’, ¢3), and hence q; = ¢5.

(iii) We show that ¢ is injective. For any ¢1,q2 € Q and ¢’ € @', if v(q1) = ¢
and ¢(g2) = ¢, then L(A, 1) = L(A,q") = L(A, ¢2), and hence ¢1 = go.

(iv) We show that ¢ is surjective. Repeating the argument used in (i) with the
roles of A and A’ reversed we see that for every ¢’ € Q' there exists a ¢ € Q such
that L(A,q) = L(A,¢).

(v) We show that ¢ is a homomorphism.

First we show that fi, = fin o ¢. As L(A) = L(A"), we have L(A, fin(a)) =

L(A’, f! (a)) for each a € 3. Hence, by the definition of ¢, ¢(fin(a)) = f (a) for
each a e Y. Thus we have f/ = fin o .
Second, we show that HB;(q) | = |Bglop* forevery g € Q. Let g € Q, ¢’ € Q' and
1...a5 € X* k> 1, with |Bg|(a1...ax) =q1...qx and |By|(a1...ax) = ¢} - .. ¢}
Then by Lemma 18, ¢(¢;) = ¢; for each i =1,..., k. Hence | B[, )| = |Bqy| o ¢* for
every q € Q.

Third, we show that ¢ € F <= ¢(q) € F’ for every ¢ € Q. We proceed by
contradiction. Assume that ¢ € F and ¢(q) € F for some ¢ € Q). Then for each
a€X, a€ L(Aq) and a € L(A, p(q)). This is a contradiction. The case ¢ ¢ F
and ¢(q) € F is analogous to the previous case. Thus A4 and A’ are isomorphic. [J

By Theorem 2, we have the following result.

Corollary 1. Assume that A and A’ are connected. Then L(A) = L(A’) if and
only if A/t4= A /Ta.

Proof. Assume that L(A) = L(A’). Then by Lemmas 14 and 19, we have L(A/74) =
L(A) = L(A') = L(A'/74/). By Lemma 20, A/74 and A’/74 are connected and
reduced. Hence, by Theorem 2 we obtain A/74 = A’ /T4/.

Conversely, assume that A/74 = A’/74,. Then by Lemmas 14 and 19, we have

L(A) = L(A/74) = L(A"/Ta') = L(A"). O

Lemma 21. Let ¢ : Q@ — Q' be a homomorphism from A to A’. Moreover,
assume that B, is connected for each ¢ € @) and B;, is connected and reduced for
each ¢ € Q'. For every ¢ € Q and ¢’ € Q' with ¢(q) = ¢/, the bimachine By, is a
homomorphic image of 5.

Proof. Let ¢ € Q and ¢' € Q" with p(q) = ¢'. First we show that 7 is a
homomorphic image of S;’. For this, let us define the relation ¢, C S x T, by
Vg = {(sq02: 15 02) |2 € ]

We note that the domain of ¢’ , is S;” because By is connected. Next we show
by contradiction that ¢, is a mapping. For this, let us assume that there are
z,y € ¥* such that s gz = s/ oy and ¢ ) yx # t yy. Since Bf], is reduced there are
w,z € 0 such that B, 1, e () # 1Byl s o),

uB;/u@;,,Oz,tq ) # 1Byl <u>
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On the other hand, by |B,] o ¢* = |B,|, we have
¢ (1Bl (zuz™")) = |By |(zuz") and ™ (|By|(yuz"")) = |By | (yuz™").
Thus

(Bl ey (071 = Bl s, (u) and
® (H q||(s;0y,s;0)(uz_l)) = ”B;/ H(t;l)oy,t;/yo)(uz_l).

Hence @*(l‘Bq ||(s;0m,s;0)(uz_1)) # (P*(”Bq”(saoy,slzo)(uz_1)> and  thus
1Ball(sz g,550) (w2 ™) # [Bgll(sz gy,s00) (wz™"). This is a contradiction by our as-
sumption s, o = s, oy.
Since B’ , is connected, the mapping ¢, is surjective. Finally we show that
gq 158 homomorphlsm ObV1ously, (L (5;0) =t o- Moreover, for every x € ¥*
and a € X, we have

Vg (050550, ) = g g (s oma) =ty pra =1y o(ty 0, a) = Vg o(Vgly (s407), ).

Analogously, we can define the relation Yo ©Sq X T, and show that it is a
homomorphism from S; onto 7,7. Hence B’ ,is a homomorphlc image of B, via

( ;q”w;q’)' N

Lemma 22. Assume that A’ is a homomorphic image of A, that B, is connected
for each g € @, and that Bj, is connected and reduced for each ¢’ € Q. Then

Q1<1QL D IT 1< Y 18], and YT < > IS,

qeQ’ q€Q qeQ’ q€Q

Proof. Let ¢ : Q — Q' be a surjective homomorphism from A to A’. By Lemma
21, for every g € @, the bimachine pr( Q) is a homomorphic image of B,. Thus, by

Lemma 3, [T | < S, and |T7 | < [Sg| for every q € Q. Consequently, as ¢ is
a surjective mapping, the statement of the lemma holds. O

Lemma 23. Assume that A’ is a homomorphic image of A and that B/, is con-
nected and reduced for each ¢’ € Q’. Then

Q' <1QL Y IT 1< Y IS ], and > (T [ <> |8y
qeqQ’ qeQ qeQ’ qeQ

Proof. Let Bj be the connected part of B, for each ¢ € Q. As mentioned, the
bimachine Bj is equivalent to B, for each ¢ € Q. Hence the DTTA (Q, , f (B |
q € Q), F) is equivalent to A and, obviously,

SIS < IS ] and OIS < Y IS5

qeQ q€Q q€Q q€Q
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Moreover, A’ is a homomorphic image of (Q,E, [,(Bg | ¢ € Q),F). Hence by
Lemma 22,

Q1 <1QL DTy 1< D 1874 and Y [Ty <> (877

qeQ’ q€Q qeQ’ q€Q
These and the above inequalities imply the lemma. O

Lemma 24. Assume that A is connected and consider A/74 = (Q/TA, Y, finras

(Byjra | 4/74 € Q/74), F/74). For each q/74 € Q/Ta, let B, , be the connected
part of By/,, and let

M= (Q/TAazafin,TAv (BS/TA/pBS/T_A | Q/TA S Q/TA)7F/TA)-

Then M is a minimal DTTA and equivalent to A.

Proof. Let L(A) = L(A"). By Propositions 4 and 5, we may assume that A’ is
connected. Then, by Corollary 1, A'/74 = A/74. Hence, by Lemmas 4 and 19,
there is a surjective homomorphism ¢ : Q' — Q/74 from A’ to A/74. Therefore,
¢ is a surjective homomorphism from A’ to M. Consequently, by Lemma 23,

o |Q/7al < 1Q],

® Zq/TAEQ/TA |Sq_’/CTA/p3;/TA| = ZqEQ’ |Tq_)" and

® 2usracqira Safral P8, | < Ve 115 |-
Therefore, M is a minimal DTTA. By Lemma 14, A/74 is equivalent to .A. Hence,
by Lemma 5, M is equivalent to A as well. O

In the rest of the paper we give an algorithm which computes the minimal
DTTA which is equivalent to A. For this we will need the concept of the direct
product of bimachines. The direct product of the semi-automata S and T is the
semi-automaton SxT = (SxT, %, (sg, to),d"”), where 6" ((s,t),a) = (§(s,a),d (t,a))
for every (s,t) € S x T and a € 3. The direct product of the bimachines B and B’
is the bimachine

BxB =(S,TxT,8 xT7,8 xT, "),

where (57,7, a (s 7)) = (f(s~, 0, 57), /(= a,£7)) for all (s=,£) € 5~ x
T, (s7,t7) €S xT",and a € ¥.

To give an algorithm which computes the minimal automaton equivalent to A,
we define the relation 7, C @) x @ for every n > 0, by induction on n.

Base of induction: For each p,q € Q, let prgg if and only if (p € F <= ¢ € F).

Induction step: Let n > 0 and assume that we have defined 7,. For each
p,q € Q, let pr,41q if and only if

e pT,q and
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e for the bimachine B, x B, = (3,Q x Q, S, xS, S, XS, f(p,q)) and for any
reachable pair ((s7,t7),(s7,t7)) in B, x B, and a € X, if

o ((s7,t7),a,(s7,t7)) = (r1,72), then we have r17,7s.
Lemma 25. For each n > 0, 7, is an equivalence relation.

Proof. We proceed by induction on n.

Base of induction: n = 0. By definition, 7y is an equivalence relation.

Induction step: We assume that the lemma holds for n > 0, and show that it
also holds for n 4+ 1. By definition and the induction hypothesis, 7,41 is reflexive
and symmetric. We will show that 7,7 is transitive. To this end, let p,q,r € Q,
and assume that pr,y119 and q7,417. Since prp4+19 and gT,417, we have pr,q
and ¢7,r. By the induction hypothesis, pr,r. All is left to show is that for the
bimachine B, x B, = (£,QxQ, S, xS, S, XS5, f(p,r)) and for any reachable pair
((s7,t7),(s7,t7)) in By x B, and a € %, if f(p,r)((sﬂ’tﬁ)vaa (s7,t7)) = ('),
then we have p'7,,r’. To this end, take a word w = a;...ay € ¥*, k > 1, such that

o (sg,to)(s75t7) -+ (Sg_1stp_1)(sg, 1) is the tun of S X S on ay ... ag,

o (s0,t5)(sTst1) - (Sp_1stp_1)(sg, 1) is the run of S;7 x S~ on ay ... ay,

e ((s7,t7),a,(s7,t7)) = ((sj_1,t521)s @j, (85_;t_;)) for some 1 < j < k and

b (pivri) = f(p,r)((si_Ll’ti—Ll)’ @i, (ngi’ t(k_fi)) for1<i<k.
Then |B, x B,|(w) = (p1,71) - .. (P, ) and (p', ") = (pj, 7).

Let yg'yy - .-y _1Y; betherunof S on ay ...ak, and ygyy ... y;_,y; the run
of §; on the reversed input ay...a;, and let ¢; = f(y;" 1, a:,y;_;) for 1 <i < k.
Then |By|(w) = ¢1 ... qx and | B, x By|(w) = (p1,¢1) - - - (Pr, q&) and | By x B, |(w) =
(¢1,71) ... (qr,7x). Since pry41q and ¢T,417, we have p;7,¢; and ¢;7,7;. By the
induction hypothesis, 7, is an equivalence relation, hence p;7,r;. Since (p',r’) =
(pj,7;), we have p'tn7’. Therefore pr,y17, and hence 7,11 is transitive. O

Obviously, we have
To2T1 2T2 2 -

and thus there is an integer ng > 0 such that 7,,, = 7,,,+1. Moreover, we can prove
that 7,, = 7,41 implies T,y41 = Tpo+2 = - -+ for every ng > 0.

Lemma 26. For all n,l >0, p,q € Q, £ € Ty, with height(§) > I, € dom(&) with
|z| =1, p-run r, of A on £ and g-run r, of A on &, if p7,4q, then r,(z)7,ry ().

Proof. We proceed by induction on I. If [ = 0, then p = r,(z) and ¢ = r4(z). By
our assumption p7,4+0¢q, we have rp,(z)7,74(x).

Induction step: We assume that the lemma holds for [ > 0, and show that it
also holds for [ + 1. To this end, let £ € T, with £ = a(&; ... &), height(§) > 141,
and let © = iy, where 0 < ¢ < k, || = [ + 1 and hence |y| = [, and assume that
DTn+i+1¢g. Consider an arbitrary p-run r, of A on £ and an arbitrary ¢g-run r4 of A
on &. If rp(i) = p’ and r¢(i) = ¢/, then by the definition of 7,141, p'741¢". Hence,
by the induction hypothesis, for the p’-run r,, of A on & and for the ¢’-run r, of
A on &, we have 1, (y)7,ry (y). Observe that 7, (y) = rp(x) and ry (y) = rq(x).
Consequently, r,(x)7,74(z). O



400 Zoltan Fiilop and Sandor Vagvélgyi

Lemma 27. Let ng be the least integer with 7,,, = 7,,,+1. Then 7,, = 74.

Proof. First we show that 7,,, C 74. Let p7,,q. Then p7,,1:q for each [ > 0, hence
by Lemma 26, for all [ > 0, £ € T, with height(§) > [, © € dom(§) with |z| = I,
p-run 7, of A on £ and g-run 4 of A on &, we have r,(z)7,rq(z). By the inclusion
70 2 Tny, We have 7, (x)1orq(x). Hence, by the definition of py, we have (r,(z) € F
if and only if ro(z) € F). Since | > 0, £ € Ty, and # € dom(§) are arbitrary,
L(A,p) = L(A,q).

We now show that 74 C 7,,. To this end we show that for all p,q € Q, n > 0,
if (p,q) & 7, then (p,q) & T4. We proceed by induction on n.

Base of induction: n = 0. If (p,q) &€ 10, then (p € F if and only if ¢ € F).
Hence L(A,p) # L(A,q) and thus praq does not hold.

Induction step. Assume that pr,41q does not hold. Then pr,q does not hold or
pTnq and there is a word z € ¥* such that |B,|(2) = p1...px and |B,](2) = ¢1 - - - ¢k
and (p;,q;) € 7, for some 1 <4 < k. In the first case, by the induction hypothesis,
(p,q) & Ta. In the second case, L(A,p;) \ L(A, ;) # 0 or L(A,¢;) \ L(A,p;) # 0.
If L(A,p;) \ L(A,q;) # 0, then let & € (L(A,p;) \ L(A,q)), otherwise let & €
L(A,p;). If L(A, q;) \ L(A,p;) # 0, then let ; € (L(A,q;) \ L(A, p;)), otherwise let
G € L(A,q;). For each 1 < j < k with j # ¢, let §; € L(A,p;) and (; € L(A, g;).
Then let € = a(&1...&,) and ¢ = a(¢y - .. (k). Consequently, £ € (L(A,p)\ L(A,q))
or ¢ € (L(A,q) \ L(A,p)). Hence L(A,p) # L(A,q) and thus praq does not
hold. O

Proposition 7. There is a polynomial time algorithm which constructs A/74 for
a given A.

Proof. We compute 71 in O(]Q]?) time. For every 1 < n < ng, the relation 7,, can
be computed in O(|Q[*(N7)?|%[(N<)?) time, where N7 = max{|S;’| | p € Q} and
N= =max{|S; | | p € Q}. Since there are at most |Q| steps, the relation 7,, can
be computed in O(|Q|*(N~)2|Z|(N7)?) time. O

Theorem 3. There is a polynomial time algorithm which constructs for A an
equivalent minimal DTTA.

Proof. By Propositions 6, 7, 2, and 3, respectively, we compute the following se-
quence of DTTASs in polynomial time.
1) The connected part A° = (Q%, %, f&, (Bq | ¢ € Q%), F°) of A.

v Jin?

2) The congruence 74. and the DTTA
A fTae = (Q°/Tac, B, [y ey (Byjrae | a/Tac € Q°/Tac), F/Tac).

3) For each q/74c € Q°/T4c, the connected part B((;/mc of B
4) The DTTA

(Qc/TAc, >, fif]ﬂ_Ac, (B;/TAC /pB;/TAC | q/TAc S QC/TAC)’ FC/TAC).

q/Tac:

By Lemma 24, the latter one is a minimal DTTA which is equivalent to A. O
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