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Sequential and Parallel Implementation of

Lazy Abstraction Strategies∗

Mihály Dobos-Kovácsab, Dóra Cziborováac, and András Vörösad

Abstract

Verifying timed systems is essential in safety-critical applications and
poses significant challenges due to the huge number of possible behaviors.
Model checking is a powerful tool of verification exploring the possible be-
haviors of systems, but it struggles with industrial applications, particularly
when time is involved. Abstraction-based techniques are often used for the
model checking of complex systems, as they can simplify the representation of
the state space. Lazy abstraction is such a technique that incrementally ad-
justs (refines) abstractions only as needed, thus offering a promising solution
by balancing precision and efficiency.

This paper explores both sequential and parallel implementations of lazy
abstraction strategies for timed systems. The sequential approach generalizes
former implementations, while parallel implementations aim to leverage mod-
ern multi-core architectures for improved scalability and efficiency. Through
empirical evaluation of benchmark systems, the research compares the various
approaches, identifying key factors influencing parallelization effectiveness.
The findings offer insights into lazy abstraction and opens new directions to
further enhance the verification of complex timed systems.

Keywords: formal verification, model checking, lazy abstraction

1 Introduction

As the complexity of real-time systems is growing, ensuring their correctness has
become increasingly challenging. These systems, characterized by the necessity to
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meet strict timing constraints, are pervasive in critical domains such as aerospace,
automotive, telecommunications, and industrial automation. A failure in these sys-
tems due to a missed deadline or incorrect timing can lead to catastrophic outcomes,
making their verification a matter of utmost importance.

Model checking is a formal verification technique that systematically explores
the state space of a system to verify whether the system satisfies certain proper-
ties, including timing constraints. However, model checking faces the state space
explosion problem, where the number of system states grows exponentially with
the complexity of the system, exacerbated further in timed systems due to the
continuous nature of time.

To mitigate this problem, abstraction techniques have been developed, which
approximate the system model by focusing on essential details relevant to the prop-
erties being verified. Lazy abstraction is one such technique, particularly effective
for timed systems, as it incrementally refines the abstraction only when necessary,
which is crucial for handling the intricate timing constraints of real-time systems.

This paper explores both sequential and parallel implementations of lazy ab-
straction strategies. Lazy abstraction is a sequential algorithm that navigates the
set of reachable states using abstraction, applying refinement only when necessary.
We provide a flexible framework that is designed to be highly versatile and com-
patible with any abstract domain that meets some special properties, allowing the
integration of various abstractions and refinement strategies.

Given the computational demands of formal verification, the implementation
of lazy abstraction strategies could benefit from parallelization. With multi-core
processors, modern computing architectures offer substantial opportunities to par-
allelize verification: our goal is to exploit the available computing power in a parallel
implementation of the lazy algorithm.

First, in Chapter 2, we provide a detailed overview of model checking and the
formal model used later on, then Chapter 3 introduces the relevant related work.
In Chapter 4, we propose a generic lazy abstraction framework summarizing the
sequential implementations of lazy abstraction. Chapter 5 explores the parallel
implementation of lazy abstraction strategies, discussing the approach of paral-
lelization and the trade-offs identified. Finally, Chapter 6 offers a comparative
analysis of the sequential and parallel implementations, highlighting key findings
and implications for the verification of timed systems.

2 Background

2.1 Model Checking

Model checking (Figure 1) [13] is a formal verification technique to prove that
certain properties (called requirements) hold in a model. The properties under
investigation are often categorized into two main groups: safety properties (an
unsafe state of the system is never reached) and liveness properties (the desired
state is always reached eventually).



Sequential and Parallel Implementation of Lazy Abstraction Strategies 3

The inputs of a model checking algorithm are the model and the requirements,
both formally specified. The algorithm then outputs whether the given model
satisfies the given requirements or, in case the model does not satisfy a requirement,
it may also output a corresponding counterexample, leading to some erroneous
states in the model.

System Property

Formal model
Formalized
property

Model checking

Safe Counterexample

Figure 1: Model checking

As safety requirements usually define an error state that must not be reached,
checking whether the model satisfies the safety requirement is reduced to a reach-
ability problem.

When checking whether a state is reachable in a model, explicitly enumerating
all states on all paths would not be an efficient or viable approach for modern
systems. This is because of the state space explosion problem, which means that
the state space can become unmanageably large even for a relatively small model.
Therefore, one of the main challenges in model checking is to find more efficient
solutions to the reachability problem.

Many reachability analysis techniques are based on abstraction, which applies
an over-approximation of the reachable states. The over-approximated state space
may also contain behavior that is not present in the original model. Still, more
importantly, it contains all possible behaviors of the model, while the state space
can be represented in a more compact way. Abstraction, therefore, ensures that
if a state is unreachable in the abstract model, then neither is it reachable in the
original model. However, a model checking algorithm may find counterexamples in
the abstract model that are not present in the original one, and thus, false positives
may occur when the abstraction is too coarse.

2.2 Timed Automata

Timed automata [1] provide a graph-based modeling formalism, where a finite set
of nodes represent locations and a finite set of labeled directed edges represent
transitions. Time is modeled using clock variables, while the use of data variables
is also allowed.

Clock variables are continuous, non-negative variables that represent the pas-
sage of time. All clock variables are initialized at zero, are always incremented
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equally within the model, and can be reset individually. Although clocks are con-
tinuous variables, most timed analysis techniques consider resets and comparisons
with integers only. However, this is barely a limitation, as models can still use resets
and comparisons with rational constants, in that case they need to be multiplied
by the least common multiple of their denominators as a preprocessing step [1].

For a set of clock variables VC , a clock valuation valC : VC → R≥0 maps each
clock c ∈ VC to a non-negative value. We denote the set of clock valuations by
ValC . Clock constraints are formulas of the form ci ∼ k or ci − cj ∼ k, where
ci, cj ∈ VC , ∼ ∈ {<,≤,=,≥, >}, and k ∈ Z.

Let VD be a set of data variables with domains D1, D2, . . . , D|VD|. A data

valuation valD : VD →
⋃|VD|
i=1 Di maps each variable x ∈ VD to a value in its cor-

responding domain, i.e. ∀xi ∈ VD : valD(xi) ∈ Di. We denote the set of data
valuations by ValD.

Definition 2.1. A timed automaton is a tuple A = 〈L, T , VC , VD, l0, val0D〉, where

• L is a finite set of locations;

• T ⊂ L ×O × L is a set of transitions labeled with operations op ∈ O;

• VC and VD are finite sets of clock and data variables;

• l0 ∈ L is the initial location;

• val0D ∈ ValD is the initial valuation of data variables.

2.2.1 Semantics of Timed Automata

The semantics of timed automata is defined by a transition system, with a set of
states S. A state is a tuple 〈l, 〈valD, valC〉〉 ∈ S, where l ∈ L, valD ∈ ValD and
valC ∈ ValC .

The initial states form a set S0 = {〈l0, 〈val0D, val0C〉〉 | val0C = {c 7→ δ | c ∈
VC}, δ ∈ R≥0} with data variables initialized to val0D and clock variables to some
initial delay δ ≥ 0.

Let JopK〈valD, valC〉 denote the set of possible results of applying the operation
op ∈ O on a pair 〈valD, valC〉, where valD ∈ ValD and valC ∈ ValC . The set
JopK〈valD, valC〉 is defined as follows:

• If op is a data guard of the form [ϕ], where ϕ is a predicate over VD, then
JopK〈valD, valC〉 = {〈valD, valC〉} if valD satisfies ϕ, otherwise we have
JopK〈valD, valC〉 = ∅.

• If op is a clock guard of the form [constr], where constr is a clock constraint
over VC , then JopK〈valD, valC〉 = {〈valD, valC〉} if valC satisfies constr, oth-
erwise JopK〈valD, valC〉 = ∅.
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• If op is a data assignment x := ϕ, where x ∈ VD with domain Dx, ϕ is
an expression over VD such that ϕ(valD) ∈ Dx, then JopK〈valD, valC〉 =
{〈val′D, valC〉} such that val′D(x) = ϕ(valD) and val′D(x′) = valD(x′) for
each x′ ∈ VD\{x}.

• If op is a clock reset c := n, where c ∈ VC , n ∈ N0, then JopK〈valD, valC〉 =
{〈valD, val′C〉} such that val′C(c) = n and val′C(c′) = valC(c′) for each c′ ∈
VC\{c}.

• If op is a compound operation of the form (op1; op2), where op1, op2 ∈ O,
then JopK〈valD, valC〉 = {〈val′′D, val′′C〉 | 〈val′′D, val′′C〉 ∈ Jop2K〈val′D, val′C〉,
〈val′D, val′C〉 ∈ Jop1K〈valD, valC〉}. If the result of the first operation op1 is
empty, e.g., op1 is a data guard not satisfied by valD, then 〈val′D, val′C〉 and
consequently 〈val′′D, val′′C〉 cannot exist, therefore the result of the compound
operation will also be empty.

There are two kinds of transitions in the transition system representing the
semantics of the timed automaton:

• An action transition 〈l, 〈valD, valC〉〉
op−→ 〈l′, 〈val′D, val′C〉〉 with an operation

op ∈ O is enabled if and only if there exists an edge 〈l, op, l′〉 ∈ E and
〈val′D, val′C〉 ∈ JopK〈valD, valC〉.

• A delay transition 〈l, 〈valD, valC〉〉
δ−→ 〈l′, 〈val′D, val′C〉〉 with delay δ ∈ R≥0 is

enabled if and only if l′ = l, val′D = valD and val′C(c) = valC(c) + δ for each
c ∈ VC .

The postcondition of a state s ∈ S with respect to a transition t = 〈l, op, l′〉 ∈
T is given by the concrete post-image operator: postt(s) = {s′′ | ∃s′ : s op−→
s′ is enabled, s′

δ−→ s′′ is enabled}. Conversely, the existential precondition of a
state s ∈ S with respect to a transition t ∈ T is given by the concrete pre-image
operator: pret(s

′) = {s | s′ ∈ postt(s)}.
A run of a timed automaton is a finite sequence of states σ = 〈l0, 〈val0D, val0C〉〉

t1−→
〈l1, 〈val1D, val1C〉〉

t2−→ · · · tn−→ 〈ln, 〈valnD, valnC〉〉, where 〈l0, 〈val0D, val0C〉〉 ∈ S0 and
〈li, 〈valiD, valiC〉〉 ∈ postti(〈li−1, 〈vali−1D , vali−1C 〉〉) for all 1 ≤ i ≤ n. A state
〈l, 〈valD, valC〉〉 ∈ S is reachable if and only if a run exists where ln = l, valnD =
valD and valnC = valC .

3 Related Work

Lazy abstraction was introduced in [21], as a model checking approach that inte-
grates the building and refinement phases of abstraction, with different parts of the
abstract model exhibiting different degrees of precision. Craig interpolant-based
abstraction refinement is introduced into the lazy abstraction paradigm in [27],
serving as the basis for the here-described lazy abstraction building and abstraction



6 Mihály Dobos-Kovács, Dóra Cziborová, and András Vörös

refinement techniques. Both [21] and [27] work over formulas, which are continu-
ously increasing in size as the state-space grows. Abstract domains to efficiently
summarize the state space have been introduced with zone abstraction for timed
automata.

For the verification of timed automata, zone-based abstractions are used. Lazy
abstraction was adapted to the reachability analysis of timed automata in [5]. In
addition to zones, it also distinguishes LU-bounds, i.e., maximal lower and upper
bounds, to obtain a coarser abstraction. In [22], an algorithm was proposed that
updates LU-bounds dynamically. A similar lazy search algorithm was presented
in [35] that uses an abstraction technique that extends zones with difference-bound
constraint sets to reduce the state space.

Our work builds directly on [33] and [34]. In [33], a lazy method was proposed
for location reachability checking of timed automata with two refinement strategies
that use zone interpolation and backward propagation. For timed automata with
discrete variables, an algorithmic framework using the lazy method of [33] was pre-
sented in [34] that allows the combination of abstractions for clocks and discrete
variables. The framework provides a lazy abstraction algorithm for checking loca-
tion reachability. Nevertheless, the inventory of abstract domains for lazy analysis
remained limited.

In this paper, we propose a generalization of the framework presented in [34].
In [34], the abstraction refinement strategies are provided specifically for the direct
product of zone abstraction and explicit value abstraction. In contrast, we propose
both abstraction building and refinement strategies operate over generic abstract
domains, allowing greater flexibility in the use of various abstractions. Furthermore,
we identify the operations of lazy abstraction and their properties in a domain-
independent approach, while directly addressing the possibility of handling a set of
variables by multiple different but compatible abstractions. Moreover, we provide
guidance on designing efficient abstract domains for lazy abstraction.

Using parallel algorithms for verification tasks is an established idea in the liter-
ature. Ideas to conduct model checking in parallel were discussed in the early 2000s
[19, 3]. Parallel versions of explicit model checking tend to be highly distributed
[10, 25, 24], using computer clusters to enumerate the state space, but other ap-
proaches are known as well: there are explicit model checking variants that utilize
the GPU for massively parallel processing [15, 37] and there is even a variant that
employs hardware acceleration via an FPGA [18].

Model checking algorithms often use abstraction to tackle state-space explo-
sion. There are search-based techniques utilizing abstraction that were successfully
parallelized [12], and for computer software, both bounded model checking [23]
and the algorithm of counterexample-guided abstraction refinement (CEGAR) [31]
were extended for multi-processor environments. Modern approaches tend to use
portfolios of algorithms to tackle verification tasks [7, 9], and parallelization can be
achieved by running different algorithms in parallel.

Our paper focuses on the reachability analysis of timed systems. Parallel verifi-
cation of timed systems was previously achieved by LTL-based algorithms [16, 26, 4]
and by CEGAR as well [28]. The latter algorithms uses a cluster of computers to
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calculate counterexamples in parallel, and a master node to consolidate the results.
In contrast, our proposed parallel algorithm works in a single computer using shared
memory.

4 Lazy Abstraction Framework

We propose a generic, configurable lazy abstraction framework that works with
any abstract domain that adheres to the properties given later in this chapter.
The framework is independent of the modeling formalism used; however, we also
present examples through some specific domains that one may use to verify timed
automaton models.

Our approach explores the state space by building a graph-like representation of
reachable states with additional information at each node. The exploration follows
the general idea of lazy abstraction depicted in Figure 2.

Abstraction

Refinement

TryCover Expand 7

DisableCover

Strengthen 3

[else] [feasible] [error]

[may cover] [else] [else]

[explored]

[else]

Figure 2: Overview of lazy abstraction

Lazy abstraction first tries to cover the states it encounters. If a state can be
covered, then its node needs to be refined to maintain correctness. If it is not
possible to cover a state, then the state space needs to be explored further from
that state, i.e., the node is expanded. If an infeasible transition is encountered
while expanding, then the transition needs to be disabled from the given node by
refinement. In both cases, refinement works by strengthening some states, which
helps eliminate infeasible paths.

When an error state is encountered on a path during the exploration, then that
path is already a proof of incorrect behavior, without requiring further checks of
feasibility. On the other hand, if there is nothing more left to explore, then the
resulting graph built by the algorithm proves the correctness of the model.

4.1 Abstract Domains

Abstractions over-approximate concrete states with a tractable representation called
abstract states to support verification. We define abstractions through abstract do-
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mains that in addition to the abstract states also comprise the operators closely
associated with them.

Definition 4.1. An abstract domain is a tuple D = 〈S,D,v, γ, post′〉, where

• S is the set of concrete states;

• D is the set of abstract states;

• v ⊆ D ×D is a preorder, i.e. it is a reflexive and transitive binary relation;

• γ : D → 2S is the concretization function that maps an abstract label to the
corresponding set of concrete states, such that d1 v d2 implies γ(d1) ⊆ γ(d2)
for each d1, d2 ∈ D,

• post′ : D×T → 2D is the abstract post-image operator that maps an abstract
state d ∈ D to its successor states with respect to a transition t ∈ T , such that⋃
s∈γ(d) postt(s) ⊆

⋃
d′∈post′t(d) γ(d′) for each d ∈ D and each t ∈ T , where

post′t(d) is the shortened notation for post′(d, t). We also require γ(d′) 6= ∅
for all d′ ∈ post′t(d), d ∈ D, t ∈ T .

Henzinger et al. [21] and McMillan [27] proposed lazy abstraction with predicates
as abstract states. In the following, we show some other examples of abstract do-
mains that are useful for the verification of timed automata in the lazy abstraction
framework.

4.1.1 Identity Abstraction

We may encounter problems where we do not wish to use any abstraction. However,
the presented lazy abstraction framework works over abstract domains. Identity
abstraction represents the concrete domain as an abstract domain without losing
any information about the concrete states.

Identity abstraction over a set of states S is the abstract domain Id(S) =
〈S,S,=S , idS , post〉, i.e., the set of abstract states is the same as the set of concrete
states, the preorder relation is the equivalence relation on S, the conceretization
function is the identity function on S, and the abstract post-image operator is the
concrete post-image operator.

4.1.2 Explicit Value Abstraction

In explicit value abstraction [8], the values of some subset of variables V ′ ⊆ V are
explicitly tracked, while the rest of the variables V \V ′ may take any value.

The abstract states are partial valuations that map variables in V ′ to values
in their corresponding domains. E.g., an abstract state representing the set of
concrete states {{x1 7→ 1, x2 7→ 0, x3 7→ n} | n ∈ Z} with V ′ = {x1} is a partial
valuation pval = {x1 7→ 1}.
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For two abstract states the preorder relation pval1 vE pval2 holds if and only
if pval2(x) ∈ {pval1(x),>} for all x ∈ V ′. E.g., {x1 7→ 1, x2 7→ 0} vE {x1 7→ 1}
and {x1 7→ 1, x2 7→ 0} vE {x1 7→ 1, x2 7→ >}, but {x1 7→ 1} 6vE {x1 7→ 1, x2 7→ 0}.

The concretization function γE(pval) yields all total valuations val over V such
that val(x) = pval(x) for all variables x ∈ V ′. E.g., for a set of variables V =
{x1, x2} with domains D1 = D2 = Z and an abstract state pval = {x1 7→ 1},
γE(pval) = {val | val(x1) = 1, val(x2) ∈ Z}.

The abstract post-image operator post′E assigns values to variables in V ′ ac-
cording to the transition t ∈ T where it can be evaluated on V ′, and assigns > to
all other variables in V ′. E.g., if V ′ = {x1}, then post′E({x1 7→ 1}, x1 := x1 + 1) =
{{x1 7→ 2}} and post′E({x1 7→ 1}, x1 := x2) = {{x1 7→ >}}.

4.1.3 Zone Abstraction

Zone abstraction [1] is used for capturing time information in a compact repre-
sentation. Zone abstraction represents sets of clock valuations as zones. A zone
is described by a conjunction of clock constraints, e.g. z = (c1 ≥ 0) ∧ (c2 ≥
0) ∧ (c1 − c2 ≤ 2). Let Z denote the set of zones.

The preorder relation vZ corresponds to the implication of zones, e.g. (c ≥
1) ∧ (c ≤ 4) vZ (c ≥ 0).

The concretization function γZ yields all clock valuations satisfying the zone,
e.g., for a set VC = {c}, γZ((c ≤ 4)) = {valC | valC(c) ≥ 0 ∧ valC(c) ≤ 4}.

The abstract post-image operator post′Z yields exactly one zone, which is the
exact successor for the given zone with respect to the given transition. Therefore,
if post′Z(z, t) = {z′} for some z ∈ Z and t ∈ T , then

⋃
valC∈γZ(z) postt(valC) =

γZ(z′). A possible implementation of post′Z using DBMs is presented in [6].

Difference Bound Matrices Zones contain clock constraints of the form c1 ∼ n
or c1 − c2 ∼ n where c1, c2 ∈ VC , n ∈ N and ∼ ∈ {<,≤,=,≥, >}. By introducing
a reference clock c0 with constant zero value, all clock constraints can be written
uniformly as c1 − c2 ≺ n where c1, c2 ∈ VC ∪ {c0}, n ∈ Z and ≺ ∈ {<,≤}. This
enables the representation of any zone as a difference bound matrix (DBM) [1].
DBMs enable the effective representation of zones and the efficient execution of
time operations used in reachability analysis.

Definition 4.2. For clock variables c1, c2, ..., ck, a difference bound matrix (DBM)
is a square matrix D of dimension (k + 1) × (k + 1) such that an element of this
matrix is either Di,j = (n,≺) where n ∈ Z and ≺ ∈ {<,≤}, representing the clock
constraint ci − cj ≺ n, or Di,j =∞, indicating the absence of a bound.

4.1.4 Product Abstraction

For systems that contain variables of different kinds (e.g., a timed automaton with
data and clock variables), there may not exist a suitable simple abstraction that is
applicable to all kinds of variables and handles all of them well. Product abstraction
combines multiple abstractions and handles them as a single abstract domain.
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The product of two abstract domains D1 = 〈S1,D1,v1, γ1, post
′
1〉 and D2 =

〈S2,D2,v2, γ2, post
′
2〉 is the abstract domain Prod(D1,D2) = 〈S1×S2,D1×D2,v×,

γ×, post′×〉, such that

• 〈d1,1, d1,2〉 v× 〈d2,1, d2,2〉 if and only if d1,1 v1 d2,1 and d1,2 v2 d2,2;

• γ×(〈d1, d1〉) = γ1(d1)× γ2(d2);

• post′×(〈d1, d2〉, t) = post′1(d1, t)× post′2(d2, t).

4.1.5 Location Abstraction

In many cases, the goal of reachability analysis is checking the reachability of an
error location. Locations should always be explicitly tracked, as the sets of enabled
transitions are dependent on the location. Location abstraction provides a uniform
representation of locations and states of an automaton, so that the algorithms can
work over a generic abstract domain without having to handle locations explicitly.

Location abstraction tracks locations in addition to abstract states of some
other abstract domain. With a set of locations L and an abstract domain D,
location abstraction can be considered as a special form of product abstraction:
Loc(L,D) = Prod(Id(L),D).

4.2 Reachability Analysis

Our algorithm generalizes the abstraction-based lazy algorithm presented in [34].
Reachability analysis of a target state is performed by dynamically constructing an
abstract reachability graph (ARG) of reachable states.

4.2.1 Abstract Reachability Graph for Lazy Abstraction

The generic algorithm labels the nodes of the ARG by labels from two generic
abstract domains. Let Dc = 〈S,Dc,vc, γc, post〉 be the concrete labeling domain
and Da = 〈S,Da,va, γa, p̃ost〉 be the abstract labeling domain.

Definition 4.3. An abstract reachability graph (ARG) is a tuple
ARG = 〈N,E,C, n0, dc, da, e〉, where

• 〈N,E〉 is a directed tree of nodes N and edges E ⊂ N ×N , rooted at n0,

• C ⊆ N ×N is the set of covering edges,

• dc : N → Dc is the labeling of nodes by concrete labels,

• da : N → Da is the labeling of nodes by abstract labels,

• e : E → T is the labeling of edges by transitions.
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A node of the ARG n ∈ N is expanded if and only if for all transitions t ∈ T
enabled from da(n) there is an edge 〈n, n′〉 ∈ E for some n′ ∈ N labeled with t.
A node n is covered if and only if 〈n, n′〉 ∈ C for some node n′ ∈ N . A node is
pending if and only if it is not expanded and not covered. An ARG is complete if
and only if all its nodes are either expanded or covered.

The ARG is constructed so that the concrete labeling represents some of the
concrete paths of the model, while the abstract labeling over-approximates all con-
crete paths of the model. Furthermore, if 〈n, n′〉 ∈ C, i.e., n is covered by n′, then
each state reachable from the abstract label of n is also reachable from the abstract
label of n′.

The concrete labeling dc is never modified during the run of the algorithm.
The abstract post-image operator post of the concrete labeling domain Dc is ex-
act, which means that it does not introduce unreachable states in the post-image.
Still, Dc is an abstract domain since the concrete labels are abstract states that
may represent multiple concrete states (e.g., zones). Identity abstraction and zone
abstraction are examples of domains that can serve as the concrete labeling domain.

The abstract labeling da is a coarser abstraction. It is refined when needed in a
lazy manner. The abstract post-image operator p̃ost of the abstract labeling domain
Da is not exact. The abstract labeling overapproximates the concrete labeling; the
concretizations of abstract labels may include unreachable states as well.

Figure 3 shows an example ARG. For both nodes n0 and n1, the concrete label
can be seen in the first row of the node (marked with C) and the abstract label in
the second row (marked with A). This ARG is used for the reachability analysis
of a timed automaton, so both the concrete and abstract labels consist of three
states: a location (L), a data state (D), and a time state (T). The location is
tracked explicitly in both concrete and abstract labels. Data is represented as
a total valuation (e.g., {x 7→ 0}) in the concrete label and as a predicate (e.g.,
true) in the abstract label. Time is represented as a zone in both cases; however,
concrete labels contain non-overapproximating zones, while the zones in abstract
labels may overapproximate the concrete ones, e.g., zone (c ≥ 0) overapproximates
zone (c ≥ 2) in node n1.

L0 {x 7→ 0} (c ≥ 0)

L0 true (c ≥ 0)

L D T

C

A

n0

L1 {x 7→ 1} (c ≥ 2)

L1 true (c ≥ 0)

L D T

C

A

n1

[c ≥ 2]
x := 1

Figure 3: ARG Example
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The edge from n0 to n1 is labeled by a transition with a compound operation
consisting of a clock guard [c ≥ 2] and a data assignment x := 1. For simplicity, we
have omitted the source and target locations of the transition, as they are evident
from the location (L) column of nodes. The clock guard [c ≥ 2] further constrains
(c ≥ 0) in the concrete label to (c ≥ 2) in node n1, while the data assignment
x := 1 yields the data valuation {x 7→ 1}.

4.2.2 Requirements for Lazy Abstraction

In this section, we discuss the constraints that the used abstract domains and the
ARG should conform to when checking reachability with lazy abstraction.

We only consider those abstract domains Dc and Da for which the post-images
produced by post and p̃ost consist of at most one abstract state.

With D1 = 〈S,D1,v1, γ1, post
′
1〉 and D2 = 〈S,D2,v2, γ2, post

′
2〉 abstract do-

mains, let γ′(D1,D2) : D1 → D2 denote a function that represents abstract states
of domain D1 as abstract states of domain D2. The γ′ function can represent the
mapping of, e.g., a total valuation to a partial valuation with all variables tracked,
forming a connection between identity abstraction and explicit value abstraction.
For the labeling domains Dc and Da, the function γc�a = γ′(Dc,Da) must exist
for which p̃ostt(γc�a(d)) = γc�a(d′) where {d′} = postt(d).

Moreover, let `⊆ D1×D2 denote the proves relation, a reflexive and transitive
binary relation with the following semantics: d1 ` d2 if and only if γ′(D1,D2)(d1) v2

d2, where d1 ∈ D1, d2 ∈ D2. The d1 ` d2 relation also implies that γ1(d1) ⊆ γ2(d2).
The ARG for lazy abstraction should conform to the following properties:

• Initiation:
⋃
s0∈S0 s0 = γc(dc(n0)) and dc(n0) ` da(n0)

• Inductive labeling: for each expanded node n ∈ N , transition t ∈ T , and
abstract state d′a ∈ p̃ostt(da(n)), there exists an edge 〈n, n′〉 ∈ E labeled by
t to a node n′ ∈ N such that d′a va da(n′)

• Concrete labeling: poste(〈n,n′〉)(dc(n)) = {dc(n′)} for each 〈n, n′〉 ∈ E

• Simulation: for each expanded node n ∈ N and transition t ∈ T it holds that
postt(dc(n)) = ∅ implies p̃ostt(da(n)) = ∅

• Coverage: da(n) va da(n′) for each 〈n, n′〉 ∈ C

4.2.3 Building an ARG with Lazy Abstraction

The generic lazy abstraction algorithm that builds an ARG with the above prop-
erties is presented in Algorithm 1.

The inputs of the algorithm are an initialized ARG (i.e., containing only the
labeled initial node n0), the set of transitions T , and the error predicate. The
error predicate determines whether the abstract label of a given node represents an
error state. Therefore, the abstract labels should include precise information about
whether a state is an error state or not. For example, when checking the reachability
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Algorithm 1 Generic lazy abstraction algorithm

with domains Dc = 〈S,Dc,vc, γc, post〉 and Da = 〈S,Da,va, γa, p̃ost〉

Require: ARG = 〈N,E,C, n0, dc, da, e〉 is an initialized ARG, where N = {n0},
E = ∅, C = ∅, γc(dc(n0)) =

⋃
s0∈S0 s0 and dc(n0) ` da(n0)

1: function Check(ARG, T , error)
2: waitlist← N , expanded← ∅
3: while n ∈ waitlist for some n do
4: waitlist← waitlist\{n}
5: if error(da(n)) then
6: return unsafe, ARG

7: TryCover(ARG, waitlist, expanded, n)
8: if n is not covered then
9: Expand(ARG, waitlist, expanded, T , n)

10: return safe, ARG

11: function TryCover(ARG, waitlist, expanded, n)
12: for all n′ ∈ expanded such that dc(n) ` da(n′) do
13: Cover(ARG, waitlist, n, n′)
14: if da(n) va da(n′) then
15: C ← C ∪ {〈n, n′〉}
16: return

17: function Expand(ARG, waitlist, expanded, T , n)
18: for all t ∈ T do
19: if postt(dc(n)) = ∅ then
20: Disable(ARG, waitlist, n, t)
21: else
22: create node n′, N ← N ∪ {n′}, E ← E ∪ {〈n, n′〉}, e(〈n, n′〉)← t
23: dc(n

′)← d′c with {d′c} = postt(dc(n))
24: da(n′)← InitAbstr(ARG, n, t)
25: waitlist← waitlist ∪ {n′}
26: expanded← expanded ∪ {n}

Ensure: returns d′′a such that d′a va d′′a with {d′a} = p̃ostt(da(n))
27: function InitAbstr(ARG, n, t) . Declaration only. Possible definition

is InitAbstrpost or InitAbstr>

28: function InitAbstrpost(ARG, n, t)

29: return d′a where {d′a} = p̃ostt(da(n))

30: function InitAbstr>(ARG, n, t)
31: return >
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Algorithm 1 Generic lazy abstraction algorithm (continued)

Require: dc(n) ` da(n′)
32: function Cover(ARG, waitlist, n, n′) . Declaration only. Implementation

depends on interpolation domain (see

Algorithm 2)

Require: postt(dc(n)) = ∅
Ensure: p̃ostt(da(n)) = ∅
33: function Disable(ARG, waitlist, n, t) . Declaration only. Implementation

depends on interpolation domain (see

Algorithm 2)

of an error location, locations should be explicitly tracked by the abstract labels as
well.

Two sets of nodes are maintained, one for the nodes to be processed (waitlist)
and one for the already expanded nodes (expanded). Nodes in the waitlist are
processed one by one in a loop until there are no more nodes left. After each
iteration of the loop, each node of the ARG is either covered, expanded, or in the
waitlist.

If the processed node represents an error state, then an unsafe result is returned,
along with the ARG that serves as proof of the reachability of the error state.

If the processed node is not an error node, then the algorithm attempts to cover
it. A covered node does not have to be expanded, thus sealing a branch of the ARG
and limiting its growth. By the coverage property of the ARG, da(n) va da(n′) has
to hold for nodes n, n′ ∈ N if n is covered by n′. However, instead of searching for
a node n′ that already satisfies the coverage property with n, the lazy algorithm
searches for a node n′ for which dc(n) ` da(n′) holds, then refines the abstract
labeling with the aim to achieve da(n) va da(n′). The abstract labeling is refined
by calling Cover, which ensures that da(n) va d′ holds, where d′ is the abstract
label of n′ at the point of calling Cover. The covering edge is added to the ARG
if and only if da(n) va da(n′) is successfully achieved by the refinement.

If the node is not covered, then it has to be expanded. The successors are com-
puted on the concrete domain. If a successor of n does not exist on the concrete
labeling domain for some transition t ∈ T , then the abstract label of n has to be
refined to maintain the simulation property of the ARG by calling Disable. Other-
wise, a new successor node is created with the given transition t ∈ T . The concrete
label of the successor node n′ is the concrete successor computed by postt(dc(n)).
Its abstract label is the over-approximation of the abstract successor that could be
computed by p̃ostt(da(n)), complying with the inductive labeling property of the
ARG. The over-approximation of the abstract successor can be, for example, ex-
actly the abstract state in p̃ostt(da(n)) (InitAbstrpost), or simply the > element
of the abstract labeling domain (InitAbstr>). The new nodes are added to the
waitlist, and n becomes expanded after all its successors are created.
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If the waitlist becomes empty, then all nodes are either expanded or covered,
and therefore, the ARG is complete. The abstract labeling and paths of a complete
ARG represent the whole state space and all possible concrete runs. Since no error
states were encountered, a safe result is returned, along with the complete ARG,
proving that the error state is not reachable.

L0 L1

L2

L3

x := x + 1, c := 0

[c > 2]
[c ≤ 2]

[x > 0]
[x ≤ 0]

Figure 4: Timed Automaton Example

L0 {x 7→ 0} (c ≥ 0)

L0 true (c ≥ 0)

L D T

C

A

n0

L1 {x 7→ 1} (c ≥ 0)

L1 true (c ≥ 0)

L D T

C

A

n1

L0 {x 7→ 1} (c > 2)

L0 true (c ≥ 0)

L D T

C

A

n2
L2 {x 7→ 1} (c ≥ 0) ∧ (c ≤ 2)

L2 true (c ≥ 0)

L D T

C

A

n3

L0 {x 7→ 1} (c ≥ 0)

L0 true (c ≥ 0)

L D T

C

A

n4

x := x + 1
c := 0

[c > 2] [c ≤ 2]

[x > 0] [x ≤ 0]

Figure 5: Lazy Abstraction Example

Figure 5 illustrates how the lazy abstraction algorithm builds an ARG. Nodes
and edges marked with blue are added to the ARG later, as described in this
example. Let us assume that the algorithm has already created nodes n0, n1, n2
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and n3 of the ARG for the timed automaton in Figure 4, and the error predicate
is l(d) = L3 where l(d) is the location component of the abstract label d. Nodes n0
and n1 of the partial ARG are already expanded, while the two leaf nodes, n2 and
n3, are not covered and not expanded, i.e., they are pending nodes in the waitlist.

We assume that n2 is processed first. It does not satisfy the error predicate, so
the algorithm tries to cover it. The concrete label of n2 is 〈L0, {x 7→ 1}, (c > 2)〉,
which is overapproximated by the abstract label of n0, 〈L0, true, (c ≥ 0)〉, there-
fore, n2 can be covered by n0. The algorithm refines the abstract label of n2 by
calling Cover and adds a covering edge to the ARG from n2 to n0, represented by
a dashed line in the figure. In this case, the refinement done by Cover will be a
no-op, since the abstract labels of n0 and n2 already satisfy the coverage property.

At this point the only remaining node in the waitlist is n3, so it is processed
next. It cannot be covered, as locations are tracked explicitly and none of the
expanded nodes have L2 as their location. Therefore, n3 must be expanded.

Transitions with other source than L2 are not feasible from the concrete label
of n3, so the algorithm presented here calls Disable for them (the algorithm inten-
tionally does not contain timed automata-specific optimizations to be independent
of the modeling formalism). In these cases, Disable will be a no-op, since the
abstract label of n3 already contains the information that the location is L2.

For the transition from L2 to L0 with guard [x > 0], there exists a successor of
the concrete label of n3, so a new node n4 is created, with unchanged data state
{x 7→ 1}. The concrete zone of n4 is (c ≥ 0), as the constraint (c ≤ 2) of the
parent node n3 is not necessarily satisfied anymore due to the delay transition of
the timed automaton. The initial data and time states of the abstract label are the
> elements of the respective domains, true and (c ≥ 0).

For the transition from L2 to L3 with guard [x ≤ 0], the concrete label of n3 has
no successor, since the guard is not satisfied by the data state {x 7→ 1}. Therefore,
the abstract label of n3 will be refined by calling Disable with this transition.

4.2.4 Sound Overapproximation of Safety

We provide a proof for the soundness of the lazy abstraction algorithm w.r.t. safety.

Proposition 4.1. Algorithm 1 yields an ARG that satisfies the ARG properties
for lazy abstraction.

Proof. The initiation property is presumed to hold at the start of the algorithm.
The labeling of the initial node n0 can only be modified by Cover and Disable.
As we prove later in Propositions 4.3 and 4.5, these methods preserve the ARG
labeling properties. Then, the initiation property holds in the ARG built by the
lazy abstraction algorithm.

When a new node is added to the ARG, then its concrete label is created in
accordance with the concrete labeling property, therefore each node satisfies the
concrete labeling property when it is created. A node becomes expanded only after
all possible transitions are considered. If a transition is infeasible from a node,
then Disable is called, thus the simulation property is ensured by the contract of
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Disable. If the transition is feasible, then a new node is created, for which the
abstract label is created in accordance with the inductive labeling property by the
contract of InitAbstr. Therefore, a node and its successors satisfy the simulation
and inductive labeling properties when the node becomes expanded. Moreover,
covering edges are added to the ARG only if the coverage property holds for the
nodes, so each covering edge satisfies the coverage property when it is created. The
labeling of existing nodes can only be modified by Cover and Disable; therefore,
the concrete labeling, inductive labeling, simulation, and coverage properties hold
later as well.

Proposition 4.2. If there is a run σ of the automaton to a state s ∈ S and the
lazy abstraction algorithm returns a safe result, then there is a non-covered node n
in the resulting ARG such that s ∈ γa(da(n)).

Proof. The algorithm returns a safe result only when the waitlist is empty, and
therefore, all nodes are either expanded or covered, i.e., the ARG is complete. The
above proposition is then a consequence of the next lemma.

Lemma 4.1. If there is a run σ = s0
t1−→ s1

t2−→ · · · tk−→ sk of the automaton and
the ARG for the automaton is complete, then there is a non-covered node n in the
ARG such that sk ∈ γa(da(n)).

Proof. The lemma can be proven by induction on the length of the run σ.
It holds for a run consisting of only one state. The first state must be an initial

state s0 ∈ S0. By the initiation property s0 ∈ γa(da(n0)), therefore n0 is a witness
for the statement.

Suppose that the statement holds for runs with at most k states.
Then there exists a non-covered node nk−1 such that

sk−1 ∈ γa(da(nk−1)). (1)

The ARG is complete, and nk−1 is not covered, so nk−1 must be an expanded node.
By the properties of abstract post-image operators,⋃

s∈γa(da(nk−1))
posttk(s) ⊆

⋃
d′∈p̃osttk (da(nk−1))

γa(d′). (2)

From (1) and (2) we have

posttk(sk−1) ⊆
⋃
d′∈p̃osttk (da(nk−1))

γa(d′). (3)

Moreover, from the concrete run we have sk ∈ posttk(sk−1), hence from (3) it
follows that

sk ∈
⋃
d′∈p̃osttk (da(nk−1))

γa(d′). (4)

This implies that p̃osttk(da(nk−1)) 6= ∅, which means that

∃d∗ ∈ Da : p̃osttk(da(nk−1)) = {d∗}. (5)
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By (4) and (5) it holds that

sk ∈ γa(d∗). (6)

By (5) and the inductive labeling property of the ARG, it follows that there exists
an edge 〈nk−1, nk〉 ∈ E labeled by tk to a node nk ∈ N such that

d∗ va da(nk). (7)

From (7) and the properties of the preorder relation, we have

γa(d∗) ⊆ γa(da(nk)). (8)

From (6) and (8) it follows that

sk ∈ γa(da(nk)). (9)

Therefore, if nk is not covered, then it is a witness for the statement.
If nk is covered, then there exists a non-covered node nc that covers nk for

which da(nk) va da(nc) by the coverage property of the ARG. By the properties
of the preorder relation it follows that γa(da(nk)) ⊆ γa(da(nc)), and from this and
(9) we get sk ∈ γa(da(nc)). Thus, in this case, nc is a witness.

4.3 Refinement of the Abstraction

The lazy abstraction algorithm relies on abstraction refinement to maintain the
ARG labeling properties when expanding nodes and to enable more coverages. In
the presented framework, various refinement algorithms can be used that conform
to the given contracts and preserve the ARG labeling properties. Here, we present
two algorithms for abstraction refinement based on binary interpolation. We also
introduce an additional generic abstract domain to assist with refinement and to
avoid having too many constraints for the concrete and abstract labeling domains.

4.3.1 The Interpolation Domain

For an abstract domain D = 〈S,D,v, γ, post′〉, let pre′ : D × T → 2D be the
abstract pre-image operator that maps an abstract state d ∈ D to its predecessor
states with respect to a transition t ∈ T , such that ∪

s∈γ(d)
pret(s) ⊆ ∪

d′∈pre′t(d)
γ(d′).

The interpolation algorithms presented here require that we can compute the
pre-image of an abstract state d and that the pre-image is exact, i.e., it does not
contain states from which d is unreachable. However, not all abstract domains
are equally suitable for representing pre-images. For example, with explicit value
abstraction, we might get too many states as the pre-image, while these can be
represented easily as a first-order logic formula. However, it is not required that
the pre-images of the concrete or abstract labels can be computed and represented
effectively. Instead, pre-images are computed on an interpolation domain Di =
〈S,Di,vi, γi, p̂ost〉, with its corresponding pre-image operator p̂re. To be able
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to represent abstract labels as an abstract state of the interpolation domain, we
require that the function γ′(Da,Di) exists, we will denote it as γa�i.

With D1 = 〈S,D1,v1, γ1, post
′
1〉 and D2 = 〈S,D2,v2, γ2, post

′
2〉 abstract do-

mains, let  ⊆ D1 × D2 denote the refutes relation, a symmetric binary relation
that has the following semantics: if d1  d2 then γ1(d1)∩γ2(d2) = ∅, where d1 ∈ D1

and d2 ∈ D2. It should be noted that the implication does not hold in the opposite
direction.

Regarding the refutes operator, the relationship between abstract pre-images on
the interpolation domain and abstract post-images on the abstract labeling domain
is defined for each d′i ∈ Di and da ∈ Da as follows:

∀di ∈ p̂ret(d′i) : da  di ⇐⇒ ∀d′a ∈ p̃ostt(da) : d′a  d′i (10)

We also require that the complement ¬d of an abstract state d ∈ Di can be com-
puted. It should represent all states in S\γi(d); however, this often cannot be repre-
sented as a single abstract state, e.g., zones are not closed under complementation,
but the complement can be represented as the union of a finite number of zones. The
complement is, therefore, a set of abstract states such that

⋃
d′∈¬d γi(d

′) = S\γi(d).
It also holds that d1 ` d2 if and only if ∀d′2 ∈ ¬d2 : d1  d′2.

4.3.2 Refining the Abstraction Correctly

This section explains the various countermeasures that need to be taken in the
abstraction refinement algorithms to prevent violations of the ARG properties.

Abstraction refinement is performed in two cases, as presented in Algorithm 2:
when attempting to add a covering edge or when a transition is disabled on the
concrete labeling domain. In both cases, refinement is done by removing certain
parts from the abstract label of the given node.

For covering edges 〈n, n′〉 ∈ C of the ARG, the coverage property da(n) va
da(n′) has to hold. Cover ensures that da(n) va d′ where d′ is the abstract label
of n′ at the point of calling the function. Cover takes the complement of d′ and
removes it from da(n). As a result, da(n) does not contain any states that are
not in d′, hence da(n) va d′ holds. However, because of refinement propagation,
which is discussed later in this section, the abstract label da(n′) may also change
during the refinement if n′ is a predecessor of n, and thus da(n) va da(n′) is not
necessarily ensured in those cases.

When a node n is being expanded and a transition t is encountered that is
disabled from dc(n), i.e., postt(dc(n)) = ∅, then an abstract state d′a ∈ p̃ostt(da(n))
may still exist, that would violate the simulation property of the ARG when n
becomes expanded. Disable refines the abstract labeling to prevent the violation
of the simulation property by ensuring that p̃ostt(da(n)) = ∅.

Lemma 4.2. Disable is consistent with its contract, i.e., for node n and transition
t it ensures that p̃ostt(da(n)) = ∅.

Proof. Disable calls Block to remove all pre-images of γa�i(>) by the transition
t from the abstract label of n. After this, ∀B ∈ p̂ret(γa�i(>)) : da(n)  B holds by
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Algorithm 2 Generic lazy abstraction refinement algorithms

Require: dc(n) ` da(n′)
1: function Cover(ARG, waitlist, n, n′)
2: for all B ∈ ¬ γa�i(da(n′)) do
3: Block(ARG, waitlist, n, B)

Require: postt(dc(n)) = ∅
Ensure: p̃ostt(da(n)) = ∅

4: function Disable(ARG, waitlist, n, t)
5: for all B ∈ p̂ret(γa�i(>)) do
6: Block(ARG, waitlist, n, B)

Require: dc(n)  B
Ensure: da(n)  B
7: function Block(ARG, waitlist, n, B) . Declaration only. Implementation

depends on interpolation strategy. See

BLOCKBW (Algorithm 4) or

BLOCKFW (Algorithm 5)

the contract of Block. By (10) it follows that ∀d′a ∈ p̃ostt(da(n)) : d′a  γa�i(>),
which implies that p̃ostt(da(n)) = ∅. Therefore, Disable satisfies its contract.

Maintaining the ARG properties is necessary not only when adding a covering
edge or expanding a node but also when an abstract label is updated. The update
of an abstract label may not preserve the inductive labeling and coverage properties
of the ARG automatically. Therefore, additional steps need to be taken to maintain
these properties:

• After refining an abstract label da(n), the inductive labeling property d′a va
da(n) may not hold for the ARG edge 〈p, n〉 ∈ E with d′a ∈ p̃oste(〈p,n〉)(da(p)).
To maintain the inductive labeling property, the abstract label of the parent
node p should also be refined, which may necessitate further refinement, etc.
Therefore, abstraction refinement is propagated in the ARG. Sections 4.3.3
and 4.3.4 are dedicated to these refinement propagation algorithms.

• If the refined node n covers a node ncov, the coverage property da(ncov) va
da(n) may not hold after the refinement of da(n). The coverage property
is maintained immediately when updating the abstract label by removing
covering edges that violate this property, as it is shown in Algorithm 3.

In fact, the removal of covering edges is a key part of the lazy abstraction
algorithm. Covering edges are added easily to the ARG, taking advantage of the
coarseness of the abstract labeling, initially sealing most of the branches of the
ARG. The exploration of the state space is propelled forward by the removal of
these covering edges.
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Algorithm 3 Strengthening of an abstract label

Ensure: da(n) va I
1: function Strengthen(ARG, waitlist, n, I)
2: da(n)← da(n) ua I
3: for all 〈ncov, n〉 ∈ C such that da(ncov) 6va da(n) do
4: C ← C\{〈ncov, n〉}
5: waitlist← waitlist ∪ {ncov}

In the following sections 4.3.3 and 4.3.4, we provide two methods for the prop-
agation of abstraction refinement based on [34], using binary interpolants.

Definition 4.4. The binary interpolant itp(A,B) of abstract states A ∈ Da and
B ∈ Di for which A  B holds, is the abstract state I ∈ Da such that A ` I and
I  B.

Both refinement propagation methods work on some suffix of the path from
the root node to the leaf node that initiates the refinement. The first method
propagates the refinement starting from the leaf node and stepping backward in
the ARG, while the second method starts by finding the suitable suffix of the path
that should be refined, then performs refinement in a forward direction.

4.3.3 Backward Binary Interpolation

Algorithm 4 shows the backward propagation of abstraction refinement in the ARG.
In the backward propagation algorithm, the abstract label of the node is first refined
by a suitable interpolant, then the pre-image of the complement of the interpolant
is removed from the abstract label of the parent node in a recursive refinement
step. In other words, based on (10), the complement of the interpolant is removed
from the abstract post-image of the parent. Therefore, the abstract post-image
of the parent becomes over-approximated by the computed interpolant, preserving
the inductive labeling of the ARG.

Proposition 4.3. The backward propagation algorithm preserves the ARG prop-
erties.

Proof. Since the concrete labeling is not modified by the algorithm, the concrete la-
beling property trivially holds. The new abstract labels always contain fewer states
than before the strengthening, therefore the simulation property is also preserved.
Furthermore, it is easy to see that the strengthening keeps only those covering edges
that conform to the coverage property. If the propagation reaches and affects the
root node as well, then its abstract label is strengthened by an interpolant I for
which dc(n0) ` I holds, so dc(n0) ` da(n0) and thus the initiation property is also
preserved.

We prove that the labeling stays inductive by showing that d′p va da(n) is

preserved, where {d′p} = p̃oste(〈p,n〉)(da(p)) is the abstract successor of p, and p is
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Algorithm 4 Backward propagation of abstraction refinement

Require: dc(n)  B
Ensure: da(n)  B

1: function BLOCKBW (ARG, waitlist, n, B)
2: if da(n)  B then
3: return
4: A← γc�a(dc(n))
5: I ← itp(A,B)
6: Strengthen(ARG, waitlist, n, I)
7: if 〈p, n〉 ∈ E for some p then
8: for all B′ ∈ ¬ γa�i(I) do
9: for all B′pre ∈ p̂ree(〈p,n〉)(B′) do

10: BLOCKBW (ARG, waitlist, p, B′pre)

the parent node of n. For all B′ ∈ ¬ γa�i(I) by contract it holds that ∀B′pre ∈
p̂ree(〈p,n〉)(B

′) : da(p)  B′pre and therefore d′p  B′ by (10). From this, it follows
that d′p va I. As the abstract label da(n) is strengthened by I, it follows that
d′p va da(n) is preserved, and therefore the labeling stays inductive.

Proposition 4.4. The backward propagation algorithm is consistent with its con-
tract.

Proof. By the definition of interpolants I  B, so da(n)  B holds for the new
labeling.

We also show that it is ensured that the precondition for the recursive call holds,
i.e., dc(p)  B′pre. By the concrete labeling property {dc(n)} = poste(〈p,n〉)(dc(p)),
and dc(n) ` I by the definition of interpolants, therefore d′ va I where {d′} =
p̃oste(〈p,n〉)(γc�a(dc(p))). This implies ∀B′ ∈ ¬ γa�i(I) : d′  B′, and by (10) it
follows that ∀B′pre ∈ p̂ret(B

′) : dc(p)  B′pre, satisfying the precondition for the
recursive call.

Figure 6 illustrates the refinement of a path to an infeasible transition. The
path shown here is from the previous example in Figure 5, where the concrete label
of node n3 has no successor for the transition with guard [x ≤ 0]. The successor
does not exist due to the data guard, so the refinement affects only the data states.
Therefore, we do not consider the location and time states in the example. Similarly
to [21, 27], we use predicates as abstract labels in the data domain.

In the following, we describe the refinement process with backward propaga-
tion, however, note that in this case the result would be the same with forward
propagation. Calling Disable for node n3 and the transition with guard [x ≤ 0],
the algorithm computes the pre-image of > for [x ≤ 0], which is x ≤ 0. Then,
BLOCKBW is called with node n3 and the computed predicate x ≤ 0 as state B:

1. The abstract label of n3 (true) does not refute x ≤ 0, so BLOCKBW first
computes the interpolant for the concrete label of n3 and x ≤ 0. More
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Figure 6: Lazy Refinement Example

precisely, the interpolant is computed for the predicates x = 1 (from the
concrete label of n3) as state A, and x ≤ 0 as state B. The interpolant is
¬(x ≤ 0). Node n3 is strengthened by this interpolant, i.e., its abstract label
becomes ¬(x ≤ 0). The algorithm then computes the complement, which
is (x ≤ 0), then computes its pre-image for the clock guard [c ≤ 2] on the
incoming edge. The pre-image is again x ≤ 0, which is used as state B for
the refinement of the previous node in the path, n1.

2. As the refinement of node n1, the same interpolation and strengthening takes
place as for n3. Then, the pre-image of x ≤ 0 is computed for the data
assignment x := x + 1 on the incoming edge. The pre-image is x + 1 ≤ 0,
which is used as state B for the refinement of the root node, n0.

3. The abstract label of n0 (true) does not refute x + 1 ≤ 0, so the refinement
algorithm computes the interpolant for x = 0 (from the concrete label of
n0) and x + 1 ≤ 0. The interpolant is ¬(x + 1 ≤ 0). The algorithm then
strengthens the abstract label of n0 with this interpolant. In our previous
example (Figure 5), node n0 covers n2, which has true as its abstract label.
However, the coverage property is not satisfied after strengthening n0, i.e.,
true 6⇒ ¬(x + 1 ≤ 0), so n2 is uncovered and put back in the waitlist by
Strengthen. Then, since n0 is the root node, the refinement ends here.
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4.3.4 Forward Binary Interpolation

Algorithm 5 shows the forward propagation of refinement. In the forward propaga-
tion algorithm, the parent of the given node is refined first in a recursive refinement
step. If a state B should be removed from the abstract label of the child node, then
the pre-images of B are removed from the abstract label of the parent node. In
other words, B is removed from the abstract post-image of the parent. Thus, in-
ductive labeling is still preserved when B gets removed from the abstract label of
the child node. The recursive refinement steps return interpolants that prove the
concrete label of the parent while also refuting the corresponding pre-image of B.
Therefore, the abstract post-images of these returned interpolants prove the con-
crete label of the child node and refute B. At last, the child node is refined by an
interpolant of these post-images and B.

Algorithm 5 Forward propagation of abstraction refinement

Require: dc(n)  B
Ensure: da(n)  B
Ensure: da(n) ` I

1: function BLOCKFW (ARG, waitlist, n, B)
2: if da(n)  B then
3: return da(n)

4: if 〈p, n〉 ∈ E for some p then
5: A← >
6: for all Bpre ∈ p̂ree(〈p,n〉)(B) do
7: I ′ ← BLOCKFW (ARG, waitlist, p, Bpre)

8: {d} ← p̃oste(〈p,n〉)(I
′)

9: A← A ua d
10: else
11: A← γc�a(dc(n))

12: I ← itp(A,B)
13: Strengthen(ARG, waitlist, n, I)
14: return I

Proposition 4.5. The forward propagation algorithm preserves the ARG proper-
ties.

Proof. The forward propagation algorithm preserves the initiation, concrete label-
ing, simulation, and coverage properties in the same way as the backward propa-
gation algorithm.

We also show that the labeling stays inductive. Similarly to the backward propa-
gation case, we show that d′p va da(n) is preserved, where {d′p} = p̃oste(〈p,n〉)(da(p))
is the abstract successor of p. By contract da(p) ` I ′ holds for interpolants I ′ com-
puted by the recursive call. By the monotonity of post-images, d′p ` d where

{d} = p̃oste(〈p,n〉)(I
′). By the definition of interpolants A ` I, where A is the meet
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of the post-images computed by p̃oste(〈p,n〉)(I
′). Therefore, d′p ` I also holds, and

since da(n) is strengthened by I, the labeling stays inductive.

Proposition 4.6. The forward propagation algorithm is consistent with its con-
tract.

Proof. The abstract label da(n) is strengthened by I, so da(n) ` I clearly holds.
By the definition of interpolants I  B, so da(n)  B also holds.

We also show that the precondition for the recursive call holds, i.e., dc(p) Bpre.
By the concrete labeling property {dc(n)} = poste(〈p,n〉)(dc(p)), and dc(n)  B by

contract, therefore d′  B where {d′} = p̃oste(〈p,n〉)(γc�a(dc(p))). By (10) it follows
that ∀Bpre ∈ p̂ree(〈n,p〉)(B) : dc(p)  Bpre, satisfying the precondition.

4.3.5 Comparison of forward and backward binary interpolation

We have shown two different methods for propagating abstraction refinement in the
ARG. The forward method first finds the suffix of the path that needs to be refined,
then works forward on that suffix; while the backward method takes backward steps
in the ARG and refines nodes immediately, until no further refinement is needed.

Although quite similar approaches, the forward and backward methods differ
in the operations they use. Therefore, to get an efficient implementation for prop-
agating abstraction refinement, the used abstract domains must implement these
operations efficiently.

The backward propagation algorithm computes the complement of an abstract
state in each step on the path. This is usually easy to compute; however, in zone
abstraction, sometimes the complement cannot be represented as a single zone, only
as a union of zones. If this is the case, then the refinement has to be propagated
further through all resulting zones.

The forward propagation algorithm does not contain complement computation,
which in theory makes it better suitable for zone domains. On the other hand, in
each step on the path, it needs to compute both a pre-image on the interpolation
domain and a post-image on the abstract domain, while the backward method only
needs to compute a pre-image. Moreover, the forward algorithm needs to keep all
previous stack frames, while the backward algorithm uses tail recursion.

In practice, both methods perform similarly well for the abstract domains we
discussed in this work, as shown by our experiments (see Figure 10 in Chapter 6).
The same conclusions were reached in [34].

5 Parallel Lazy Abstraction for Timed Automata

Modern computational platforms utilize multicore processors and shared memory
architectures to enhance performance and efficiency. Multicore processors contain
multiple processing units that are able to perform calculations in parallel, while
shared memory enables collaboration and data sharing between the processing
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units. As a result, modern computational platforms can efficiently handle com-
plex tasks where parts of the workload can be parallelized. In this chapter, we
elaborate on how we enhanced the lazy abstraction algorithm to take advantage of
the nature of modern computational platforms.

5.1 On the Potential Parallelization of Lazy Abstraction

Lazy abstraction, as described in Algorithm 1, is inherently a sequential algorithm.
It maintains a waitlist of nodes to process. While processing a node, first, it tries
to cover it with any of the already expanded nodes. If it fails to find a suitable
node to cover with, it will calculate the succeeding nodes and expand the node with
them. If the node can potentially be covered or an infeasible succeeding node is
encountered, the abstract labels are refined along the trace toward the root of the
ARG.

Figure 7 illustrates the steps of lazy abstraction in more detail. Figure 7.a
depicts a partially complete ARG. Three nodes, l0, l1, and l2, have already been
expanded (with grey background), while l3, l4, and l5 are in the waitlist waiting to
be processed (white background).

While processing node l5, the algorithm first tries to cover the node. It will try
to cover it with one of the expanded nodes: l0, l1 or l2. In Figure 7.b, l5 is being
covered with l1 (dashed arrow), and refinement takes place on the trace from l5 to
the root (l5, l2 and l0). The nodes whose abstract labels are (potentially) changed
during this operation are highlighted with a blue-striped background.

Figures 7.c and 7.d depicts the operation of expanding l3. In the first step, l6
and l7 are discovered, which are both feasible. They are calculated from the state
of l3 and the operations on the edges. However, l8 is not feasible, so the abstract
label of l3 needs to be adjusted accordingly. As a result, the nodes along the trace
from l3 towards the root (l3, l1, and l0) need to be refined and might be modified
(highlighted with a blue striped background).

We have made a couple of observations regarding the sequential lazy abstraction
algorithm.

Observation 1 (Locality of expanding). Our first observation is the locality of the
expanding operation. The expand operation only needs the labels of the node it
tries to expand to calculate the successor nodes. Moreover, as long as the successor
nodes are feasible, there is no need for refinement. Owing to the locality, it might
be possible to calculate the successor nodes of two distinct nodes in parallel to each
other.

Observation 2 (Read-only nature of covering). Our second observation was made
regarding covering. First, the operation searches for a suitable node to cover the
processed node with. To this end, it systematically checks for each expanded node
if the cover relation holds between the processed and already expanded nodes. To
establish if the cover relation holds, the only information needed is the labels of the
covering node and the node to be covered. It follows that it is possible to check in
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Figure 7: Overview of the sequential algorithm

parallel if a node covers multiple other nodes as long as the labels of the potential
covering nodes do not change.

Observation 3 (Partial independence of refinement). Our final observation targets
the behavior of refinement. Refinement might modify the abstract labels of nodes
on the trace from the covered or infeasible node to the root of the ARG. However,
with binary interpolation, not necessarily all nodes are modified; only some nodes
will be adjusted. Moreover, refinement can be calculated node-by-node towards the
root, making it possible to (at least partially) calculate two refinement operations
in parallel.

5.2 Illustrating the Parallelization of Lazy Abstraction

Lazy abstraction is sequential as described in Algorithm 1. However, taking into
account the observations made in the previous section, it is possible to run parts
of the algorithm in parallel. In this section, we assume that multiple processes of
a modern computational platform perform the operations of lazy abstraction in
parallel.

Figure 8 continues the example from Figure 7 but depicts a scenario where two
processes perform the operations of lazy abstraction in parallel. Figure 8.a depicts
a scenario where two different processes try to cover l6 and l7. Both processes
consider each of the already expanded nodes (l0, l1, l2, and l3, depicted with a
blue-orange background). Assuming that the labels of the aforementioned nodes
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Figure 8: Overview of the parallel algorithm

do not change, their suitability for the cover relation can be checked in parallel.
In Figure 8.b node l7 is being covered by l3: as a result, the labels of nodes along
the trace to the root (l7, l3, l1 and l0) might change, blocking other processes from
considering them for covering. Nonetheless, the other process is still able to check
whether l2 covers l6, as it is not modified during the refinement stemming from
covering l7.

The operation of expanding multiple nodes at once is depicted in Figure 8.c.
Nodes l4 and l6 are being expanded by calculating the successor nodes: l11 and l12
for l4, while l9 and l10 for l6. As calculating successor nodes only needs localized
information found in l4 and l6, it can be performed in parallel.

Moreover, Figure 8.d depicts a scenario where two refinements take place at the
same time. One of the traces from l4 (l4-l14) and l6 (l6-l13) is infeasible, so the trace
towards the root of the ARG needs to be adjusted accordingly. Stemming from the
refinement of l4, the nodes l4, l1 and l0 might change, while l6 might incur the
change of l6, l3, l1 and l0, with both refinements targeting l1 and l0. Thereby, one
of the refinements needs to have precedence, while the other needs to wait for the
precedence-having refinement to finish. Let us assume for the sake of this example
that the refinement of l4 gains precedent, while the refinement of l6 needs to wait
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for the former to finish. (It could be the other way around as well.)
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Figure 9: Overview of the parallel algorithm (cont’d)

While Figure 8 depicts how the same operations affect the ARG when they are
performed in parallel, Figure 9 focuses on scenarios on how different operations
may interact.

Figure 9.a shows a situation where l6 is expanded while l7 is being covered.
As expanding only requires local information, the succeeding nodes (l9, l10) can be
calculated ignoring the rest of the ARG, so covering can check the already expanded
nodes (l3, l2, l1 and l0) for a cover relation uninterrupted. If covering does find a
suitable cover relation (Figure 9.b), the refinement stemming from covering l7 can
commence without conflict as well.

On the other hand, Figure 9.c depicts a scenario in which l6 is expanded while
l14 is being disabled. Again, as expanding only requires local information, the
succeeding nodes (l9, l10) can be calculated, ignoring the rest of the ARG and the
refinement along the trace from l4 towards l0.

Finally, Figure 9.d represents a situation where l7 is being covered while a
refinement takes place from l6 towards l0 owing to l13 being disabled. It is worth
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noting that the situation would be the same if the refinement took place in response
to the establishment of a cover relation. While trying to cover l7, the labels of
completed nodes (l3, l2, l1, and l0) need to be checked for a suitable cover relation.
In turn, the refinement of l6 might modify the labels of l6, l3, l1 and l0. It follows
that both operations target l3, l1, and l0, so one of them needs to have precedent
over the other, making the other wait for the precedent-having operation to finish.
In the figure, the refinement takes precedence. However, the presence of some cover
relations (l2 in this instance) can be checked while the refinement commences.

In conclusion, we have made another set of observations on how the operations of
lazy abstraction can be performed in parallel to each other to guide the construction
of a parallel lazy abstraction algorithm.

Observation 4 (Independence of expand). The expand operation can commence,
disregarding every other operation. First of all, as a node currently being expanded
is not considered expanded, covering will not attempt to cover another node with
it yet. Moreover, as it is not yet expanded, it cannot be modified as part of the
refinement of another node.

Observation 5 (Conflict between refinements). If the expand operation requires
disabling a transition, the refinement might have a conflict with other refinements,
or partially with covering. Similarly, if the refinement happens as a response to the
establishment of a cover relation, the refinement might have a conflict with other
refinements or partially with covering.

Observation 6 (Partial independence of cover). Finally, the covering operation
targets many nodes in the ARG, but it only reads them: provided the labels of
nodes are not modified, multiple covering operations can work on them. However,
a refinement might change the labels, which means that the checking for coverage
requires the nodes not to be currently refined.

5.3 Parallel Lazy Abstraction Algorithm

We analyzed the observations to determine how to parallelize the sequential lazy
abstraction algorithm. Motivated by Observations 2, 3 and 5, we decided to extend
the generic lazy abstraction algorithm by introducing a read-write based locking
mechanism and a thread-pool-based parallel processing approach to achieve the
parallel processing of the nodes of the ARG. A read lock on a node depicts that the
process that owns the lock may read the labels of the node, other processes may
also read the labels (provided they also acquire a read lock), and no other process
may modify the labels. On the other hand, a write lock means that the process
that owns the lock may modify the labels of the node, and no other process may
modify or read the labels.

5.3.1 Parallel Building of the ARG

The algorithm presented in Algorithm 6 utilizes a thread pool to parallelize the
verification process efficiently. Initially, it initializes a thread pool with a specified
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number of threads (thread#). Then, it sets up three sets: waitlist to keep track of
nodes to process, expanded to store nodes that have been expanded, and futures to
hold references to the results of the asynchronous computation tasks submitted to
the thread pool.

The algorithm iterates until both the waitlist and futures sets are empty, indi-
cating that all nodes have been processed and all processing has yielded a verdict.
In each iteration, it processes nodes in the waitlist by submitting verification tasks
to the thread pool for each node. Once a task is completed, it retrieves the result
and updates the sets accordingly. If a node is found to be unsafe, the algorithm
terminates and returns the verdict along with the unsafe node. Otherwise, it con-
tinues by adding newly discovered nodes to the waitlist and marking the current
node as expanded.

This process continues until all nodes have been explored or an unsafe node is
detected. Finally, if no unsafe nodes are found, the algorithm concludes that the
system is safe and returns the verdict along with the ARG.

Algorithm 6 Parallel lazy abstraction algorithm

with domains Dc = 〈S,Dc,vc, γc, post〉 and Da = 〈S,Da,va, γa, p̃ost〉,
and the proves operator `⊆ Dc ×Da

Require: ARG = 〈N,E,C, n0, dc, da, e〉 is an initialized ARG, where N = {n0},
E = ∅, C = ∅, γc(dc(n0)) =

⋃
s0∈S0 s0 and dc(n0) ` da(n0)

1: function Check(ARG, T , error, thread#)
2: tp← InitThreadPool(thread#)
3: waitlist← N , expanded← ∅, futures← ∅
4: while waitlist 6= ∅ or futures 6= ∅ do
5: while n ∈ waitlist for some n do
6: waitlist← waitlist\{n}
7: fv,w,n ← SubmitTasktp(v, w, n←CheckNode(ARG, T , error, n))
8: futures← futures ∪ fv,w,n
9: fv,w,n ← WaitForAnytp(futures)

10: futures← futures\{fv,w,n}
11: if v = unsafe then
12: return unsafe, ARG
13: else
14: waitlist← waitlist ∪ w
15: expanded← expanded ∪ n
16: return safe, ARG

The algorithm uses the method CheckNode (Algorithm 7) for assessing indi-
vidual nodes in parallel. It begins by acquiring a write lock on the node n, indicating
that it is the only verification task that is allowed to read or write the labels of the
node. It then checks if the node n has already been expanded (expanded) or if it
has been marked as covered. If either condition holds, the algorithm releases the
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lock and returns, indicating that the processing of this node is complete.

Next, the algorithm checks if the node represents an error in the abstract state
space. If so, it releases the lock and returns that the node is unsafe.

If neither of the aforementioned conditions holds, the algorithm initializes sets
to track the nodes to be added to the waitlist later (waitlist) and nodes that have
been newly expanded (newlyExpanded). It then attempts to cover the node n and
checks if it has been successfully covered. If not, it proceeds to expand the node.

After the node has been processed, the algorithm releases the write lock on the
node n and returns that processing is done along with the updated sets of nodes
waiting to be processed and newly expanded nodes.

The TryCover method (Algorithm 7) aims to cover a node n with another
node n′, ensuring that the abstraction of n′ entails the abstraction of n. It iterates
through the expanded set, acquiring read locks first, thereby allowing concurrent
read access of multiple verification tasks (Observations 2 and 6). If dc(n) ` da(n′),
it stores the current abstract label of n′ in n′a, releases the read lock, and proceeds
to cover by calling Cover. Releasing the read lock and saving the current abstract
label in n′a is necessary to avoid deadlocks: a node can be covered by one of its
ancestors, and keeping the locks could result in a deadlock in the case of two
refinements targeting the ancestors. After covering, TryCover reacquires the
read lock for n′ and checks if da(n) is subsumed by da(n′), and establishing a cover
relation on successful cover.

The methods Expand and InitAbstr can be taken from the sequential algo-
rithm without any modification owing to Observations 1 and 4. Expand for any
node n is called by CheckNode, and the verification task of CheckNode already
owns a write lock for n at that point. Moreover, the waitlist and expanded sets of
the Expand were created by the CheckNode method and only affect the global
waitlist and expanded sets of Check, once CheckNode returns. It follows that
no other verification task may want to interact with node n, as it is not considered
expanded until Expand and CheckNode return. It also follows that no other ver-
ification task may want to interact with the newly created nodes, as they are not
in the waitlist until Expand and CheckNode return. InitAbstr is only called
by Expand on nodes CheckNode already owns a write lock for.

The methods Cover and Disable are part of the refinement and will be elab-
orated later.

We provide a proof for the soundness of the parallel lazy abstraction algorithm
w.r.t, safety.

Proposition 5.1. The parallel lazy algorithm yields an ARG that satisfies the
properties for lazy abstraction.

Proof. The initiation property trivially holds, as the Check algorithm requires an
initialized ARG, where γc(dc(n0)) =

⋃
s0∈S0 s0 and dc(n0) ` da(n0).

CheckNode starts by acquiring a write lock for node n, depicting that the
abstract labels for that node can only be read and modified by the process of
CheckNode.
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Algorithm 7 Parallel processing of a node

1: function CheckNode(ARG, T , error, n, expanded)
2: WriteLock(n)
3: if n ∈ expanded or n is covered then
4: WriteUnlock(n)
5: return done, ∅, ∅
6: if error(da(n)) then
7: WriteUnlock(n)
8: return unsafe, ∅, ∅
9: waitlist← ∅, newlyExpanded← ∅

10: TryCover(ARG, waitlist, expanded, n)
11: if n is not covered then
12: Expand(ARG, waitlist, newlyExpanded, T , n)

13: WriteUnlock(n)
14: return done, waitlist, newlyExpanded

Require: WriteLock(n) acquired
15: function TryCover(ARG, waitlist, expanded, n)
16: for all n′ ∈ expanded do
17: ReadLock(n′)
18: if dc(n) ` da(n′) then
19: n′a ← da(n′)
20: ReadUnlock(n′)
21: Cover(ARG, waitlist, n, n′a)
22: ReadLock(n′)
23: if da(n) va da(n′) then
24: C ← C ∪ {〈n, n′〉}
25: ReadUnlock(n′)
26: return
27: ReadUnlock(n′)

Require: WriteLock(n) acquired
28: function Expand(ARG, waitlist, expanded, T , n)

Ensure: returns d′′a such that d′a va d′′a with {d′a} = p̃ostt(da(n))
29: function InitAbstr(ARG, n, t)

Require: WriteLock(n) acquired
Require: dc(n) ` n′a
30: function Cover(ARG, waitlist, n, n′a)

Require: WriteLock(n) acquired
Require: postt(dc(n)) = ∅
Ensure: p̃ostt(da(n)) = ∅
31: function Disable(ARG, waitlist, n, t)
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First, TryCover tries to establish a covering relation. To this end, a read lock
is acquired for n′, and the abstract label of n′ is read and stored in the memory of
the current process (n′a). The read lock ensures that no other process modifies the
abstract label at that point, and then the read lock is released to prevent deadlocks
in the algorithm. Assuming that Cover satisfies the properties of lazy abstraction,
we can show that the coverage property holds: after the Cover method returns,
the read lock is reacquired for node n′, and the coverage relation is only established
if da(n) va da(n′).

If TryCover does not cover the node, Expand will expand it. Expand re-
quires a write lock for node n, which is satisfied by CheckNode. Moreover, as
Expand does not insert nodes into the waitlist or expanded sets, other processes
will not be able to work on the newly expanded nodes until Expand finishes and
CheckNode returns. It follows that assuming Disable satisfies the properties of
lazy abstraction, the inductive labeling, concrete labeling, and simulation proper-
ties hold in accordance with Proposition 4.1.

Proposition 5.2. If there is a run σ of the automaton to a state s ∈ S and the
parallel lazy abstraction algorithm returns a safe result, then there is a non-covered
node n in the resulting ARG such that s ∈ γa(da(n)).

Proof. The algorithm returns a safe result only when the waitlist and futures are
empty, and therefore, all nodes are either expanded or covered, i.e., the ARG is
complete. The above proposition is then a consequence of Lemma 4.1 and Propo-
sition 5.1.

5.3.2 Parallel Refinement of the Abstraction

Abstraction refinement is performed in the following two scenarios: either when
attempting to establish a new covering relation or when a transition is disabled. In
both cases, the abstract labels will be adjusted along the trace to the root of the
ARG.

First of all, the methods of Cover, Disable, and Strengthen (Algorithm 8)
need to be adapted from the sequential algorithm.

The arguments of Cover are modified to fit the parallel version of TryCover:
instead of the covering node, it takes the abstract label of the covering node as its
last parameter. Disable is the same as it was in the sequential case, as it is only
called by Expand on nodes it already acquired the write lock for. Both Cover
and Disable use Block, which will be defined later.

Finally, Strengthen is adapted for the parallel version. It is called by Block,
which in turn is only called on nodes for which the write lock had already been
acquired. It iterates through and removes the existing cover relation with the
node in question. This deviation from the sequential algorithm is necessary, as
checking the cover relations would require acquiring read locks, which could lead
to a deadlock situation.

Both backward and forward binary interpolation have been adapted for the
parallel lazy abstraction algorithm, taking into account Observations 3 and 5:
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• In the case of backward binary interpolation (Algorithm 9), BLOCKBW

starts by already having a write-lock for n. First, the abstract label of the
node is refined by a suitable interpolant, the node is strengthened, then a write
lock is acquired for the parent node, and the pre-image of the complement
of the interpolant is removed from the abstract label of the (already locked)
parent node via a recursive call to BLOCKBW .

• In the case of forward binary interpolation (Algorithm 10), BLOCKFW also
starts by already having a write-lock for n. In contrast to the backward
version, the algorithm starts with acquiring a write lock for the parent node,
then recursively removing the pre-image of B from the abstract label of the
parent. Finally, the interpolant is calculated, and n is strengthened.

Proposition 5.3. The backward propagation algorithm preserves the ARG prop-
erties.

Proof. The parallel version of the backward propagation algorithm preserves the
initiation, concrete labeling, simulation, and coverage properties the same way as
its sequential counterpart (Proposition 4.3).

Moreover, we can also show that the labeling also stays inductive reusing the
proof of the sequential backward propagation algorithm showing that d′p va da(n)

is preserved, where {d′p} = p̃oste(〈p,n〉)(da(p)) is the abstract successor of p, the
parent node of n, assuming that the abstract labels along the path are not read
or modified while the propagation takes place. BLOCKBW requires a write lock
being acquired for node n before calling, and the recursive call for p only happens
for nodes p for which a write lock has already been acquired, which prevents the
reading and modification of the node’s abstract label. As the write lock is not
released until the backward propagation and strengthening of the parent is finished,
the process of the backward propagation algorithm will own the write-locks for all
the nodes from n until the root of the ARG (or until da(n)  B). At that point,
no other process can read or modify any information from which the interpolants
are calculated, thus d′p va da(n) is preserved along the trace and the labeling stays
inductive.

Proposition 5.4. The forward propagation algorithm preserves the ARG proper-
ties.

Proof. The parallel version of the forward propagation algorithm preserves the
initiation, concrete labeling, simulation, and coverage properties the same way as
its sequential counterpart (Proposition 4.5).

Similarly, the labeling also stays inductive. BLOCKFW requires a write lock
being acquired for node n and always acquires write locks for nodes before a recur-
sive call on those. Thus, the process of the forward propagation algorithm will own
the write lock for all nodes from n until the root of the ARG (or until da(n)  B).
At that point, no other process can read or modify any information from which
the interpolants are calculated. The write locks are only released once the infor-
mation needed to calculate the interpolant is read. As the write lock is released
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on the parent, other processes may modify the abstract label of the parent, but
these modifications do not affect the inductive labeling on the current trace. Thus
d′p va da(n) is preserved along the trace and the labeling stays inductive.

Proposition 5.5. The backward and forward propagation algorithms are consistent
with their contract.

Proof. The consistency of the contract of the backward propagation is a direct
consequence of Propositions 5.3 and 4.4, while the consistency of the contract of
the forward propagation algorithm is a direct consequence of 5.4 and 4.6.

Algorithm 8 Parallel lazy abstraction refinement algorithms

Require: WriteLock(n) acquired
1: function Cover(ARG, waitlist, n, n′a)
2: for all B ∈ ¬ γa�i(n

′
a) do

3: Block(ARG, waitlist, n, B)

Require: WriteLock(n) acquired
4: function Disable(ARG, waitlist, n, t)
5: for all B ∈ p̂ret(γa�i(>)) do
6: Block(ARG, waitlist, n, B)

Require: WriteLock(n) acquired
Require: dc(n)  B
Ensure: da(n)  B

7: function Block(ARG, waitlist, n, B)

Require: WriteLock(n) acquired
Ensure: da(n) va I

8: function Strengthen(ARG, waitlist, n, I)
9: da(n)← da(n) ua I

10: for all 〈ncov, n〉 ∈ C do
11: C ← C\{〈ncov, n〉}
12: waitlist← waitlist ∪ {ncov}

5.4 Discussion

We developed the parallel lazy abstraction algorithm to enhance the performance
of lazy abstraction on modern computational platforms. In this section, we would
like to provide a discussion on the different trade-offs that stem from the way in
which we constructed the parallel algorithm.

Trade-off 1 (Expanding over covering). The first trade-off was identified in the
covering operation. Both the sequential and parallel versions of TryCover (Algo-
rithms 1 and 7) are constructed to iterate over the set of already expanded nodes
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Algorithm 9 Backward propagation of abstraction refinement for the parallel lazy
algorithm

Require: dc(n)  B
Require: WriteLock(n) acquired
Ensure: da(n)  B
Ensure: the labeling of nodes satisfies the properties of an ARG

1: function BLOCKBW (ARG, waitlist, n, B)
2: if da(n)  B then
3: return
4: I ← itp(γc�a(dc(n)), B)
5: Strengthen(ARG, waitlist, n, I)
6: if 〈p, n〉 ∈ E for some p then
7: WriteLock(p)
8: for all B′ ∈ ¬ γa�i(I) do
9: for all B′pre ∈ p̂ree(〈p,n〉)(B′) do

10: BLOCKBW (ARG, waitlist, p, B′pre)

Algorithm 10 Forward propagation of abstraction refinement for the parallel lazy
algorithm

Require: dc(n)  B
Require: WriteLock(n) acquired
Ensure: da(n)  B
Ensure: da(n) ` I

1: function BLOCKFW (ARG, waitlist, n, B)
2: if da(n)  B then
3: return da(n)

4: if 〈p, n〉 ∈ E for some p then
5: WriteLock(p)
6: A← >
7: for all Bpre ∈ p̂ree(〈p,n〉)(B) do
8: I ′ ← BLOCKFW (ARG, waitlist, p, Bpre)

9: {d} ← p̃oste(〈p,n〉)(I
′)

10: A← A ua d
11: WriteUnlock(p)
12: else
13: A← γc�a(dc(n))

14: I ← itp(A,B)
15: Strengthen(ARG, waitlist, n, I)
16: return I
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to try to find a suitable covering node. In the case of the sequential variant, the
following is true for each node: either an already expanded node covers it, or it
must be expanded. However, in the case of the parallel TryCover, a third possi-
bility arises: another node that is actively being expanded is a suitable candidate
for covering the node in question. If this third option holds, the parallel version
of TryCover will ignore the node, as this node is not yet expanded (Expand is
not yet finished), so its abstract labels might change due to a refinement started by
Disable; as a result, TryCover will not be able to establish a covering relation,
and the node will be expanded instead. In summary, the parallel algorithm prefers
expanding nodes rather than waiting for other verification tasks to finish. Waiting
for other verification tasks would enable the algorithm to check if a cover relation
can be established with the nodes the other tasks expand. However, choosing not
to wait might lead to the parallel algorithm having to perform extra, unnecessary
calculations.

Trade-off 2 (Reestablishing instead of keeping cover relations). The second trade-
off we identified comes from the parallel implementation of Strengthen (Algo-
rithm 8). Compared to the sequential implementation (Algorithm 3), the parallel
version removes all covering relations and puts the covered nodes back on the wait-
list. This behavior is necessary, as Strengthen cannot acquire arbitrary locks
in the ARG without risking deadlocks. However, removing all covering relations
causes extra computations to be necessary. In the sequential case, the current cov-
ering relation can be checked to see if it holds, and exploring all expanded nodes is
only necessary if the cover relation has to be removed. In contrast, the parallel al-
gorithm has to recheck every expanded node for each cover relation and reestablish
those that still hold.

Trade-off 3 (Blocking locks). Finally, the third trade-off stems from the paral-
lel algorithm using thread pools and locks (Algorithm 6). The ARG is a tree-like
structure, and every refinement modifies the abstract labels along the trace from
a node to the root of the ARG. It follows that different refinements may overlap
and target the same nodes (at least the root of the ARG). If refinements overlap
and they target the same node at the same time, the locking mechanism in the
parallel refinement algorithm (Algorithms 9 and 10) will cause the verification task
and thread of one of the refinements to wait and do nothing before it can acquire
the lock. An alternative approach would be to use coroutines (or virtual threads)
that are able to suspend their execution if they have to wait for a resource, allocate
the underlying thread to another task, and resume execution once the lock can be
acquired, thus always utilizing a thread when possible. However, suspending and
resuming coroutines also have an overhead [11]. Nonetheless, the binary interpo-
lation strategies do not necessarily iterate over the whole trace to the root, only
until it is necessary, reducing the likelihood that the same nodes are targeted at
the same time in a big enough ARG. Thus, we opted to favor thread pools.



Sequential and Parallel Implementation of Lazy Abstraction Strategies 39

6 Evaluation

We implemented the proposed techniques in the Theta open-source model checking
framework [32]. We evaluated the prototype to study its scalability and compare its
performance with that of the sequential and parallel lazy abstraction algorithms.

6.1 Setup and Configurations

We evaluated the algorithms on a benchmark set1 [17], a collection containing
57 UPPAAL XTA models from various well-known sources. The benchmark set
contains models that are regularly used to evaluate well-known tools, such as UP-
PAAL [20], CosyVerif [2], PAT [30] or MCTA [36], and problems from industrial
case studies [14, 29] as well.

Measurements were executed using BenchExec2 with each task limited to a
configuration-dependent number of CPU cores, 20 GB of memory, and 100 seconds
of runtime. The evaluation was performed on the E-cores of an Intel Core i7-1360P
processor to avoid the effect hyperthreading might have on the results. The 20 GB
memory limit was determined empirically: it was raised until none of the tasks
terminated due to running out of memory. Other system-level modifications, like
disabling swapping, were employed according to the instructions of BenchExec.

We used explicit value abstraction with location abstraction for data abstrac-
tion and zone abstraction with location abstraction for handling time. As for
refinement, we conducted the experiments with both backward (BW) and forward
(FW) binary interpolation. Since we have not identified any previously existing
parallel lazy implementation, we have compared the performance of the parallel im-
plementation to our sequential one. The algorithms were evaluated in the following
configurations:

• The sequential algorithm (Algorithm 1) referred to as SEQ onward.

• The parallel algorithm (Algorithm 6) limited to running on one (PAR 1),
two (PAR 2), four (PAR 4) and eight (PAR 8) CPU cores, with thread#
being set to respectively 1, 2, 4 and 8.

The experiment was repeated five times for each configuration, and the final
result was derived by dropping the best and worst measurements and taking the
average of the remaining three.

6.2 Results and Discussion

Figure 10 contains the quantile plots comparing the performance of the sequential
and parallel configurations. The x-axis describes the number of solved tasks, while
the y-axis shows the time required to solve the given number of tasks. With both
refinement strategies, the sequential algorithm (FW SEQ, BW SEQ) was able to

1https://github.com/farkasrebus/XtaBenchmarkSuite
2https://github.com/sosy-lab/benchexec

https://github.com/farkasrebus/XtaBenchmarkSuite
https://github.com/sosy-lab/benchexec
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Figure 10: Quantile plots describing the performance of the algorithms
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solve 55 problems, the parallel algorithm on two cores (FW PAR 2, BW PAR 2)
53 problems, while the rest of the configurations 52 problems.

In the case of problems that can be solved under 5 seconds, there is a clear
trend: the parallel algorithm on eight cores (FW PAR 8, BW PAR 8) outper-
forms the parallel algorithm on four cores (FW PAR 4, BW PAR 4), which
in turn performs better than the parallel algorithm on two cores (FW PAR 2,
BW PAR 2). The worst performing configurations are the parallel algorithm on
one core (FW PAR 1, BW PAR 1), which is slightly outperformed by the sequen-
tial algorithm (FW SEQ, BW SEQ). This latter comparison is shown to establish
the performance hit that the upkeeping of the thread pool and the usage of locks
might incur.

However, the situation is less evident in the case of problems requiring more
than 5 seconds to be solved. Generally, the performance of the parallel algorithm on
eight cores (FW PAR 8, BW PAR 8) falls back, and the parallel variants on four
cores (FW PAR 4, BW PAR 4) come out on top, so questions about scalability
arise. An explanation for this phenomenon could arise from Trade-off 1: the more
cores the algorithm runs on, the less the number of expanded nodes is available
for checking whether it is suitable for a cover relation. Fewer cover relations lead
to more nodes to expand. This can also explain why there are problems that
the sequential algorithm can solve but the parallel algorithm cannot: by running
the operations of lazy abstraction in parallel, some cover relations might never be
established, and the parallel algorithm is instead forced to expand a node that
could have been covered. Unfortunately, even if a suitable candidate for cover is
expanded later on, an expanded node will not be revisited to check coverage again.

Analyzing the scalability further, Figure 11 depicts how the CPU time is pro-
portional to the wall time for each problem. The wall time was measured to be the
length of the experiment, while the CPU time is the sum of times that each core
spends actively working. In ideal conditions, the CPU time should equal the wall
time times the number of cores, but technical (inherent multithreaded nature of
JVM) and theoretical (Amdahl’s law) limitations exist. It can be seen that in the
case of the sequential algorithm (FW SEQ, BW SEQ) and the parallel algorithm
on one core (FW PAR 1, BW PAR 1) the CPU time almost matches the wall
time as expected. Moreover, in the case of the parallel algorithm on two cores
(FW PAR 2, BW PAR 2), the data points primarily lie on the line of the the-
oretical limit of scalability for two cores (f(x) = 1/2x), indicating that algorithm
was able to take advantage of both cores. However, the situation is radically differ-
ent with the parallel algorithm on 4 (FW PAR 4, BW PAR 4) and on eight cores
(FW PAR 8, BW PAR 8). While the data points lie south of the scalability limit
for two cores (f(x) = 1/2x), many of them are well north of the theoretical limit
of scalability for their respective number of cores (f(x) = 1/4x and f(x) = 1/8x),
making it clear, that the algorithm cannot fully take advantage of the extra cores
in case of tasks that can be solved quickly.

Nevertheless, the problems that timeout (on the f(x) = 100 line) provide an
interesting insight into the scalability. Given that the problems take advantage of
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more than two cores, but not all can take advantage of 4 or 8, it can be concluded
that the scalability depends on the algorithm and the model as well. The different
structures of the models might allow for a lesser degree of parallelization. At the
same time, the structure could also contribute to having to do more conflicting
refinements, causing more waiting to acquire locks. As per Trade-off 3, waiting for
locks is a blocking operation leading to the observed behavior.

Finally, Figure 12 shows the ARG size of the parallel algorithms compared to
the sequential algorithm illustrating the space overhead. Although it can be ob-
served that increasing the number of cores slightly increases the overall ARG size
as expected after Trade-off 1, there is no clear correlation between the number of
cores and the relative size of the ARG. One possible factor for this behavior is the
different structure of the problem under verification: the algorithm can take ad-
vantage of problems with more independent branches as there are fewer conflicting
refinements. Another possible factor stems from Trade-off 2: the parallel algorithm
has to reestablish many cover relations, thus spending time on operations that do
not expand the ARG.

To decide how the factors contribute to the phenomenon, we depicted the rela-
tive size of the ARG compared to the sequential algorithm and compared it to the
ratio of CPU time and wall time (Figure 13). Based on the figures, it can be con-
cluded that for two cores (FW PAR 2, BW PAR 2), the model-dependent factor
prevails, and with increasing the number of cores, Trade-off 2 starts to dominate.

In conclusion, the experiments showed that the parallel lazy abstraction algo-
rithm outperforms the sequential algorithm. In terms of scalability, the algorithm
is able to take advantage of two cores in almost all cases. However, although the
algorithm can also take advantage of more than two cores, its scalability is limited.
Our evaluation showed that by increasing the number of cores, the trade-offs we
made regarding the cover relations are also starting to affect the performance: the
more the number of cores, the fewer cover relations the algorithm can establish and
the more time the algorithm has to spend reestablishing cover relations. Moreover,
we also showed that the scalability depends on the model under verification as well.
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Figure 13: Scatter plots describing the relationship between the relative size of the
ARGs compared to the sequential algorithm and the CPU time compared to wall
time

7 Conclusion

This paper has explored the sequential and parallel implementations of lazy abstrac-
tion strategies for verifying timed systems, a critical task in ensuring the reliability
of real-time applications. We provided a generic lazy abstraction framework for the
sequential implementations of lazy abstraction. We analyzed the behavior of the se-
quential algorithm to design a parallel algorithm that leverages modern multi-core
architectures and offers a promising avenue to accelerate the verification process.

Through a detailed empirical evaluation of benchmark timed systems, we have
demonstrated that the parallel algorithm can enhance performance compared to its
sequential counterpart. However, the study also highlights the challenges associ-
ated with parallelization, such as recalculating previous cover relations, which can
impact the overall scalability of the approach on higher core counts.

The findings provide valuable insights into lazy abstraction, improving the verifi-
cation of complex timed systems and ultimately enhancing the safety and reliability
of critical real-time systems. In the future, we plan to address the limitations of
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scalability by trying to preserve more cover relations during strengthening and by
working out a methodology to increase the number of cover relations in the ARG.
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