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On Some Convergence Properties for
Finite Element Approximations to the
Inverse of Linear Elliptic Operators*

Takehiko Kinoshita? Yoshitaka Watanabe? and Mitsuhiro T. Nakao®

Abstract

This paper deals with convergence theorems of the Galerkin finite ele-
ment approximation for the second-order elliptic boundary value problems.
Under some quite general settings, we show not only the pointwise conver-
gence but also prove that the norm of approximate operator converges to the
corresponding norm for the inverse of a linear elliptic operator. Since the
approximate norm estimates of linearized inverse operator play an essential
role in the numerical verification method of solutions for non-linear elliptic
problems, our result is also important in terms of guaranteeing its validity.
Furthermore, the present method can also be applied to more general elliptic
problems, e.g., biharmonic problems and so on.

Keywords: linear elliptic problems, finite element approximation, norm es-
timation of the inverse operator, convergence theorem

1 Introduction

In this section, we describe the background of the present study with notations
of related function spaces, including finite elements, and the formulation of the
problem. We will also mention the previous results that motivated this article.

1.1 Notations

We now introduce some function spaces necessary to consider the concerned prob-
lems.
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Let © C R? be a bounded polygonal or polyhedral domain where d € {1,2,3}.
For a non-negative integer m, let H™(Q) be the real L? Sobolev space with order
m on 2. We define

Hy(Q) == {u e H'(Q)|u=0on 00}

then Hj () is a Hilbert space with respect to the inner product (u,v)Hé(Q) =
(Vu, V) 12(gya and its norm is given by HU'HH(}(Q) = 1/(%“)}13(9) where (-, - )2
is the usual L? inner product on . Let H~1(Q) be the dual space of H}(12).

For a given non-linear function f : H}(Q) — H~1(Q) with certain properties,
we often consider the existence and local uniqueness of the solution u satisfying the
following non-linear elliptic boundary value problem of the form (e.g. [6] etc.):

{—Au = f(u) in Q (1a)
u=0 on Of. (1b)

To prove the existence of the solution of (1a)-(1b), the information on the linearized
operator £ := —A — f'(ug) : H}(2) — H~1(Q) and its inverse play important
roles where uy, is a suitable approximation of w and f’(uy) is the Fréchet derivative
of f at uy. Moreover, we assume that f'(uy) € L(H}(Q), L*(Q)) for uj, with suit-
able regularities and the weak Laplace operator —A € L(H} (), H~(2)) where
L(X,Y) is the linear space of all bounded linear operators from X to Y. As well
known, by the Riesz representation lemma, the Poisson equation with homogeneous
Dirichlet boundary condition is uniquely solvable. Namely, there exists a bounded
inverse operator of —A such that (—A)™' € L(H1(Q),H{(R)). Then, . can
be represented as £ = (=A)(I — (—=A)~*f'(uy)) where I is the identity map on
H}(Q). We denote A := (—A)~!f'(uy) € L(H}(Q)). Note that A is a compact
operator on H}(Q).

For an arbitrary w € H{ (), we set u :== Aw € H}(2). Then, u satisfies the
following variational equation:

(Vu, V) pa(gye = (Ig)(v) Vv e H(RQ) (2)

where I, : L*(Q) < H~!(Q) is an embedding operator and g = f'(ux)w €
L?(2). By some standard arguments using the Riesz representation theorem, we
can rewrite (2) simply as

(V, V) paiqya = (9,0) 2y Vo € Hy(Q). (3)

In general, the regularity of the solution (3) is smoother than H}(Q2). Particularly,
u € H(A; L*(Q)) holds where H(A; L*(Q)) := {u € H}(Q) | Au € L*(Q)}.

Note that, if there exists a bounded inverse of I — A, then .Z also has an inverse:
L7t =(I-A)"(=A)7!, and that Hz—luﬁ(

holds (also see [4, Remark 1.3]).

H-L(Q),H}()) I~ A)_1H£(H01(Q))
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Nakao et al. [5, 7] proposed numerical verification approaches for computing upper

bounds of ||$71||5(H71(Q),H3(Q)) (cf- 19, 10, 12, 3]).

Now, in order to define the approximation to the inverse operator Z~!, we
introduce the finite element space in the most general way possible. Let Sp,(€2) be
a finite-dimensional subspace of H{(£2) depending on the discretization parameter
h > 0 corresponding to the mesh size. We define the H}-projection P, from H}(€2)
to Sp(Q) such that

(u — Ppu, Uh)Hg(Q) =0 VYo € Sh(Q). (4)

Let {¢:}"; C H}(2) be the set of basis functions in S;,(Q2) where n := dim S,,(9).
Let Dy and G4 be n-by-n matrices whose (7,7) elements are defined by

D¢7i7j = (v¢]7 vQSi)Lz(SZ)d 3
G¢»i’j = (V¢j’ vd)i)Lz(Q)d - (f/(uk)¢j7 ¢Z)L2(Q) ’

where matrix Gy is the corresponding representation to the Galerkin approxima-
tion of operator .. Since Dy is a positive definite matrix, it can be Cholesky
decomposed as Dy = E¢E$ where Ey is a lower triangular matrix and EZ; is
the transposed matrix of Ey. We define the Galerkin approximation of I — A by
[ = Alp == Po(I = A)lg, () : Su(2) = Sp(Q2) where (I — A)|g, o) is the restriction
of I — A on S,(Q) and let [I — A]; " := (P (I — A)|Sh(g))_1, if the inverse exists.
Then, ||[I — AEl”g(sh(Q)) = HE?;G?E(;)HQ =: rj, holds where || - ||, is the matrix
2-norm / the spectral matrix norm (see [5]). Since the non-singularity of the ma-
trix can be verified by computational procedure (see, e.g., [11]), the existence of
[1 — AJ,! is usually assumed to be valid([5]).

1.2 Motivation and preliminary results

In this subsection, we describe the previous results mainly obtained in [4], which is
the motivation of this study.
Suppose that P, defined by (4) has the following convergence property

- _ 1

}LIE% | Pru — U”Hg(sz) =0, Yue Hy(Q) (5)

and that there exists a positive constant C'(h) such that C(h) — 0 as h — 0 and
satisfying

IV (u = Pot)l| 2 (y0 < C(B) | Dull 2y, Y € H(D5L2(9)). (6)

The conditions (5) and (6) are satisfied for usual finite element subspaces (see, e.g.,
[1, 2, 8] etc.). Also, note that the following estimates hold for arbitrary u € H{ ():

1T = P) Aull 1y < COO) 1A Aull e
< é(h> Ilf/(uk)”,C(Hé(Q),Lz(Q)) ||uHH6(Q) : (7>
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We now suppose that the linearized operator f’(uy) is represented as f’(ug)u =
—b - Vu — cu for some functions such that b € W1>°(Q)? and ¢ € L>(Q2). And we
set the following non-negative constants:

Cl = ||b||Loo(Q)d + Cp ||CHL°°(Q) ?
02 = ||b||L°°(Q)d + C(h‘) ||CHL°°(Q) ?

K(h) i= C() (Cp |V bll o g + C1)
where C), is the Poincaré constant satisfying
lull 20y < Cp IVullp2qye Vu € Hy ().

Then we already obtain the following existential condition and estimates of the
linearized inverse operator (I — A)~1:

Theorem 1 ( [7, Theorem 2] ). If kp := C(h) (ra K (h)C1 + C2) < 1, then I — A is
inwvertible and the following estimate holds:

1 <rh(1cgé(h)) rhK(h)>

H(I_A)_lHL(Hol(Q)) < 1— Ky,

rnC1C(h) 1

2

Moreover, by using the above theorem, if {r;}n~0 is a convergent sequence,
then we have

rnC1C(h) 1

(rh(l — CoC(h)) rhK(h)>

1
-1 .
I = 4) Hﬁ(Hé(ﬂ)) N

<lim rh O>
h—0
0 1
2
= li 1p.
max{hli% Th, } (8)

In our previous paper [4], by using (8), we presented the following relation:

2

-1 . —1
LT = A7 s ) = i 17 = AR ) 9)
provided that the limit in (9) actually exists. However, the question remains
whether the second inequality of (9) becomes equality. In this paper, we prove

that such equality holds true as well as clarify the condition for the existence of
[ — Al

2 Main results

In this section, based on the notations and the preliminaries introduced in previous
sections, we present the main result on the convergence property for finite element
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approximations of an inverse elliptic operator. To proceed with the argument, in
the following, although it may be duplicated, some new definitions and assumptions
are made again. It should also be noted that the intended purpose is achieved under
a very common setting of the finite element space and approximation scheme. Let
L(H}(2)) be a Banach space constituting of a set of bounded linear operators on

1Qull 3 )
H (Q)) Sup
0 0AucHL () ||U||H5(Q)
Therefore, Sy, (£2) is considered as a finite-dimensional subspace of H{ () depending

on the discretization parameter h > 0 with the same inner product and norm as
Hy ().

H(Q) with norm HQHL( for each Q € L(H()).

Assumption 1. Operator I — A is invertible. Namely, there exists (I — A)~1 €
L(H§ ().

Let P, € L(H{(S2),Sh(2)) be an orthogonal projection defined in (4). Then

note that HPhHL(Hg (@.5,() < 1 holds. We now assume the following two conver-

gence properties:

Assumption 2. For an arbitrary u € HZ(Q), Pyu converges to u in HL(Q) as
h — 0.

Assumption 3. For each h, there exists a positive constant C(h), which converges
to 0 as h — 0, satisfying

I = Pu) Aull gy < Ch) [ull gy - Y € HE().

Assumptions 2 and 3 correspond to (5) and (7), respectively, in the previous
section. Therefore, as mentioned in subsection 1.2, these assumptions are quite
reasonable conditions for usual finite element subspace Sy, (Q) C H}(Q).

Remark 1. From the assumptions 1 and 3, there exists a constant §4 > 0 such
that, for all h € (0,94),

1
1T =2 T, )

C(h) < (10)

Due to the compactness of operator P,A € £(H&(Q),Sh((2)), we have the
following properties.

Lemma 1. Let §4 be the same constant in Remark 1. Then, for all h € (0,04),
there exists a bounded inverse of I — Py A with estimates

1T =27 (1130
<
HI(Q) = 1= C(h)[I(I - A)_IHL(

1T = Put) ™[ (1)

HY(9))
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Proof. For an arbitrary f € HJ(2), we consider the solution u € Hg () satisfying:
(I = PuAyu = f. (12)

From assumption 1, it is readily seen that (12) is equivalent to the following fixed
point equation:

u=—(I—A)"I—P)Au+ (I — A~ f =Ty s(u). (13)
Hence, by using assumption 3, for arbitrary v, w € H}(Q), we have

1Th,5 (W) = Ty (W)l 13 2y = [T = A) 7T = Pu)Aw = w)| 2

If h is sufficiently small that (10) holds, then T} ¢ is a contraction map. Therefore,
Ty ¢ has a unique fixed point v € H{ () satisfying (12) by Banach’s fixed point
theorem. Furthermore, the arbitrariness of f implies that I — P, A is a bijection on
H}(Q) for such an h.

Also, by some simple calculation using (13) with assumption 3, we obtain

1= (1310)

I=PoA)  flpr e <
( 0 A) " Ny 1—||(I—A)71||z:(Hé(ﬂ>)

C(h) Hf“Hé(Q) 5

which yields the desired estimates (11). O

Note that
(I - PhA)’LLh e Ph(I — A)Uh, Yup € Sh(Q)

holds. This fact means that I — P, A is equal to P,(I — A) on Sj,(€2), namely,
(I = PrA)ls, @) = Pu(I —A)ls, () holds. Therefore, let define [I — A, € L(SK(2))
by [I —A]p, := Pn(I—A)lg, (). The following lemma gives an invertibility condition
of [I — AJp, and estimates for the norm of [I — AJ], .

Lemma 2. Under the same conditions as in Lemma 1, for all h € (0,d4), there
exists a inverse of [I — Al and the following estimate holds

(It A]#Hc(sh(ﬂ)) <t~ P’LA)HHL(H(}(Q)) ' (14)

Proof. For an fp, € Sp(Q), if P,(I — A)fr, =0, then

fn=PLAfn
=~ = Py)Afn + Afn.

Hence we have

(I - A)fh = _(I - Ph)Afh~
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Namely,
fn= —(I - A)_l(I - Ph)Afh.

Therefore, by assumption 3, we have
Ul 2 o) < ||(I*A)71||£(H3(Q))H(I*Ph)AthHg(Q)

<|ItF - A)fl||£(H%(Q))C(h)HthHg(Q),

which yields f;, = 0 from (10). Taking notice that the existence and uniqueness of
the solution are equivalent for the finite dimensional linear equation on Sy (€2), the
invertibility of [I — A]j, follows immediately.

Next, observe that

1N 222 0
(I — PhA)71 = sup 0
| le(my@) = o 20 o T Bod) s
> sup ol 2 e2)
o2 fnesn@) I = Pad) full g (o
A,
= sup
02 fnesn@) 1Ph (I = A) full g1 (o)
17— A1
- H[I A]h HL(S}L(Q)) ’
which completes the proof of (14). O

On the convergence of (I — P, A)~!, we have the following lemma:
Lemma 3. The following convergence property holds:

Jimn (7 = PaA)™ = (= 4)7 | 0 ) = O

Proof. Let §4 be the same constant defined above. Therefore, for each h € (0,04),
I — P, A is invertible on Hg(2) by lemma 1. For an arbitrary f € H3 (), we set
w:=(I—A)"1f e HY(Q) and w(h) := (I — P,A)"1f € H}(Q). Then we have
(I-—Au=f and (I-P,Aw(h)=f.
Hence, we obtain
(1= A)(u—w(h)) = (I - PaAyw(h) — (I — Ayw(h),

which is rewritten as

u—w(h) = —A)~I - P,)Aw(h).
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From assumption 3, we obtain
e = w0 gy < 1T = A7 | ) CO) (B 1130
<= D7 gy OB (o= w0y + gy
Hence we have
(1= COIT =7y ) T = 0Dy
C(h) |1 - A)‘1HL(

A

Taking notice of (10),
C) (=47

Hol(SZ))

||UHH1(Q) :
c(Hy (@) °

Namely, it holds that
=27 = (L= PeA) ™ | s
CO I =DM (43(0)

<
—1-C(h)|I(I - A)A”c(

H(I o A>_1fHHg(Q)
HY(@))
O (|7 =77 (e )

Slfcmwqurw(

c(Hy(@)

11 i3 ) -

Therefore, we obtain the following convergence property:

th)H(I—-A)_lHi(Hgan)
<
Hy @) =~ 1= C(h) (I - A)—1||£(

||(I—PhA)*1—(I—A)*1||£( ,
Hy(9)

as h — 0, which yields the desired conclusion. O

Theorem 2. The following convergence property holds for each f € Hg ().
. -1 -1
}L%H[I_A]h Pof—(I—-4) fHHé(Q) =0. (15)

Proof. Let §4 be a positive constant satisfying condition (10) and let h be a fixed
parameter in (0,04). Then, there exists [I — A]; ' € £(S,(22)) by lemma 2. For
each f € H}(Q), weset u = (I—A)~1f € HY(Q) and uy, := [I— Al ' Py f € Sp(Q).
By the definition, we have
f=Puf=U—Au— Pl —A)uy
=T -PA)(u—up)+ T —Au—(I-PAu
= (I — PhA)(u — ’LLh) — (I — Ph)A’LL.
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Noting that there also exists (I — P,A)~' € L(H§()) by lemma 1, from the
assumption 3 and (11), we obtain, by using the above equality,

||U—Uh||H1 |

H I— 1” Hl(Q)

(I - PyA) ' (f = Puf + (I — Pn)Au) HH1
(
S T e T= A,
(
(

(D)

(1 = P lgien + €O el o)
13 (@)
< H 1-4) _1” (H(}(sz))

= T=omIT- A,

(17 = Pufly o
Hj(Q)

MY =7 30 1y o) (16)

The right-hand side of (16) converges to 0 as h — 0 by the assumptions 2 and 3.
Thus, (15) is proved. O

Now we present the norm convergence theorem, which is the main result of this
paper.

Theorem 3. The following norm convergence property holds:

lim H [I — A] 1H

h—0 (S}L(Q)) - H(I_A)_lu (

c(my@) -
Proof. First, note that, for each fixed f € H}(Q2), we have by Theorem 2

1T = A7 gy = Jimy 17 = AL P,

Therefore, it holds that

=27

cm@) =20 0= A

=1
HfHH(%(Q)

= sup lim [|[I - A], ' Py f (17)
HfHHl(Q)—lh_}O” h HSh

Moreover, for each h € (0,54) and f € H{(2) with ||fHHg(Q) = 1, observe that by
using Lemma 2

I = AL Puf s, 0) = I = AT 5, 09) 1P s
< I = A1) 5, ) (18)
< |I(I —PnA)~ 1||£(H5(9))' (19)

On the other hand, by Lemma 3, it holds that the right-hand side of (19) converges

to ||(1 — A)_lHL(H(}(Q)) as h — 0. Combining this fact with (17)-(19) we can show



80 Takehiko Kinoshita, Yoshitaka Watanabe, and Mitsuhiro T. Nakao

that lim H - AL £(5n@) exists and equals ||(I — A)71||L(H§(Q))' Indeed, we
take the limit inferior and limit superior of (18) and (19),
b 1 AP oy < gt 0 A7
—1
<hr}?jup|| I - A], || (Sh Q))
= H I—A4) 1||L(Hé(g)) (20)

holds. Here, the last inequality follows from Lemma 3. Taking notice that the
inequalities, except for the first left-hand sides in (20) is independent of f, we
obtain from (17)

||(I—A)_1|| ( = sup lim || [I — A] 1th||s ()

LHL(Q
ol )) Ilf”Hl(Q):lhA)O

< liznjgf || - A]f:1||g(sh(9))

<M= A7y o)

Combining the above with (20), we have

h}Ln—igf It - A]’:lna(sh(n)) - “I}}j},lp Itz - Ab;l”ﬁ(Sh(Q)) = - A)71||L‘(H5(Q)) ’
which yields the desired conclusion. O

Remark 2. Note that the result of Theorem 3 does not mean
[[— Al 'Py— (I—A)~as h— 0in L(H(Q)).

Actually, if hm H [I — A 1Ph —(I-4) 1” =0 holds, then considering

c(mi@)

the partlcular case: A =0, it implies that }llli% | Py, — I||£(H1 W) = 0. From the fact

that P, is a finite dimensional operator, this contradicts that the identity operator
I is not compact on the infinite dimensional space £(Hg((2)).

3 Conclusion

We presented the convergence theorem of [I — A], ' P, to (I — A)~! as h — 0 in
Theorem 2, and we also established the norm convergence theorem in Theorem 3.
Moreover, Lemma 2 is important as a theoretical result for the existence of the
Galerkin approximation for (I — A)~!. Tt is also expected that these results can
be extended for the more general linear compact operator A, e.g., corresponding to
the biharmonic problems, under similar assumptions to 1, 2, and 3.
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