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Partition-Crossing Hypergraphs∗

Csilla Bujtása and Zsolt Tuzaab

Abstract

For a finite set X, we say that a set H ⊆ X crosses a partition P =
(X1, . . . , Xk) of X if H intersects min(|H|, k) partition classes. If |H| ≥ k,
this means that H meets all classes Xi, whilst for |H| ≤ k the elements of the
crossing set H belong to mutually distinct classes. A set system H crosses P,
if so does some H ∈ H. The minimum number of r-element subsets, such that
every k-partition of an n-element set X is crossed by at least one of them, is
denoted by f(n, k, r).

The problem of determining these minimum values for k = r was raised
and studied by several authors, first by Sterboul in 1973 [Proc. Colloq. Math.
Soc. J. Bolyai, Vol. 10, Keszthely 1973, North-Holland/American Elsevier,
1975, pp. 1387–1404]. The present authors determined asymptotically tight
estimates on f(n, k, k) for every fixed k as n→∞ [Graphs Combin., 25 (2009),
807–816]. Here we consider the more general problem for two parameters k
and r, and establish lower and upper bounds for f(n, k, r). For various com-
binations of the three values n, k, r we obtain asymptotically tight estimates,
and also point out close connections of the function f(n, k, r) to Turán-type
extremal problems on graphs and hypergraphs, or to balanced incomplete
block designs.

Keywords: partition, set system, crossing set, Turán-type problem, hyper-
graph, upper chromatic number

1 Introduction

Let X be a finite set. By a k-partition of X we mean a partition P = (X1, . . . , Xk)
into precisely k nonempty classes. For a natural number r ≥ 2, the family of all
r-element subsets of X — also termed r-subsets, for short (similarly, ‘r-set’ may
abbreviate ‘r-element set’) — is denoted by

(
X
r

)
.A set systemH over X is r-uniform

if H ⊆
(
X
r

)
.We shall use the term hypergraph for the pair (X,H) — where X is
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the set of vertices and H is the set of edges or hyperedges — and also for the set
system H itself, when X is understood. The number of vertices is called the order
of H, and will usually be denoted by n.

Given a k-partition P = (X1, . . . , Xk) of X, we say that an r-set H ⊆ X crosses
P if H intersects min(r, k) partition classes. If r ≥ k, this means that all classes
Xi are intersected, whilst for r ≤ k the elements of the crossing set H belong to
mutually distinct classes. A hypergraph H is said to cross P if so does at least one
of its edges H ∈ H.

It is a very natural problem to ask for the minimum number f(n, k, r) of r-
subsets (minimum number of edges in an r-uniform hypergraph), by which every
k-partition of the n-element set X is crossed. The importance of this question
is demonstrated by the fact that its variants have been raised by several authors
independently in different contexts under various names: Sterboul in 1973 [11]
(cochromatic number, also discussed by Berge [4, pp. 151–152], Arocha et al. in
1992 [1] (heterochromatic number), and Voloshin in 1995 [14, p. 43, Open problem
11] (upper chromatic number, also recalled in the monograph [15, Chapter 2.6, p.
43, Problem 2]. What is more, the formula

f(n, 2, 2) = n− 1

is equivalent to the basic fact that every connected graph has at least n− 1 edges
and that this bound is tight for all n ≥ 2.

Further terminology and notation. For a family F of r-uniform hypergraphs
(or graphs if r = 2), and for any natural number n, we denote by ex(n,F) the
corresponding Turán number ; that is, the maximum number of edges in an r-
uniform hypergraph of order n that does not contain any subhypergraph isomorphic
to any F ∈ F. If F consists of just one hypergraph F , we simply write ex(n,F)
instead of ex(n, {F}).

An r-uniform hypergraph (X,H) is r-partite if it admits a vertex partition
X1 ∪ · · · ∪ Xr = X such that |H ∩ Xi| = 1 for all H ∈ H and all 1 ≤ i ≤ r. If
H consists of all r-sets meeting each Xi in precisely one vertex, then we call it a
complete r-partite hypergraph.

Earlier results. One can observe that a hypergraph crosses all 2-partitions of
its vertex set if and only if it is connected. For this reason, beyond the equation
f(n, 2, 2) = n− 1 mentioned above, we obtain that

f(n, 2, r) =

⌈
n− 1

r − 1

⌉
because this is the minimum number of edges1 in a connected r-uniform hypergraph
of order n.

1It is well known that if (X,H) is a connected hypergraph, then
∑

H∈H (|H|−1) ≥ |X|−1. The
earliest source of this inequality that we have been able to find is Berge’s classic book [3], where
Proposition 4 on page 392 is stated more generally for a given number of connected components.
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Let us observe further that the case of r = 2 simply means graphs with at most
k − 1 connected components, therefore

f(n, k, 2) = n− k + 1.

This strong relationship with connected components, however, does not extend to
r > 2.

As far as we know, for k ≥ 3 and r ≥ 3 only the ‘diagonal case’ k = r of
f(n, k, r) has been studied up to now. Below we quote the known results, using the
simplified notation f(n, k) for f(n, k, k).

• f(n, k) ≥ 2
n−k+2

(
n
k

)
, for every n ≥ k ≥ 3 ([12]; later proved independently

in [1], and also rediscovered in [8]).

• f(n, 3) = dn(n−2)3 e, for every n ≥ 3 ([7]; proved independently in a series of
papers whose completing item is [2]; see also [13] for partial results).

• f(n, n − 2) =
(
n
2

)
− ex(n, {C3, C4}) holds2 for every n ≥ 4, where the last

term is the Turán number for graphs of girth 5 ([12]).

Although the exact value of f(n, k) is not known for any k > 3, its asymptotic
behavior has been determined for quite a wide range of k.

Theorem 1 ([5]). Assume n > k > 2.

(i) f(n, k) ≤ 2
n−1

(
n−1
k

)
+ n−1

k−1

((
n−2
k−2
)
−
(
n−k−1
k−2

))
for all n and k.

(ii) f(n, k) = (1 + o(1)) 2
k

(
n−2
k−1
)

for all k = o(n1/3) as n→∞.

Structure of the paper. In Section 2, we first prove several preliminary results,
also including an inequality for non-uniform partition-crossing hypergraphs in terms
of the edge sizes. Then, we turn to uniform set systems and study the function
f(n, k, r) separately under the conditions k ≤ r and r ≤ k. We prove general
lower and upper bounds for f(n, k, r) in both cases. In Section 3, we assume that
n − k and n − r are fixed while n → ∞, and give asymptotically tight estimates
for f(n, k, r). It is worth noting that the latter problem can be reduced to Turán-
type problems if k ≤ r, while the same question leads us to the theory of balanced
incomplete block designs if r ≤ k is assumed.

2 General estimates

Most of this section deals with uniform hypergraphs; but we shall also put comments
on non-uniform ones which cross either all partitions or at least some large families
of partitions. Nevertheless the uniform systems play a central role in partition
crossing, what will turn out already in the next subsection.

2It was quoted with a misprint in the paper [5].
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2.1 Monotonicity

Proposition 2. For every three integers r, k, k′, if either

(i) 2 ≤ r ≤ k ≤ k′ ≤ n, or

(ii) 2 ≤ k′ ≤ k ≤ r ≤ n

holds, and an r-uniform hypergraph H crosses all k-partitions of the vertex set,
then H crosses all k′-partitions, as well. As a consequence, for every four integers
n, k, k′, r satisfying (i) or (ii) we have

f(n, k, r) ≥ f(n, k′, r).

Proof Assume that an r-uniform hypergraph H crosses all k-partitions of the
vertex set X. Consider a k′-partition P ′ = (X1, . . . , Xk′) of X.

(i) If r ≤ k ≤ k′, take the union of the last k′ − k + 1 partition classes of P ′.
Due to our assumption, H crosses the k-partition P = (X1, . . . , Xk−1,

⋃k′

i=kXi)
obtained. Since r ≤ k, this means that there exists an H ∈ H which contains
at most one element from each partition class of P. Hence, the same H and
consequently, H as well, crosses the k′-partition P ′.

(ii) Next, assume that k′ ≤ k ≤ r holds. Since the statement clearly holds
for k′ = k, we may suppose k′ < k ≤ n. Then, some of the k′ partition classes
of P ′ can be split into nonempty parts such that a k-partition P is obtained. By
assumption, some H ∈ H crosses P. This means that the r-element H contains at
least one element from each partition class. By the construction of P, H contains
at least one element from every partition class of P ′; that is, H crosses P ′.

Since the above arguments are valid for any k′-partition P ′, the statements
follow. �

The analogous property is valid for the other parameter of f(n, k, r) as well.

Proposition 3. For every four integers n, k, r, r′, if

(i) 2 ≤ r′ ≤ r ≤ k ≤ n, or

(ii) 2 ≤ k ≤ r ≤ r′ ≤ n holds, then

f(n, k, r) ≥ f(n, k, r′).

Proof Consider an r-uniform hypegraph (X,H) of size f(n, k, r) which crosses
all k-partitions of the n-element vertex set X.

(i) If r′ ≤ r ≤ k, then for each H ∈ H choose an r′-element subset H ′ and
define the r′-uniform set system H′ = {H ′ | H ∈ H}. Since for every k-partition P
there exists an H ∈ H which contains at most one element from each partition class,
the same is true for the corresponding H ′ ∈ H′. Hence, H′ crosses all k-partitions
and has at most f(n, k, r) elements. This proves that f(n, k, r) ≥ f(n, k, r′).

(ii) In the other case we have k ≤ r ≤ r′. Let each H ∈ H be extended to
an arbitrary r′-element H ′. We observe that the r′-uniform set system H′ = {H ′ |



Partition-Crossing Hypergraphs 819

H ∈ H} has at most f(n, k, r) elements and crosses all k-partitions. Indeed, for
every k-partition P, there exists some H ∈ H intersecting each partition class of
P, and hence the same is true for the corresponding H ′ ∈ H′. This yields again
that f(n, k, r) ≥ f(n, k, r′) is valid. �

The following corollaries show the central role of the ‘symmetric’ case k = r:

Corollary 4. If an r-uniform hypergraph H crosses all r-partitions of the vertex
set X, then H crosses all partitions of X.

Numerically, we have obtained that the function fn,r(x) = f(n, x, r) (where x
is an integer in the range 2 ≤ x ≤ n) has its maximum value when x = r; and
the situation is similar if n and k are fixed and r is variable; that is, the function
fn,k(x) = f(n, k, x) attains its maximum at x = k.

Corollary 5. For every three integers n ≥ k, r ≥ 2,

f(n, k, r) ≤ f(n, k, k).

Corollary 6. For every three integers n ≥ k, r ≥ 2,

f(n, k, r) ≤ f(n, r, r).

2.2 Lower bound for non-uniform systems

For hypergraphs without very small edges, we prove the following general inequality.

Theorem 7. Let k ≥ 2 be an integer, and let (X,H) be a hypergraph of order
n, which contains no edge H ∈ H of cardinality smaller than k. If H crosses all
k-partitions of X, then∑

H∈H

(
|H|
k

)
1

|H| − k + 2
≥
(
n

k

)
1

n− k + 2
.

Proof Since |H| ≥ k holds for every H ∈ H, a k-partition P of X is crossed by H
if, and only if, there exists an edge in H which intersects all the k partition classes
of P. For every (k − 2)-element subset Y = {x1, . . . , xk−2} of X, define

H−Y = {A | A ⊆ (X \ Y ) ∧ (A ∪ Y ) ∈ H}.

We claim that H−Y is connected on X \ Y . Assume for a contradiction that it is
not, and denote one of its components by Z. Consider the k-partition

{x1}, . . . , {xk−2}, Z, X \ (Y ∪ Z)

This is not crossed by H since a crossing set H would contain all of x1, . . . , xk−2,
moreover at least one element from each of the last two partition classes, what
contradicts to our assumption on disconnectivity.
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Therefore, H−Y must be connected on the (n− k+ 2)-element X \ Y , and hence∑
A∈H−Y

(|A| − 1) ≥ (n− k + 2)− 1.

The corresponding inequality holds for every Y ∈
(

X
k−2
)
. Moreover, for each edge

H ∈ H, every (|H| − k + 2)-element subset of H is counted in exactly one of these(
n

k−2
)

inequalities. Hence, we have

∑
H∈H

(
|H|
k − 2

)
(|H| − k + 1) ≥

(
n

k − 2

)
(n− k + 1),

which is equivalent to the assertion. �

Beside the rather trivial hypergraph with vertex set X and edge set H = {X},
which crosses every partition of X, the following construction also shows that The-
orem 7 is tight.

Example 8. Let n = |X| = 2m be even. Let the edge set of H consist of one m-
subset H of X together with m mutually disjoint 2-element sets, each of which has
precisely one vertex in H and one in X \H. This hypergraph crosses all partitions
of X. Indeed, if none of the m selected 2-sets crosses a partition P, then each class
of P meets H. For this H, both sides of the inequality in Theorem 7 equal n−1

2 for
k = 2. (We necessarily have k = 2, due to the conditions in the theorem.)

2.3 Estimates for k ≤ r

The following lower bound follows immediately from Theorem 7.

Corollary 9. For every three integers n ≥ r ≥ k ≥ 2 the inequality

f(n, k, r) ≥
(
n
k

)(
r
k

) · r − k + 2

n− k + 2

holds.

Next, we prove a general asymptotic upper bound.

Proposition 10. For every two fixed integers r ≥ k ≥ 2 the inequality

f(n, k, r) ≤
(
n
k

)(
r
k

) · r
n

+ o(nk−1)

holds as n→∞.

Proof If k = r, then the inequality holds also without the error term, and
as a matter of fact, an even better upper bound on f(n, r, r) is guaranteed by
Theorem 1(i). Hence, we may suppose r > k.
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Consider an n-element vertex set X = X ′ ∪ {z} and an (r − 1)-uniform hyper-
graph H′ over X ′ such that every (k − 1)-subset of X ′ is covered by at least one
H ′ ∈ H′. By Rödl’s theorem [10], such hypergraphs H′ of size

|H′| =
(
n−1
k−1
)(

r−1
k−1
) + o(nk−1)

exist as n→∞.
Consider now the r-uniform hypergraph

H = {H ′ ∪ {z} | H ′ ∈ H′}.

For every k-partition P we can choose a k-element crossing set A with z ∈ A, by
picking any vertex from each of those classes of P which do not contain z. Since
A \ {z} ⊂ H ′ for some H ′ ∈ H′, it follows that H crosses P. �

We note that, beyond tight asymptotics, the above construction can be applied
also to derive exact results for some restricted combinations of the parameters.

Next, we establish recursive relations to get lower bounds on f(n, k, r). Al-
though they do not improve earlier bounds automatically, such inequalities may
raise the possibility to propagate better estimates for larger values of the parame-
ters when they are available for smaller ones.

Proposition 11. If n ≥ r ≥ r′ ≥ k ≥ 2, then

f(n, k, r) ≥ f(n, k, r′)

f(r, k, r′)
.

Proof Given an n-element vertex set X, consider an r-uniform hypergraph H
of size f(n, k, r) which crosses all k-partitions. Then, for each Hj ∈ H construct
an r′-uniform hypergraph H′j crossing all k-partitions of the set Hj . This can be

done such that |H′j | = f(r, k, r′), hence the r′-uniform R =
⋃f(n,k,r)

j=1 H′j contains
at most f(n, k, r) · f(r, k, r′) sets.

For every partition P = (X1, . . . , Xk), there exists someHj ∈ H with |Xi∩Hj | ≥
1 for every 1 ≤ i ≤ k. Moreover, for this j, the system H′j crosses also the k-
partition X1 ∩Hj , . . . , Xk ∩Hj . Consequently, there exists an R ∈ H′j ⊆ R which
intersects every class of P. Thus, R crosses all k-partitions of X, therefore

f(n, k, r) · f(r, k, r′) ≥ f(n, k, r′)

holds and the theorem follows. �

Particularly, if r′ is chosen to be equal to k, we obtain that

f(n, k, r) ≥ f(n, k)

f(r, k)
.
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Since f(k + 1, k) = k, then

f(n, k, k + 1) ≥ f(n, k)

k
.

More generally, applying Proposition 11 repeatedly, and using the fact f(i, k, i−1) =
k that is valid for all i > k (cf. Proposition 19 below), we obtain the following lower
bound.

Corollary 12. If n ≥ r ≥ k ≥ 2, then

f(n, k, r) ≥ f(n, k)∏r
i=k+1 f(i, k, i− 1)

=
f(n, k)

kr−k
.

2.4 Estimates for k ≥ r

Proposition 13. For every three integers n ≥ k ≥ r ≥ 2 the inequality

f(n, k, r) ≥
(

n
r−1
)(

k−2
r−2
) · n− k + 2

r(n− r + 2)

holds.

Proof Consider an r-uniform hypergraph H on the n-element vetex set X, such
that H crosses all k-partitions. We claim that every (k − 1)-subset of X shares
at least r − 1 vertices with some H ∈ H. Suppose for a contradiction that a set
A ∈

(
X

k−1
)

intersects no H ∈ H in more than r−2 elements. Then every H ∈ H has
at least two vertices in X \ A. Now, consider the k-partition whose first partition
class is X \ A and the others are singletons. This partition is not crossed by H,
which is a contradiction.

Consequently, every (k−1)-element subset of X must contain an (r−1)-element
subset of some H ∈ H. Hence, for the ‘shadow’ system

∂r−1 =

{
B | ∃H ∈ H s.t. B ∈

(
H

r − 1

)}
,

the independence number must be smaller than k − 1. Taking into consideration
the lower bound on the complementary Turán number T (n, k− 1, r− 1) =

(
n

r−1
)
−

ex (n,K(r−1)
k−1 ) of complete uniform hypergraphs, as proved in [6],

r · |H| ≥ |∂r−1| ≥ T (n, k − 1, r − 1) ≥
(

n
r−1
)(

k−2
r−2
) · n− k + 2

n− r + 2

is obtained, from which the statement follows. �

For k and r fixed, the lower bound gives the right order O(nr−1), as shown by
the following construction.
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Theorem 14. Let k ≥ 3, and assume that k − 2 is divisible by r − 2. If n→∞,
then

f(n, k, r) ≤ 2(r − 2)r−2

r(k − 2)r−2

(
n

r − 1

)
+ o(nr−1).

Proof Let |X| = n, denote q = (k − 2)/(r − 2), and write n′ = d(n − 1)/qe+1.
We fix a special element z ∈ X, and partition the remaining (n − 1)-element set
X \ {z} into q nearly equal parts, the largest one having n′ − 1 vertices:

X = Y1 ∪ · · · ∪ Yq ∪ {z}, |Yi| =
⌊
n+ i− 2

q

⌋
for all 1 ≤ i ≤ q.

For every set Yi ∪ {z} we take an optimal r-uniform hypergraph Hi crossing all
r-partitions. By Theorem 1, we have

|Hi| ≤ f(n′, r) ≤ (1 + o(1))
2

r

(
n′ − 2

r − 1

)
.

Here n′− 2 < n/q = r−2
k−2 n, hence the binomial coefficient on the right-hand side is

smaller than
(

r−2
k−2

)r−1(
n

r−1
)

Let H = H1 ∪ · · · ∪ Hq. By the estimates above, we

have

|H| ≤ 2(r − 2)r−2

r(k − 2)r−2

(
n

r − 1

)
+ o(nr−1)

as n→∞. To complete the proof, it suffices to show that H crosses all k-partitions
of X.

Let P be any partition into k = 1 + q(r − 2) + 1 classes. One of the classes
contains z. By the pigeonhole principle, there is an index i (1 ≤ i ≤ q) such that,
among the other k − 1 classes of P there exist at least r − 1 which have at least
one vertex in Yi. Hence we have a partition Pi induced on Yi ∪ {z}, with some
number r′ of classes, where r′ ≥ r. Since the r-uniform Hi crosses all r-partitions of
Yi ∪{z}, Corollary 4 implies that Hi crosses Pi, too. That is, an r-set Hi ∈ Hi has
all its vertices in mutually distinct classes of Pi, which are then in distinct classes
of P as well. Thus, H crosses P. �

The idea behind the construction of the above proof also yields the following
additive upper bound.

Proposition 15. Suppose that all the following conditions hold:

• n ≥ k ≥ r,

• n ≤ 1− p+
∑p

i=1 ni,

• k ≤ 2− 2p+
∑p

i=1 ki,

• ni ≥ ki ≥ r for every 1 ≤ i ≤ p.

Then

f(n, k, r) ≤
p∑

i=1

f(ni, ki, r).
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3 Asymptotics for large k and r

In this section we prove asymptotically tight estimates for f(n, k, r), under the
assumptions that the differences s = n−k and t = n− r are fixed and n→∞. For
this purpose, we need to consider two types of complementation — one from the
viewpoint of set theory, the other one analogously to graph theory.

• Given a hypergraph (X,H), let (X,Hc) denote the hypergraph of the com-
plements of the edges. That is, Hc = {X \H | H ∈ H}.

• Given an r-uniform hypergraph (X,H), its complement H contains all the
r-element subsets of X which are missing from H. Formally, H =

(
X
r

)
\ H.

Theorem 16. Let s and t be fixed, with s ≤ t, and n→∞. Then

f(n, n− s, n− t) = (1 + o(1))

(
n
s

)(
t
s

) .
Proof First we prove the lower bound f(n, n − s, n − t) ≥ (1 − o(1))

(
n
s

)
/
(
t
s

)
.

Suppose for a contradiction that there exists a constant ε > 0 and an infinite
sequence of r-uniform hypergraphs (X,H) with n vertices and m edges, edge size
r = n − t, such that H crosses all (n − s)-partitions of its n-element vertex set

X, but m ≤ (n
s)

(t
s)
− εns. We consider the t-uniform hypergraph Hc whose edges

are the complements of the edges of H. Since it has m edges, there are at least
ε
(
t
s

)
ns ≥ Cns distinct s-tuples of X not covered by the edges of Hc. Note that C

can be chosen as a positive absolute constant, valid for all possible values of n, once
we fix the triplet s, t, ε. We let F to be the collection of s-tuples not contained in
any of the edges of Hc. Hence |F| ≥ Cns.

Consider now the complete s-partite hypergraph Fs on 2s vertices, each partite
set having just 2 vertices. That is, the vertex set of Fs is V1∪· · ·∪Vs, with |Vi| = 2
for all 1 ≤ i ≤ s, and an s-element set F is an edge in Fs if and only |F ∩ Vi| = 1
for every i. It is well known that the Turán number of Fs satisfies

ex (n,Fs) = o(ns)

for any fixed s, as n→∞. Thus, if n is chosen to be sufficiently large, F contains
a subhypergraph F ′ isomorphic to Fs.

We now consider the partition P of X into k = n − s classes in which the s
partite sets of F ′ are 2-element classes, and the other n− 2s classes are singletons.
By assumption, H crosses P. It means that there exists an edge H ∈ H that
meets each of the 2-element classes in at most one vertex. Let xi be a vertex
in Vi \ H for i = 1, . . . , s. Then {x1, . . . , xs} /∈ F , which is a contradiction to
{x1, . . . , xs} ∈ Fs ⊂ F , hence completing the proof of the lower bound.

Next, we prove the upper bound f(n, n−s, n− t) ≤ (1+o(1))
(
n
s

)
/
(
t
s

)
. For every

n, consider a t-uniform hypergraph H0
n on the n-element vertex set X, such that
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each s-subset of X is contained in a t-set H ∈ H0
n. By Rödl’s theorem [10], if s and

t are fixed and n→∞, then H0
n can be chosen such that |H0

n| =
(
n
s

)
/
(
t
s

)
+ o(ns).

Starting with such a system H0
n, we consider the hypergraph Hn = (H0

n)c whose
edge set is {X \H | H ∈ H0

n}. By the complementation, for k = n−s and r = n−t,
each k-element subset of X contains some r-element set H ∈ Hn. Then, for any
k-partition P of X, we can pick one vertex from each partition class, and this k-
element set has to contain an edge H ∈ Hn. Hence, Hn crosses all k-partitions
of the vertex set, moreover we have |Hn| = |H0

n|. This yields the claimed upper
bound on f(n, n− s, n− t). �

In particular, for s = t we have the following consequence. We formulate it
for s ≥ 2, because the case of f(n, n, n) = 1 is trivial and the exact formula of
f(n, n− 1, n− 1) = n− 1 is a particular case of Proposition 19 below.

Corollary 17. For every s ≥ 2, as n→∞

f(n, n− s, n− s) =

(
n

s

)
+ o(ns).

To study the other range for f(n, n − s, n − t), namely s > t, first we will
make a simple but useful observation. We say that a set T is a transversal of a
partition3 P = (X1, . . . , Xk) if |T ∩ Xi| ≥ 1 holds for every i. The complement
S = X \ T of a transversal T is called an independent set for P. This means that
|S ∩ Xi| < |Xi| holds for every partition class. Let It(P) denote the set system
containing all t-element independent sets for the partition P.

Proposition 18. Let (X,H) be an r-uniform hypergraph with |X| = n, and
assume that k ≤ r. Then, H crosses all k-partitions of the vertex set X if and only
if for every k-partition P of X we have In−r(P) 6⊆ Hc.

Proof For a given k-partition P, H is crossing if and only if it contains a transver-
sal T for P; that is, if Hc contains an (n− r)-element independent set for P. This
equivalently means thatHc does not contain all elements of In−r(P). Consequently,
H crosses all k-partitions if and only if for every k-partition P, Hc does not contain
In−r(P) as a subsystem. �

Concerning f(n, n − s, n − t) the case of t = 1 is very simple. Certainly s = 0
means that all partition classes are singletons, hence f(n, n, r) = 1 for all values of
r ≤ n, also including r = n− 1. The situation for smaller k is different.

Proposition 19. For every n > k ≥ 1, we have f(n, k, n− 1) = k.

Proof For X = {x1, . . . , xn} define H = {X \ {xi} | 1 ≤ i ≤ k}. Consider any
k-partition P. It either has a class with at least two vertices xi, xj in the range

3In fact this is the same as a transversal (also called vertex cover or hitting set) of the hyper-
graph (X, {X1, . . . , Xk}) in which the classes Xi of the partition are viewed as edges. This also
justifies the term ‘independent set’ for the complementary notion.
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1 ≤ i < j ≤ k, or a class containing both xn and some xi with 1 ≤ i ≤ k. Then we
can choose X \ {xi} ∈ H, which crosses P. Consequently, f(n, k, n− 1) ≤ k.

To see the reverse inequality f(n, k, n − 1) ≥ k, without loss of generality we
may restrict our attention to the (n − 1)-uniform hypergraph H− = {X \ {xi} |
1 ≤ i ≤ k − 1} which represents all (n − 1)-uniform ones with k − 1 edges up to
isomorphism. Then the partition

{x1}, . . . , {xk−1}, {xk, xk+1, . . . , xn}

is not crossed by any H ∈ H−, thus k − 1 edges are not enough. �

The problem becomes more complicated for t > 1. First we consider the case
of r = n − 2, and then a general estimate for k = n − s ≤ n − t = r will be given
under the assumption that s and t are fixed.

Proposition 20. For every fixed s ≥ 2,

(i) f(n, n− s, n− 2) =
(
n
2

)
− ex(n, {Ks+1,K2s − sK2});

(ii) f(n, n− s, n− 2) = 1
2s−2 n

2 + o(n2), if n→∞.

Proof Consider a graph G = (V, F ) of order n, which contains neither a complete
graph Ks+1 of order s+1, nor a complete graph minus a perfect matching K2s−sK2

on 2s vertices. By the double complementation we obtain the (n − 2)-uniform
hypergraph (V,H) = (G)c with vertex set V and edge set

H = {V \ e | e ∈
(
V

2

)
∧ e /∈ F}.

We claim that H crosses all (n− s)-partitions of V .
First, consider a partition P = (X1, X2, . . . , Xn−s) with at least one partition

class |Xi| ≥ 3. We can assume without loss of generality that |X1| ≥ 3. We also
consider the partition P ′, obtained by removing all but one vertex from each of
X2, . . . , Xn−s and putting these vertices into X1. This P ′ has an (s + 1)-element
class X ′1 and further n− s− 1 singleton classes. Since the class X1 in P has more
than two vertices, every edge of H meets X1. Hence, the hypergraph H does not
cross P if and only if each of its edges is disjoint from at least one of the classes
X2, . . . , Xn−s. But then every edge is also disjoint from at least one of the singleton
classes of P ′, and so H does not cross P ′ either.

Consequently, it is sufficient to ensure that H crosses all (n− s)-partitions with
classes of cardinalities (s + 1, 1, . . . , 1) and (2, . . . , 2, 1, . . . 1), and this will imply
that P crosses all (n− s)-partitions.

An (n−2)-uniform hypergraph H crosses every partition of type (s+1, 1, . . . , 1)
if, and only if, for every (s+ 1)-element subset S of V , there exits an edge H ∈ H
with |H ∩ S| = s − 1; that is, Hc has an edge inside S, and equivalently, G = Hc

contains no complete subgraph Ks+1. For the other case, H crosses every partition
of type (2, . . . , 2, 1, . . . 1), if and only if for every s disjoint pairs of vertices there
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exists an edge H whose complement H contains two vertices from different pairs.
This exactly means that G = Hc does not contain a subgraph K2s − sK2.

Consequently, an (n− 2)-uniform H crosses all (n− s)-partitions if and only if
G is (Ks+1,K2s− sK2)-free. Applying the Erdős–Stone Theorem [9], for s ≥ 3 this
yields

f(n, n− s, n− 2) =

(
n

2

)
− ex(n, {Ks+1,K2s − sK2})

=

(
n

2

)
− (1 + o(1)) · ex(n,Ks) =

1

2s− 2
n2 + o(n2).

In fact the asymptotic formula is valid also for s = 2 because then the exclusion of
K2,2

∼= C4 implies that ex(n, {Ks+1,K2s − sK2}) = o(n2). �

Theorem 21. Let s and t be fixed, with s > t ≥ 2, and n→∞. Then,

f(n, n− s, n− t) ≤ (1− c)
(
n

t

)
for some constant c = c(s, t) > 0.

Proof Let Ht be the complete t-partite hypergraph with vertex set X1 ∪ · · · ∪Xt

such that each partite class has cardinality |Xi| = bn/tc or |Xi| = dn/te. We have
|Ht| = (1 − o(1)) (n/t)

t
as n → ∞, hence there exists a universal constant c =

c(t) > 0 such that |Ht| ≥ c
(
n
t

)
for all n > t. Let H =

(
Ht

)c
. Then |H| ≤ (1−c)

(
n
t

)
.

We claim that H crosses all (n− s)-partitions whenever s > t. Indeed, let P be
any (n− s)-partition of X. Consider an s-set S obtained by deleting precisely one
vertex from each class of P. Since s > t, this S contains two vertices from the same
class of Ht, say x′, x′′ ∈ Xi. Therefore we can take a t-subset T ⊂ S containing
both x′ and x′′, consequently T /∈ Ht. Thus, X \ T ∈ H holds, and this X \ T
meets all classes of P because it contains all elements of X \ S. It follows that H
crosses every P, hence

f(n, n− s, n− t) ≤ |H| ≤ (1− c)
(
n

t

)
.

�
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