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Abstract

Interval observers typically rely on performance criteria that specify the
estimation accuracy. Inappropriately parameterized performance criteria can
lead to linear matrix inequalities (LMIs) that do not yield feasible solutions.
Retuning the output specification of the error dynamics allows for exploiting
structural feasibility. The overall goal of this paper is to design a TNL inter-
val observer for systems for which the LMIs do not yield a feasible solution
with the standard specification of the performance criteria. As an example,
the proposed tuning methods are applied to the state estimation of a lithium-
ion battery cell. The LMIs introduced together with this observer structure
initially do not have a feasible solution for the investigated battery model.
To obtain feasible solutions, we propose extended design conditions for the
TNL interval observer based on a virtual output equation for the error dy-
namics that is utilized to reduce the influence of uncertainties on the estima-
tion results. Additionally, we present two techniques to enforce interpretable
structures in the observer gains to enhance the estimation accuracy. The first
technique enforces a desired ratio between the elements of selected observer
gains, the second technique influences the estimation accuracy by specify-
ing the eigenvalues of the scaled observer system matrix. To demonstrate
the fundamental application of the tuning methods, the proposed techniques
are initially applied to the state estimation of a mass-spring-damper system.
Subsequently, the effectiveness of the proposed techniques is shown for the
state estimation of the lithium-ion battery cell. With both techniques, the es-
timation accuracy can be significantly enhanced. Furthermore, they provide
a framework for systematically designing TNL interval observers.
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1 Introduction

In practical control applications, reliable state estimation is essential, because of-
tentimes not all state variables can be measured. A well known technique to esti-
mate the corresponding state variables based on available measurements is the use
of interval observers. The advantage of interval observers over classical observers
like the Luenberger observer is that during the design process measurement noise,
process uncertainties and parametric uncertainties can be taken into account. In-
terval observers have been a focus of research for more than two decades. They are
recurrently designed based on the monotone systems theory [23]. Consequently,
in addition to stability conditions, there are positivity conditions that have to be
fulfilled, which exacerbates finding suitable observer gains. In the literature, multi-
ple methods are presented that address this problem. When the design conditions
can not be fulfilled directly, commonly a coordinate transformation is performed,
where the interval observer is designed for the transformed system [13, 28]. Besides
a coordinate transformation an alternative observer structure that provides more
design degrees of freedom can be employed to relax the design conditions. A specific
example of this is the TNL interval observer, which provides two additional design
degrees of freedom, in particular the observer gains T and N besides the observer
gain L [27]. In this paper, we will focus on the latter method. We aim to design a
TNL interval observer for a quasi-linear system model of a lithium-ion battery cell.
Designing a TNL interval observer for this model is challenging. The state variables
to be estimated represent the state of charge as well as voltages in an equivalent cir-
cuit model and cannot be measured directly. Instead, the measurement represents
a linear combination of the state variables and other state-dependent equivalent
circuit parameters. In addition, the state variables are scaled differently, and the
system matrix exhibits a diagonal structure.

The design of the TNL interval observer in [27] is based on a linear matrix
inequality (LMI) approach, which is very common in controller and observer de-
sign. Numerous papers employ LMI techniques to ensure the stability of the error
dynamics and to guarantee that the positivity conditions are satisfied [1, 11, 12].
Moreover, additional performance criteria are frequently incorporated in the set of
LMIs to influence the observer dynamics. For instance, pole placement techniques
are utilized to guarantee desired performance characteristics such as specific ex-
ponential decay rates and damping ratios [7, 19, 22]. In addition, H∞ and L∞
optimization criteria are commonly included in the set of LMIs to attenuate the
effect of uncertainties on the estimation result [8, 18, 27]. While those LMI tech-
niques are widely employed to design interval observers, it is not always trivial to
solve the LMIs, especially if the variables to be estimated are scaled differently or
the dynamics are described by stiff differential equations. This similarly applies to
the battery model. Applying the LMIs of [27] to the battery model does not yield
a feasible solution, because of inappropriately parameterized performance criteria.

In the literature, there exist various methods to alleviate difficulties that are
associated with solving LMIs. For example, LMI relaxation techniques are used to
simplify complex optimization problems by transforming them into a more tractable
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form. In [26], LMI relaxation techniques are used to transform parameterized LMIs,
which are known to be NP-hard, into a finite set of LMIs to reduce the compu-
tational effort for finding feasible solutions. The authors in [21] review classical
relaxation techniques based on the S-procedure and make use of the Lagrange Du-
ality Theory to investigate under which conditions those relaxation techniques are
exact. To improve numerical stability, to reduce conservatism or to obtain tractable
conditions, where standard LMIs may not lead to tractable ones, slack variable
LMIs or dilated LMIs can be utilized [5, 15]. A different method is presented in [3],
where an iterative scheme is applied to obtain feasible or approximately feasible
solutions to robust LMIs, which are intractable by standard exact LMI methods.
Similarly, the authors in [20] propose iterative semidefinite programming methods
to solve a nonlinear matrix inequality problem for robust state feedback control.
An iterative approach is likewise utilized in [4] to solve bilinear matrix inequalities
to simultaneously optimize controller and observer gains.

With regard to the battery model, the above-mentioned methods are either not
applicable or not effective, due to the structure of the state-space matrices and the
resulting LMIs. The challenge with regard to the battery model is that there exist
feasible solutions for the LMIs that cannot be identified by the solver because of in-
appropriately parameterized performance criteria. Inspired by the aforementioned
pole placement techniques and iterative methods, we therefore propose extended
design conditions for the TNL interval observer to obtain feasible solutions for the
LMIs. Additionally, we present two techniques based on observer gain tuning to
systematically enhance the estimation accuracy. Those techniques are based on
enforcing interpretable structures in the matrices T, N, and L, that can lead to
improved estimation results with regard to interval width. We achieve this by
adding additional design degrees of freedom as well as additional constraints to the
set of LMIs and solving them by taking into account appropriate cost functions. To
the best of our knowledge, there do not exist such methods in the current literature.

This paper is structured as follows. Section 2 summarizes the problem formula-
tion including assumptions and preliminaries as well as the general structure of the
TNL interval observer and the design conditions. The main results are presented
in Section 3. At first, the derivation of the extended design conditions is shown.
Afterward, two techniques to enforce interpretable structures in the observer gains
that can lead to improved estimation results are presented. Simulation results are
presented in Section 4. This paper is concluded with a brief summary and an
outlook on future work in Section 5.

Notation. In this paper, bold letters represent matrices and vectors, where
capitalized letters represent matrices and lowercase letters represent vectors. By
default, lowercase bold letters (e.g. m) represent column vectors, while row vectors
are represented by the transposed form (e.g. mT). Upper and lower bounds on a
matrix or a vector are denoted by over- and underlines (e.g. M, M) and are meant
to be employed elementwise. Likewise, the operators ≥, >, ≤, < are employed
elementwise. Positive and negative parts of a matrix M are denoted by M+ and
M− defined by M+ = max{0,M} and M− = M+ −M. Letters marked with a
circumflex represent estimated values, for example x̂ is an estimate for the true value
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x. In denotes the n×n identity matrix and R≥0 denotes the non-negative orthant of
R. ∥ ∥ denotes the L2-norm and M ≻ 0 (≺ 0) denotes a positive (negative) definite
matrix. The elementwise defined Hadamard product and Hadamard division are
represented by ⊙ and ⊘ respectively and an asterisk * is used to indicate terms
that are induced by symmetry.

2 Problem Formulation

Consider the discrete-time system

xk+1 = Adxk +Bduk +Edwk ,

yk = Cxk + vk ,
(1)

with the state vector xk ∈ Rn, the input vector uk ∈ Rp, the output vector yk ∈
Rm, the process uncertainty wk ∈ Rq and the measurement noise vk ∈ Rm. The
matrices Ad, Bd, Ed and C are of appropriate dimensions.

Assumption 1. The matrices Ad, Bd, Ed and C are constant.

Assumption 2. The initial estimate for the state vector is chosen so that the true
value is included and x̂0 ≤ x0 ≤ x̂0 holds.

Assumption 3. The process and measurement uncertainties are unknown but
bounded with wk ≤ wk ≤ wk and vk ≤ vk ≤ vk.

Lemma ([6, 9]). System (1) with uk ∈ Rp
≥0, wk ∈ Rq

≥0 and vk ∈ Rm
≥0 is positive

if and only if Ad ∈ Rn×n
≥0 , Bd ∈ Rn×p

≥0 , Ed ∈ Rn×q
≥0 and C ∈ Rm×n

≥0 , provided that
x0 ≥ 0.

Lemma ([27]). The discrete-time system

xk+1 = Axk + Bdk

zk = Cxk +Ddk

(2)

is stable and satisfies ∥z∥ < γ ∥d∥ for a given scalar γ > 0, if and only if there
exists a matrix P ≻ 0 such that[

ATPA+ CTC −P ATPB + CTD
BTPA+DTC BTPB +DTD − γ2I

]
≺ 0 . (3)

We aim to design a TNL interval observer for system (1). This observer has the
following structure [27]

ζk+1 = TAdx̂k +TBduk + L(yk −Cx̂k) +∆k ,

x̂k = ζk +Nyk ,

ζ
k+1

= TAdx̂k +TBduk + L(yk −Cx̂k) +∆k ,

x̂k = ζ
k
+Nyk ,

(4)
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with ζk ∈ Rn and ζ
k
∈ Rn as intermediate variables and ∆k and ∆k given as

∆k =(TEd)
+ wk − (TEd)

− wk + L+ vk − L− vk +N+ vk+1 −N− vk+1 ,

∆k =(TEd)
+ wk − (TEd)

− wk + L+ vk − L− vk +N+ vk+1 −N− vk+1 .
(5)

Note that the TNL interval observer reduces to a Luenberger structure if T = In
and N = 0. By defining bounds for the state estimation errors as ek = x̂k − xk

and ek = x̂k − xk, the error dynamics result in [27]

ek+1 = (TAd − LC)ek + B̃ddk ,

ek+1 = (TAd − LC)ek + B̃ddk ,
(6)

with dk =
[
(∆k −TEdwk)

T vT
k vT

k+1

]T
, dk =

[
(∆k −TEdwk)

T vT
k vT

k+1

]T
and B̃d =

[
In L N

]
. For the observer design, we take into account the following

virtual output equation for the error dynamics

ze,k = Ceek +Dedk , (7)

where the matrices Ce and De characterize the influence of individual error terms,
as well as process and measurement noise on the virtual output ze. We utilize this
virtual output equation to impose performance objectives on the transfer function
between d and ze to reduce the influence of uncertainties on the estimation error
[16]. In order to precisely estimate the state variables, it is necessary that the error
dynamics are stable. Therefore, the observer system matrix (TAd−LC) has to be
Schur stable. The concept of the interval observer is based on the theory of positive
systems [10]. Hence, a positivity condition according to Lemma 2 has to be fulfilled
additionally to reliably bound the true value of the states with lower and upper
bounds so that x̂k ≤ xk ≤ x̂k holds. To reduce the influence of uncertainties on the
estimation result, anH∞ technique is included in the design process, so that ∥ze∥ <
γ
∥∥d∥∥ holds for an arbitrary positive scalar γ (analogously for the lower bound).

Those design conditions can be formulated as a set of LMIs. Applying the LMIs
from [27] to the battery model does not yield a feasible solution, although the LMIs
are not infeasible by structure. This implies that a feasible solution exists, that can
not be identified by the solver. In the following section, we therefore propose
extended design conditions for the TNL interval observer that allow for identifying
feasible solutions for these LMIs. Additionally, we present two techniques that
provide a framework to systematically enhance the estimation accuracy.

Remark. In [27], the matrix Ce is set to the identity matrix In and the matrix De is
set to zero. This results in equal weights for the individual error terms for imposing
performance objectives on the transfer function between ze and d. Additionally,
the error dynamics fulfill ∥e∥ < γ

∥∥d∥∥ and ∥e∥ < γ ∥d∥. With regard to the battery
model, the LMIs with this choice of Ce and De do not yield a feasible solution.
We utilize the matrices Ce and De as additional degrees of freedom to allow for
specifying different convergence rates for the individual error terms and to identify
a feasible solution. Thus, the error dynamics fulfill ∥ze∥ < γ

∥∥d∥∥ and ∥ze∥ < γ ∥d∥.



364 Marit Lahme and Andreas Rauh

This, however, does not necessarily provide a high estimation accuracy. By choosing
Ce and De as additional design degrees of freedom, we obtain an estimation result
as shown in Figure 5a for α = 1, where α is chosen according to Section 3.2.
This estimation result is not suitable for estimating all state variables because of
the low estimation accuracy characterized by the large interval width between the
estimated lower and upper bounds. We therefore propose two techniques to enhance
the design of the observer gains T, N, and L.

3 Main Results

In this section, we at first introduce the design conditions that have to be fulfilled
to design a TNL interval observer for system (1) including the matrices Ce and
De as additional design degrees of freedom. Afterward, we propose two techniques
to enforce interpretable structures in the matrices T, N, and L, that can lead
to improved estimation results with regard to the interval width. With the first
technique, we enforce a desired ratio between the elements of selected observer
gain matrices. The second technique is used to influence the observer dynamics by
specifying desired eigenvalues for the scaled observer system matrix.

3.1 Design conditions

Based on (6) and (7), the stability, positivity, and performance conditions are
satisfied if the following set of LMIs is fulfilled:

−P ∗ ∗ ∗ ∗ ∗
0 −γ2In ∗ ∗ ∗ ∗
0 0 −γ2Im ∗ ∗ ∗
0 0 0 −γ2Im ∗ ∗
Ce De,1 De,2 De,3 −In ∗
Φ P W X 0 −P

 ≺ 0 ,

P ≻ 0 ,

Φ ≥ 0 ,

γ > 0 ,

(8)

with Φ = PM = (P−XC)Ad −WC, M = (TAd − LC), W = PL, X = PN,
De = [De,1 De,2 De,3], T = In −NC and an arbitrary diagonal matrix P ∈ Rn,
where T, N, and L are the observer gains to be designed. The matrix Ce is an
arbitrary diagonal matrix and the matrix De is an arbitrary full matrix.

Proof. Based on Lemma 2, the error dynamics according to (6) and (7) are stable
and satisfy ∥ze∥ < γ ∥d∥ if[

MTPM+CT
e Ce −P MTPB̃d +CT

e De

B̃T
dPM+DT

e Ce B̃T
dPB̃d +DT

e De − γ2In+2m

]
≺ 0 , (9)
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with M = (TAd − LC), B̃d =
[
In L N

]
, γ > 0, and P ≻ 0. By applying the

Schur complement [2] twice (9) is equivalent to
−P ∗ ∗ ∗
0 −γ2In+2m ∗ ∗
M B̃d −P−1 ∗
Ce De 0 −In

 ≺ 0 . (10)

With De = [De,1 De,2 De,3], B̃d =
[
In L N

]
and multiplying (10) from the left

and right with

I2n+2m 0 0
0 0 In
0 In 0

, the inequality (10) can be written as


−P ∗ ∗ ∗ ∗ ∗
0 −γ2In ∗ ∗ ∗ ∗
0 0 −γ2Im ∗ ∗ ∗
0 0 0 −γ2Im ∗ ∗
Ce De,1 De,2 De,3 −In ∗
M In L N 0 −P−1

 ≺ 0 . (11)

By multiplying (11) from the left and right with

[
I3n+2m 0

0 P

]
and

[
I3n+2m 0

0 PT

]
,

respectively, it is equivalent to
−P ∗ ∗ ∗ ∗ ∗
0 −γ2In ∗ ∗ ∗ ∗
0 0 −γ2Im ∗ ∗ ∗
0 0 0 −γ2Im ∗ ∗
Ce De,1 De,2 De,3 −In ∗
PM P PL PN 0 −P

 ≺ 0 . (12)

Due to the products of two unknown matrices in PM, PL, and PN, inequality
(12) is nonlinear. With the change of variables Φ = PM, W = PL, and X = PN
we obtain the LMI

−P ∗ ∗ ∗ ∗ ∗
0 −γ2In ∗ ∗ ∗ ∗
0 0 −γ2Im ∗ ∗ ∗
0 0 0 −γ2Im ∗ ∗
Ce De,1 De,2 De,3 −In ∗
Φ P W X 0 −P

 ≺ 0 . (13)

For the design of a TNL interval observer, the following relation between the ob-
server gains holds [27]

T+NC = In . (14)

Rearranging (14) for T and substituting into Φ leads to

Φ = PM = P(TAd − LC)

= (P−XC)Ad −WC .
(15)
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To design a TNL interval observer for system (1), the observer state matrix TAd−
LC has to be chosen so that it is Schur stable and non-negative. The stability is
guaranteed if there exists a matrix P ≻ 0 so that (13) is fulfilled. Additionally, if
P is chosen as a diagonal matrix, TAd−LC ≥ 0 holds if Φ ≥ 0 [27]. Furthermore,
we choose Ce as an arbitrary diagonal matrix and De as an arbitrary full matrix
to allow for different convergence rates for the individual error terms.

The choice of the matrices Ce and De of the performance output ze is user-
defined. The matrix Ce serves as a weighting matrix for the estimation errors,
thereby quantifying the relative importance of minimizing the sensitivity to distur-
bances associated with each individual estimation error. The matrix De character-
izes the direct feedthrough from the disturbances to the performance output and
consequently imposes a lower bound on the H∞ norm, which can not be smaller
than the direct feedthrough gain. The specification of Ce and De inherently in-
volves a trade-off. When these matrices are subject to stringent constraints, for
example Ce = In and De = 0, then the LMI solver may not find a feasible solu-
tion. Relaxing these constraints can resolve this problem, but at the expense of
a suboptimal solution with regard to the H∞ approach. Hence, determining Ce

and De involves balancing the degree of relaxation required for achieving a feasible
solution for the LMIs against the desired level of performance of the H∞ approach.

3.2 Tuning of the estimation accuracy based on the ratio
between selected observer gain matrices

This technique relies on influencing the elementwise ratio between the observer
gains L and N by iteratively solving the LMIs with respect to a cost function
that enforces the desired ratio to enhance the estimation accuracy. However, the
matrices L and N do not explicitly appear in the LMIs (8). This is the result of
the change of variables to express the set of bilinear matrix inequalities (12) by a
set of LMIs (13). Accordingly, it is not possible to explicitly include L and N in
the cost function to enforce the desired ratio. In compliance with the change of
variables W = PL and X = PN, W and X explicitly appear in the LMIs (8) and
are therefore incorporated in the cost function. Consequently, we enforce a desired
elementwise ratio between the matrices W and X. By keeping P constant, the
desired ratio between L and N can be enforced indirectly. To define the desired
elementwise ratio, a design matrix Y(α) is utilized, where α is an optimization
parameter to be chosen. For example, the parameter α can be chosen based on a
line search where α is adapted iteratively until suitable observer gains are found.
The design process is shown in Algorithm 1.

Remark. Note that by applying Algorithm 1, it is not guaranteed that the exact
ratio defined by α is enforced. This results from enforcing this ratio by minimizing
the cost function in line 5 of Algorithm 1. The exact ratio is achieved only if the
cost function is equal to zero and therefore W = Winit and X = Y(α)⊙Xinit hold.
If the cost function is not equal to zero, W ≈Winit and/or X ≈ Y(α)⊙Xinit hold,
so that the desired ratio can only be achieved approximately.
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Algorithm 1 Influencing the elementwise ratio between L and N

Input: Y(α), α ∈ L Design matrix, List L of all α to be evaluated

Output: T, N, L

1: Solve LMIs (8) without the additional cost function

2: Pinit ← P , Winit ←W , Xinit ← X

3: for each α in L do

4: P← Pinit

5: Solve LMIs with minimization of the cost function

∥W −Winit + (X−Y(α)⊙Xinit)∥
6: if Solution is feasible then

7: L = P−1W, N = P−1X, T = In −NC

8: Lα ← L, Nα ← N, Tα ← T

9: end if

10: end for

11: Evaluate the estimation accuracy based on time domain simulations for all

obtained observer gains {(Tα, Nα, Lα) | α ∈ L}
12: Select (T, N, L) from {(Tα, Nα, Lα) | α ∈ L}, so that the highest estimation

accuracy is achieved

Remark. In this paper, lines 1 to 10 of Algorithm 1 are evaluated automatically
based on a line search for α within a defined interval. On the contrary, the lines 11
to 12 are evaluated manually as shown in Section 4. Future work will deal with
automatizing the evaluation of the estimation accuracy (line 11) and the selection
of the most suitable observer gains (line 12) to include both tasks in the for-loop
and to obtain a fully automatized Algorithm.

Remark. In Algorithm 1, the matricesCe andDe are adjusted by the solver without
additional constraints according to the predefined structure. If required, additional
constraints can be imposed on those matrices to obtain a desired performance.
Moreover, the numeric values of Ce and De can provide insight for performance
comparisons for different observer parameterizations.

As an example, consider two matrices W init, X init ∈ R2×2 that are obtained
by solving the LMIs (8) without the additional cost function.

If Y(α) is chosen as

Y(α) =

[
α 1
1 1

]
, (16)

we aim to design two matrices W , X ∈ R2×2 by minimizing the cost function of
line 5 of Algorithm 1 with

W = W init , X = Y(α)⊙X init , (17)
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to enforce the following ratio between the elements of W and X

(W ⊘X )11 =
1

α
(W init ⊘X init)11 ,

(W ⊘X )12 = (W init ⊘X init)12 ,

(W ⊘X )21 = (W init ⊘X init)21 ,

(W ⊘X )22 = (W init ⊘X init)22 .

(18)

The observer gains Linit and Ninit can be calculated by

Linit = P−1
initWinit , Ninit = P−1

initXinit . (19)

Accordingly, L and N are calculated by

L = P−1W , N = P−1X . (20)

The matrix P is kept constant, therefore P = Pinit and P−1 = P−1
init hold. Then

from (19) and (20), it follows that

(L⊘N)11 =
1

α
(Linit ⊘Ninit)11 = (W ⊘X )11 ,

(L⊘N)12 = (Linit ⊘Ninit)12 = (W ⊘X )12 ,

(L⊘N)21 = (Linit ⊘Ninit)21 = (W ⊘X )21 ,

(L⊘N)22 = (Linit ⊘Ninit)22 = (W ⊘X )22 .

(21)

3.3 Tuning of the estimation accuracy based on the eigen-
values of the scaled observer system matrix

This technique is inspired by the LMI-based pole placement method, and it relies
on influencing the eigenvalues of the observer system matrix to ensure a desired
performance. Likewise to Section 3.2, the observer system matrix does not explicitly
appear in the LMIs (8). According to (8), the equality

Φ = PM = (P−XC)Ad −WC (22)

holds, where M = (TAd−LC) is the observer system matrix. Φ explicitly appears
in the LMIs. Due to this, the eigenvalues of M can be indirectly influenced by
specifying the eigenvalues of Φ leading to the desired performance of the designed
interval observer. To achieve this, additional constraints are added to the set of
LMIs, that enforce the eigenvalues of Φ to be in a desired range. Note that P is
a diagonal matrix and M is a full matrix. Hence, Φ is also a full matrix. The
expressions for the eigenvalues of Φ get more complex with higher dimensions,
which exacerbates considering those expressions as additional design conditions.
To circumvent this, we propose to simplify the expressions for the eigenvalues of
Φ by diagonalizing Φ with the minimization of a corresponding cost function. If Φ
and P are diagonal matrices, then M is also a diagonal matrix. Accordingly, the
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eigenvalues of Φ can be calculated by multiplying the diagonal elements of P and
M. To define the range of the desired eigenvalues, an optimization parameter α
is introduced. This parameter can be for example chosen based on a line search,
where it is adapted iteratively until suitable observer gains are found. Additionally,
a precision ϵ ≥ 0 is defined with which the desired eigenvalue has to be achieved.
The design process is shown in Algorithm 2.

Algorithm 2 Specifying eigenvalues for Φ

Input: α ∈ L, ϵ List L of desired eigenvalues to be evaluated, precision

Output: T, N, L

1: Add additional constraints for the desired eigenvalues to the LMIs (8)

2: for each α in L do

3: Solve LMIs (8) with minimization of the cost function ∥Φ− (In ⊙ Φ)∥
4: if Solution is feasible then

5: L = P−1W, N = P−1X, T = In −NC

6: Lα ← L, Nα ← N, Tα ← T

7: end if

8: end for

9: Evaluate the estimation accuracy based on time domain simulations for all

obtained observer gains {(Tα, Nα, Lα) | α ∈ L}
10: Select (T, N, L) from {(Tα, Nα, Lα) | α ∈ L}, so that the highest estimation

accuracy is achieved

Remark. Note that by minimizing the cost function in line 3 of Algorithm 2, it is not
guaranteed that the matrix Φ is exactly diagonalized. Φ only exhibits a diagonal
structure if the cost function is equal to zero. If the cost function is not equal to
zero, the desired eigenvalues can be placed only approximately in the desired range.

Remark. In this paper, lines 2 to 8 of Algorithm 2 are evaluated automatically
based on a line search for α within a defined interval. On the contrary, the lines 1
and 9 - 10 are evaluated manually as shown in Section 4. Future work will deal with
automatizing the evaluation of the estimation accuracy (line 9) and the selection
of the most suitable observer gains (line 10) to include both tasks in the for loop.
Additionally, we will work on automatically adding the additional constraints to
the LMIs (line 1) to obtain a fully automatized algorithm.

Remark. In Algorithm 2, the matricesCe andDe are adjusted by the solver without
additional constraints. In general, the same options as in Remark 3.2 apply for
performance tuning and quantification.

As an example, consider a matrix Φ ∈ R2×2 with

Φ =

[
p11 0
0 p22

] [
m11 0
0 m22

]
=

[
p11m11 0

0 p22m22

]
, (23)
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that was diagonalized by minimizing the cost function of line 3 of Algorithm 2.
Because of Φ being a diagonal matrix, the eigenvalues of Φ are its diagonal ele-
ments. Consider specifying a range for the first eigenvalue λ1 = p11m11. Following
Algorithm 2, we add the following constraints to the existing set of LMIs

p11m11 ≥ α− ϵ, p11m11 ≤ α+ ϵ , (24)

so that p11m11 ∈ [α− ϵ ; α+ ϵ] holds, where α defines the desired eigenvalue and
ϵ defines the corresponding precision.

4 Simulation Example

In this section, the proposed methods are evaluated through two test cases. To
illustrate the application of the tuning methods, we first apply them to the state
estimation of a mass-spring-damper system. Subsequently, as previously outlined,
the approach is extended to the state estimation of a lithium-ion battery cell.

4.1 Mass-spring-damper system

Consider a mass-spring-damper system with the continuous-time state-space rep-
resentation

A =

[
0 1
− c

m − d
m

]
, b =

[
0
1
m

]
, cT =

[
1 0

]
, d = 0 , (25)

with m = 1, c = 10 and d = 0.5. The process and measurement noise are character-
ized by w = 0 and v = 0.025. All variables are expressed in normalized units. The
continuous-time system is discretized with the forward Euler method with the step
size ∆t = 0.01. To design the observer gains of the TNL interval observer, the LMIs
are solved using MATLAB R2022a [25], YALMIP R20141218 [17], and SeDuMi 1.3
[24]. The resolution of the LMIs as well as the simulation are computed on an In-
tel(R) Core i7 processor operating at 3GHz and 32GB of RAM. Solving the LMIs
without including additional constraints and objective functions for the observer
gains L and N as described in Sections 3.2 and 3.3 leads to the estimation results
shown in Figure 1 for an input signal u = 0.1 sin (t)+0.1. In the following, we design
the observer gains T, N and L based on the ratio between L and N as described
in Section 3.2. From the approach without including any additional constraints

or objective functions, we obtain the observer gains L =
[
0.7377 −0.8316

]T
and

N =
[
0.0287 0.6008

]T
, which leads to a ratio L ⊘ N =

[
25.6908 −1.3841

]T
.

Usually, the estimation accuracy can be improved with observer gains, where the
elementwise ratio is similar. Therefore, we define the design matrix

Y(α) =
[
α 1

]T
, α ∈ [20 ; 50] , (26)

to decrease the ratio (L⊘N)11. The simulation results in Figure 2 indicate a
slight improvement in estimation accuracy. Here, the ratio (L⊘N)11 varies in



Approaches Towards A Systematic Tuning of Interval Observers 371

Figure 1: State estimation for the mass-spring-damper system (25) without includ-
ing additional constraints and objective functions.

the interval [5.6594 ; 7.6987]. Although a marginal improvement in estimation
accuracy was observed, the enhancement is negligible in practical terms. In the
following, the tuning method based on the eigenvalues of the scaled observer system
matrix as described in Section 3.3 is applied to assess whether a more substantial
improvement in estimation accuracy can be achieved. From the approach without
including any additional constraints or objective functions, the obtained eigenvalues

are eig (Φ) =
[
0.2693 0.0324

]T
and eig (M) =

[
0.2360 0.9908

]T
. To enhance the

estimation accuracy, we choose to increase the first eigenvalue of the matrix M.
Based on (22), (25), and

P =

[
p11 0
0 p22

]
, K =

[
k11
k21

]
, K ∈ {L, N, W, X} , (27)

it can be calculated as

λ1 = p11 − 1.0 · p11l11 − 1.0 · p11n11

= p11 − 1.0 · w11 − 1.0 · x11 ,
(28)

where the coefficients are rounded to the nearest integer. This leads to the addi-
tional constraints

λ1 ≥ α− ϵ , λ1 ≤ α+ ϵ , α ∈ [0 ; 2] , ϵ = 10−3 , (29)

which are added to the existing LMIs. Figures 3 and 4 show the simulation results.
The estimation accuracy can be enhanced significantly by applying this tuning
method, especially for the second state variable. With regard to the computational
effort, the average runtime per iteration for LMI resolution and the simulation were
0.29s and 0.04s, respectively.
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Figure 2: State estimation for the mass-spring-damper system (25) based on the
ratio between L and N.

Figure 3: State estimation for the mass-spring-damper system (25) based on the
eigenvalues of the scaled observer system matrix.
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Figure 4: Detailed view of Figure 3.

4.2 Lithium-ion battery cell

The design process is shown for a quasi-linear model of a lithium-ion battery cell.
The modeling of the battery cell is described in detail in [14]. We will use the model
taken from [14, Section III-B] as an example. The parameters used in this example
are the same as the parameters in the referenced paper, so that the nominal model
is evaluated for a state of charge of 0.6. In this case, we obtain the matrices

Ad =


1 0 0 0
0 1− 0.92 · 10−2 0 0
0 0 1− 0.02 · 10−2 0
0 0 0 1

 and

C =

[
2.33 −1 −1 1
48.56 −99.91 −99.99 100

]
.

(30)

Our goal is to design a TNL interval observer to estimate the state variables, which
cannot be measured directly. The state vector consists of the state of charge σ and
the equivalent circuit voltages vTS, vTL and z. At first, we design the matrices T,
N, and L based on the ratio of the matrices L and N. Therefore, we choose the
matrix Y(α) as

Y(α) =

[
1 1 α 1
1 1 α 1

]T
, α ∈ [0 ; 1] . (31)

Figure 5 shows the estimation results of the state variables of the battery model,
where infeasible solutions are excluded. By varying α from 0 to 1, the estimation
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accuracy can be influenced. In Figure 5a, the estimation results based on α = 1
and α = 0.8 are not suitable for estimating all state variables, because of the low
estimation accuracy characterized by the large interval width between the estimated
lower and upper bounds. The estimation accuracy can be increased significantly
by choosing α so that α ∈ {0.1, 0.2, 0.3, 0.4, 0.5, 0.6}. Figure 5b shows that in the
latter case all values of α lead to similar estimation accuracies for the respective
state variables. In the following, we design the matrices T, N, and L based on the
eigenvalues of Φ. Therefore, we choose to specify the third eigenvalue. Based on
(22), (30), and

P =


p11 0 0 0
0 p22 0 0
0 0 p33 0
0 0 0 p44

 , K =


k11 k12
k21 k22
k31 k32
k41 k42

 , K ∈ {L, N, W, X} , (32)

it can be calculated as

λ3 = p33 + p33l31 + 100 · p33l32 + p33n31 + 100 · p33n32

= p33 + w31 + 100 · w32 + x31 + 100 · x32 ,
(33)

where the coefficients are rounded to the nearest integer. This leads to the addi-
tional constraints:

λ3 ≥ α− ϵ , λ3 ≤ α+ ϵ , α ∈ [0 ; 2] , ϵ = 10−3 . (34)

Figure 6 shows the simulation results. Again, infeasible solutions are excluded.
It can be seen that different values of α lead to different estimation accuracies.
Figures 6b, 6c and 6d show that selected values of α result in similar estimation
results and therefore can be grouped. This is illustrated in Table 1. From Table 1
it is clear that different values of α lead to different estimation accuracies for the
individual state variables vTS, vTL, and z. This is shown in Figure 7 for three
selected values of α. Figure 7a shows that a value of α = 1.4 leads to the best
estimation accuracy for vTS, while it results in a lower estimation accuracy for vTL

and a good estimation accuracy for z. In Figure 7b, the opposite is observed. A
value of α = 0.6 leads to the best estimation accuracy for z, while it results in
a lower estimation accuracy for vTS and a medium accuracy for vTL. Figure 7c
shows the estimation results for α = 0.4, which represents a compromise between
the estimation qualities of all three state variables. This value leads to a very
high estimation accuracy, which is not necessarily the best estimation accuracy,
for all three state variables. With regard to the computational effort, the average
runtime per iteration for LMI resolution and the simulation were 0.41s and 12.43s,
respectively.

5 Conclusions and Outlook

In this paper, we design a TNL interval observer for systems for which the LMIs
do not yield a feasible solution with the standard specification of the performance
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(a) Estimation results for α ∈ [0 ; 1].

(b) Detailed view for Figure 5a.

Figure 5: Estimated state variables, where the observer gains are designed based
on the ratio of L and N defined by the matrix Y(α) according to (31). Infeasible
solutions are excluded. Figure 5a shows an overview for all feasible solutions of
multiples of α = 0.1. Figure 5b provides a detailed view for Figure 5a.
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(a) Estimation results for α ∈ [0 ; 2].

(b) Detailed view of vTS in
Figure 6a.

(c) Detailed view of vTL in
Figure 6a.

(d) Detailed view of z in
Figure 6a.

Figure 6: Estimated state variables, where the observer gains are designed based on
the eigenvalues of Φ according to (34). Infeasible solutions are excluded. Figure 6a
shows an overview for all feasible solutions of multiples of α = 0.1. Figures 6b, 6c,
and 6d provide a detailed view for Figure 6a.
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Table 1: Values of α according to Figure 6 sorted by estimation accuracy for the
state variables vTS, vTL and z with respect to interval widths, where a tight interval
between the lower and upper bound represents a high estimation accuracy. Values
marked within the same group result in a similar estimation accuracy.

interval widths vTS(t) vTL(t) z(t)
tight 1.4

Group 1

0.4
Group 1

0.6

Group 1

↓

1.3 0.1 1.8
1.8 0.2 1.3
0.4 0.6

Group 2

0.4
0.9

Group 2

0.8 1.4
0.7 0.7 0.9
0.8 0.9 0.8
0.1 1.3

Group 3
0.7

0.6 1.4 0.1
wide 0.2 1.8 0.2

criteria. The design conditions, that include stability conditions, positivity condi-
tions, and an H∞ performance criterion, can be formulated as a set of LMIs which
together with this observer structure initially do not yield a feasible solution for
the battery model because of inappropriately parameterized performance criteria.
This implies that a feasible solution exists, that cannot be identified by the solver.
Therefore, we propose extended design conditions that allow for identifying feasible
solutions for the LMIs and two techniques that provide a framework to systemat-
ically tune the observer gains to influence the estimation accuracy. The extended
design conditions take into account the matrices of the virtual output equation of
the error dynamics as additional degrees of freedom for the LMIs to exploit struc-
tural feasibility while the virtual output equation is used to impose performance
objectives on the transfer function between the input uncertainty and the virtual
output to reduce the influence of uncertainties on the estimation error. We addi-
tionally propose two techniques based on enforcing interpretable structures in the
observer gains that can lead to an enhanced estimation quality. This is achieved
by adding additional design degrees of freedom and additional constraints to the
set of LMIs and solving the LMIs by minimizing appropriate cost functions. With
the first technique shown in Section 3.2, we enforce a desired ratio between the
elements of selected observer gains. The second technique shown in Section 3.3 is
used to influence the observer dynamics by specifying desired eigenvalues for the
scaled observer system matrix. The proposed techniques are initially applied to
the state estimation of a mass-spring-damper system to illustrate the fundamental
application of those methods. A second example, where the state variables of a
lithium-ion battery model are estimated, illustrates the effectiveness of the pro-
posed techniques. Based on the elementwise ratio between the observer gains, the
estimation accuracy varies from a high estimation accuracy represented by tight
interval width between the estimated lower and upper bounds to a low estimation
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(a) α = 1.4. (b) α = 0.6. (c) α = 0.4.

Figure 7: Estimated state variables, where the observer gains are designed based on
the eigenvalues of Φ according to (34) for selected values of α; Figure 7a; α = 1.4,
Figure 7b; α = 0.6, Figure 7c; α = 0.4.

accuracy. In the lithium-ion battery example, we observed that selected ratios
lead to similar estimation accuracies for the respective state variables. Regarding
the eigenvalues of the scaled observer system matrix, the estimation accuracy is
influenced by the chosen eigenvalues. Here, the estimation accuracy additionally
varies between the individual state variables. An eigenvalue that leads to a high
estimation accuracy for one state variable can lead to a low estimation accuracy for
another state variable. Additionally, we observed that selected eigenvalues lead to
similar estimation results and can therefore be grouped. Both techniques take into
account cost functions that are minimized when solving the LMIs. Accordingly,
the desired ratios between selected observer gains and the desired eigenvalues of
the scaled observer system matrix are only achieved exactly if the cost functions
are equal to zero. If the cost functions are not equal to zero, the desired ratios and
the desired eigenvalues are only achieved approximately.
The computational effort required for solving the LMIs and for simulating the sys-
tem depends on both the choice of the LMI solver and the implementation of the
underlying differential equations. In the test cases presented in Section 4, the av-
erage runtime per iteration for solving the LMIs was on the order 10−1s, while
the average simulation time per iteration was on the order of 101s. In applica-
tions where the LMIs can be solved offline, these computational costs are typically
negligible. However, in scenarios requiring real-time computation of the LMIs, the
corresponding runtimes must be carefully taken into consideration. Both test cases
presented in this paper are applicable at runtime.

In conclusion, by taking into account the matrices of the virtual output equa-
tion of the error dynamics as additional design degrees of freedom for the LMIs
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allows for exploiting structural feasibility so that feasible solutions for the LMIs
can be obtained. By applying the two techniques shown in Sections 3.2 and 3.3 the
estimation accuracy can be significantly enhanced. The algorithms of the two tech-
niques are not yet fully automatized and do not yet guarantee an optimal solution
of the LMIs with regard to estimation accuracy. The evaluation of the estimation
accuracy for the obtained observer gains as well as the selection of the most suit-
able observer gains has to be done manually by the designer for both techniques.
Additionally, for the technique shown in Section 3.3, the additional constraints for
the desired eigenvalues have to be added manually to the LMIs.

Future work will deal with fully automatizing the proposed techniques to pro-
vide a basis for systematizing the approaches shown in this paper. We will work on
a framework to systematically design the observer gains of a TNL interval observer
to obtain optimal observer gains with regard to estimation accuracy. For exam-
ple, a clustering approach can be investigated to provide a systematic analysis for
specifying eigenvalues of the scaled observer system matrix by taking into account
the sensitivity of the state variables on the LMIs. Furthermore, a switching ob-
server approach can be investigated to enhance the estimation accuracy for all state
variables. Here, multiple observers can be designed that lead to a high estimation
accuracy for a specific state variable. By switching between those observers, the
aim is to achieve a high estimation accuracy for all state variables. Alternatively,
the different interval observers can be operated in parallel. The resulting estimated
intervals can be intersected with each other due to the guaranteed enclosure of the
true value. Furthermore, a promising direction of future research is the observer
design during system operation. Initially, an offline-designed interval observer is
established. Subsequently, this interval observer is redesigned during system opera-
tion to adapt to changing system conditions. This approach is particularly relevant
in scenarios where initial parameter uncertainties can be mitigated through interval
estimations or contractor-based techniques. By leveraging these refined uncertainty
bounds, the interval observer can be redesigned online to enhance the estimation ac-
curacy. Another relevant application of online interval observer design are systems
with time-varying parameters. For instance, lithium-ion battery systems subject to
aging phenomena. In such scenarios, the interval observer can be redesigned online
to adapt to evolving system parameters, thereby maintaining estimation accuracy
and robustness. A prerequisite for online interval observer design is the real-time
computation of the LMIs. An online interval observer design is feasible for both
test cases shown in Section 4, due to the computationally fast resolution of the
LMIs.
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