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A Muller Approach for Reachability

Luc Jaulin®

Abstract

This paper presents an approach to deal with the prediction of dynamical
systems in case of interval uncertainties. These uncertainties can be both on
the initial state vector, on the time-dependent inputs and on the evolution
function. The approach is based on the Muller theorem often used in an inter-
val context to perform the prediction of cooperative systems. We show here
that the Muller approach can be used for general non-cooperative systems.
We also show the benefit we can obtain by using a conditioning approach in
order to reduce the overestimation.

Keywords: differential inclusion, interval analysis, interval integration, reach-
ability, Muller theorem

1 Introduction

Reachability has been studied by many authors using set-membership tools [4, 6,
9, 11, 18, 28]. Often, the objective of reachability is to predict the future of a
dynamical system under uncertainties [27].

The dynamical system we consider has the form x = f(x, u), where x is the state
vector and u is the input vector. The input satisfies u(-) € [u](-) which means that,
for all ¢, u(t) € [u](t), where [u](t) is a box which depends on ¢. The initial state
vector satisfies x(0) € Xy. We want to compute the set

X(t) = {a] 3x(0) € Xo,Fu() € [u](-), a = pru)(x(0)} (1)

where ¢ 4.y is the flow, as illustrated by Figure 1. In this figure, three feasible
trajectories are represented. The red is true one. The blue trajectory starts from
the true x(0) , but deviates from the red due to the uncertainty on u. The black
trajectory has the same input but starts from a feasible x(0) which is not the true
one.

From a mathematical point of view, solving a reachability problem amounts
to integrating a differential inclusion [5] and requires the use of interval analysis
[19]. A general approach to solve this problem has been proposed in [14] but
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Figure 1: Reach set X(¢) that we want to enclose

the understanding of the approach is not easy and requires the computation of
logarithmic norms. Another tool for reachability is CORA [1] with a nice user
interface and detailed tutorials. General bounding results for computing reachable
sets using differential inequalities can also be found in [26]. See also [7] for an
approach based on using mixed monotonicity. A comparison between several tools
for reachability can be found in [10].

Probably the first approach to solve this problem is proposed in 1927 by Muller
[20]. Due to the fact that interval computation were not know at these times, the
use of the Muller’s approach was limited to cooperative systems, even if the Muller
results are valid for much more general systems. The cooperative property means
that the evolution function f(x,u) has some monotony properties that are met by
only few systems. Since, several people have used the Muller approach, [23, 15, 12]
but again, these contributions remain in a context of cooperative systems, even if
some change of coordinates are needed to meet cooperativity (see, e.g., [22])).

The contributions of this paper are the following:

e Clearly underline the cooperativity property is not required at all, when using
a Muller approach.

e Show a way to transform the reachability problem into a simple ordinary
differential equations (ODE).

e Show that conditioning techniques, classically used in the interval algorithms,
could reduce drastically the pessimism, in case of small uncertainties.

e Provide an enclosure which is asymptotically minimal [13], i.e., which is min-
imal when the uncertainties are infinitesimal.

The paper is organized as follows. Section 2 introduces interval dynamical systems
(IDS) which is a class of differential inclusions that can be integrated as an ODE.
Section 3 shows how interval computation combined with the Muller can provide an
enclosure of the reachability problem. Section 4 defines conditioners, combines them
with a Muller enclosure method and gives some theoretical results on the asymptotic
minimality of conditioned IDS. Section 5 gives an application in robotics. Section
6 concludes the paper.
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2 Interval dynamical system

In this section, we give the definition of interval dynamical systems, show how they
can be used to represent a dynamical system with interval uncertainties and explain
how they can be simulated using the Muller theorem.

2.1 Principle

An interval [z] = [z7, 2] is a connected closed subset of R. The lower bound of [x]
is Ib([z]) = 2~ and its upper bound is ub([z]) = . A boz of R™ is the Cartesian
product of n intervals:

] = [y, @y ] x e x oy, 2], (2)

Denote by IR the set of intervals and by TR™ the set of all boxes of R™. The width
of a box [x] is denoted by w([x]).

Definition 2.1. As illustrated by Figure 2, an interval dynamical system (IDS) is
a system of the form

z(t) = f£.(z(t),u (), ut(t),1)
x|(t) = h(z(t),t (3)

where h : R? x R — IR"™ is a continuous one to one function. The vector z € RY
1s called the epistemic state vector. It is qualified as epistemic, since, as we will
see later, it represents the knowledge we have of the real state x of a dynamical
system. The evolution function for z, denoted by f,, is assumed to be continuous
and locally Lipschitz in x. It should not be confused with the evolution function f
for x introduced in the previous section. The quantities [u](t) = [u™(t),ut(¢)] and
[x](t) =[x~ (t),xT(t)] are time dependent boxes or tubes [17, 25]. The IDS should
satisfy the thinness property

wlbdO) =0 } = v, w([x](8) = 0 (4)

which means that if both the initial state x(0) and the input u(0) are perfectly
known, the IDS does not produce any uncertainty.

Figure 2: Interval dynamical system (IDS). Thick arrows are interval valued
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Definition 2.2. Consider a dynamical system
x =f(x,u) (5)

where f is continuous and differentiable in x,u, locally Lipschitz in x and where u
s piecewise continuous, so that a single solution exists for any initial state vector.
The IDS (3) is said to be an enclosing IDS of (5) if we have

x(0) € [x](0)
Ve, u(t) € [u= (1), ut(t)] } = Vt,x(t) € [x](t). (6)

Note that the condition x(0) € [x](0) implies that h(z(0)) € [x](0).
Example 2.1. The IDS

21 = 21 +u—
Zo = 22 + ut (7)
[z] = h(z) =21, 2)]

encloses the system & =z + u for u € [u] = [u™,ut].

2.2 Muller IDS

In the literature, IDS are generally given in a more specific case which we call here
the Muller form [20].

Definition 2.3. An IDS is of Muller type if it has the form
( X~ (1) > _ < £ (x7 (1), x* (1), u™ (1), u*(t)) >

**(t) £ (x (1), x* (1), u™ (), u* (1))
a(t) £ (z(),u (t),ut (1)) : (8)
) = b (8), x* ()]
—

The thinness property becomes
f~(x,x,u,u) = f*(x,x,u,u). 9)

IDS generate interval trajectories [x~(t),x " (t)] (represented by the epistemic
state vector z) that are supposed to enclose the trajectory of an uncertain dynamical
system. It corresponds to an ordinary differential equation (ODE) which can be
integrated using a Runge-Kutta method or using an interval integration [14, 21].

The enclosure property (see Definition 2.2) is illustrated for Muller IDS by Figure
3. The true trajectory (blue) x(t) is between the two red trajectories x~ (¢) and
xT(t), or equivalently,

Vi, x(t) € [x(8), x* ()] = [X](2). (10)
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x (1)
z [K(0) Ty X(t)
Xo ; ) x| (t)
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Figure 3: A Muller IDS enclosing a dynamical system

Proposition 2.1. Consider a Muller IDS (see Equation 8) which satisfies

6fi_ 6fz+

4= =0, ====0 11
oxf Oz (11)
of of ofi aft s

>0 - <0 <0 > 12
Ox; — ’ 837;-' - oz, — ’ 896;' 20, forij (12)

and - - . .
0f 5y, 8f1 <0, Ui <y, af: >0 (13)

Ou, ou, Ou, ou,

as soon as x~ < xTand u~ <ut. The IDS encloses the system x = f(x,u) with
f(x,u) =" (x,x,u,u) = f*(x,x,u,u). (14)

Note that these conditions on f are close to the notion of mized monotonicity,
introduced in [7]. Before giving the proof, let us give a simple illustrative example.

Example 2.2. An enclosing IDS for the dynamical system

(2)-(.0e) 5)

is
. . - p— p— +
a:}Ir mln(mﬁﬂ2 ,1:1+xz+)
& _ | max(ziay,zywy) (16)
Ty T, Fu”
iy oz +ut
Indeed,

f7(x,x,u,u) = fT(x,x,u,u) = f(x,u) = ( ;{?u ) . (17)
1
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Moreover, we have

Oh _y 5>
gfl_ = max(z7,0) > g?: a
T2 1
= — =0 < 0
S =min(z;,0) <0 gt "
3 1
gii = min(z7,0) ou- 0 = 0
o _ 0 >0 O g < o
dry max(ri, 0) - 2 and { Out = (18)
— =1 = Oh _ 1 5> o
g;l ou— =
o, —0 of;
z - 2 _
gf£r out 0= 0
—2Z =0 S 0 o +
o 9y _g <
0fy =1 0 ouT -
dzy - o +
Oh 1 s>
out -

Proof. (of Proposition 2.1). The proof is by induction. First, by assumption (see
(2)), we have x(0) € [x~(0),xT(0)]. Assume that the proposition is true for ¢. Let
us prove that it is also true for ¢ 4+ dt, where dt is infinitesimal. Thus, we have to
prove that

x(t+dt) € [x (¢t +dt),xt(t + dt)] (19)
i.e., for all 7,
oy (t+dt) < ai(t+dt) < zf(t+dt). (20)
or equivalently
(i) of (t+dt) —zi(t+dt) > 0 (21)
(i4) x; (t+dt) —zi(t+dt) < 0.
We just check (i) for i = 1, i.e., we want to prove that
o (t+dt) — 1 (t+dt) > 0. (22)

The same reasoning can be done to prove (ii) and for ¢ > 1.

Since o] (t) — x1(t) > 0, we have to consider two cases

e Case 1. z{ (t) —x1(t) > 0. By continuity of the function e} (t) = a7 (t) — z(t)
with respect to ¢, we deduce that e} (t 4+ dt) = x] (t + dt) — z1(t + dt) > 0, since dt
is infinitesimal.

e Case 2. o7 (t) — 21(t) = 0. In this case, z1 (t + dt) — 21 (¢t + dt) > 0 if

fl+ (X_ (t)7 X+ (t)7 u- (t), 11+ (t)) - fl (X(t), u(t)) >0 (23)

This is what we will now prove. From (9), we have

L1, L2y...,Tpy

+ T1,22,---,Tn Z1,T2,.-.,Tn _

fi -1 =0. (24)
UL, U2, .., Um UL, U2y« oy Um

UL, U2y« - vy Um
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Moreover, since

+ +
gif, <0, gii >0 for j #1 (see (12))
J J
Off <, Ui e ee (13
o1 <o, Y (sce (13))
4 4
r; <a; < x;’, V3
u, <up < u?', Ve
we get
xl,xi,...,x;
+
f1+ IE,I%,...71‘71 —fl L1,X2y...,Tn 20 (25)
Up s Uy sy Uy UL, Uy -+ Uy
ulud, . ut
Since 2} = 1, and since f;” does not depend on x (9f;"/0z] = 0, see (11)), we
get Inequality (23). O

3 Interval analysis to get an enclosing interval dy-
namical system

In this section, we show how we can use interval computation to get a Muller
dynamical system which encloses a given dynamical system.

3.1 Inclusion function

An inclusion function [f] for £ : R™ — R™, is a function

IR" — IR™

S O %)

such that [19]
f([x]) < [£]((x])- (27)

An inclusion function [f] is thin if for any singleton [x] = {x}, [f]([x]) is also a
singleton. It is inclusion monotonic if

(x] <yl = () < [£](y])- (28)

3.2 Epistemic transform

We present here the epistemic transform which will be used to reformulate a dif-
ferential inclusion into an ODE. The main idea is to explore the boundary of [x] to
compute a box enclosing f([x]). This makes sense when the function is known to
be one to one in [x]. The idea of using the boundary has been explored by several
authors in the context of dynamical systems (see, e.g., [29]).
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Definition 3.1. The epistemic transform of the interval function

~IR" — IR™
05 b = ) #9)
s given by

T b(  [f](zy, 2], [ws], - [wa]) )

ay ub( - [Ai)(=], [, [23], - [2a]) )

Ty b [fol([z1] 2y, [2s], - [an]) )
v | w | | b (Rl af (sl ) ) (30)

Ly lb( [fm]([‘rl}’ [xQ]v [xS]’ 7‘%;) )

Iﬁ Ub( m]([xl]a C52]7 [373]7 amx) )

We will write e

[f] = T([f]). (31)

As defined above, the epistemic transform is a functional operator which trans-
forms an interval function [f] : IR"” — IR™ into another function [f] : R*" — R?".

Example 3.1. The epistemic transform of

06D = o} ) ) (32)

exp ([z1] — sin[z2])

is

] min(z] x5, v] 75)
Ty exp (xl_ — sin x:,_)
xy exp (xf — sin x;)
Definition 3.2. Define the epistemic canonical injection as the function
IR" — R27 (34)
v - _ T
x| — (ar,zf L .oomy,ab ).
We will write L
[x] = v(x]). (35)

which means that the hat operator transforms a box of R™ into an equivalent
2n-vector. The epistemic canonical injection v generates a vector containing the
bounds of its interval inputs. This function has a unique reciprocal v~ for which

dom(y~1) = {( LT S i s B A O gm;} (36)

ie., v L o~y([x]) = [x], for all [x] € IR™. Note that

v~ o [f] o y([x]) € []([x]). (37)
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The reason for this inclusion is that v~! o[/ﬁo'y evaluates the box [x] its boundary
(via each of its 2n faces) whereas [f] evaluates [X] in its boundary and its interior.

As a consequence, there may ezist a x € [x] such that £(x) is not inside y~' o [/f\]o
~([x]). It may happen if for one i, the function f; has a local extremum inside the
interior of [x].

3.3 Enclosing IDS

The following proposition shows that from a general differential inclusion x =
f(x,u),u € [u], we can derive an enclosing IDS.

Proposition 3.1. An enclosing IDS for

x = f(x,u,t) (38)
l‘f lb( [fl](xf’ [$2]7 [CB3]7 ) [xﬂ]a [u]a t) )
1,-11- Ub( [fl](xi‘rv [332], ['r3]) ’ [xn]’ [u]’ t) )
:EZ_ lb( [fg]([iﬂﬂ, 1’2_, [:C3}7 ) [-Tn], [u]a t) )
xér = Ub( [f2]([$1]7 x2+> [.%'3], ) [‘TTLL [U_], t) ) (39)
&, b( [ful([2], [22], 23], @y, [ul2) )
QIT+ Ub( [f’ﬂ]( xl]a [xQL [(173}7 y Ly s [u]7 t) )
or equivalently
2 = [fl(zu).0)
2 = () 10

where [f;] are thin inclusion functions for the f!s that are assumed to be inclusion
monotonic. The box [u] and time t are seen as parameters and are not involved in
the epistemic transform.

Figure 4 illustrates the equation 7 = Ib([f1](z] , [z2],u)) in a two dimensional
state space. We see that the evolution of the left face of box [x] only depends on
the vector field f(x,u) on the left face (z7,[x2]). More than this, the evolution
depends only on the first component f;(x,u) of f(x,u). We take the lower bound
to be sure that the left face will not go faster than any feasible trajectory.
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) ([2,73) )

+ ( X7 +

2 [RUTPRPTPN — x5 |-
(z7, [z2]) f(x,u [x](1) (a7, [z2]) ix](t)
\H//(v a T Ax )
7 L.

— / L

0 5t e —
@7 ay @y

Figure 4: The left face should not go faster than the bold arrow

Proof. To prove the proposition, we apply Proposition 2.1. First, in (39), since
for all ¢, #; do not depend on xj and x;r do not depend on z; , Condition 11 is
satisfied. To prove (12) and (13), consider first an interval function [f] = [f~, f*]
which is inclusion monotonic, we have

[a,b7] C [a,0%] = [£1([a,57]) € [£1([a, b*])
& [f7([a,07]), 4 ([a, 07D € [ ([a, b7]), f* ([a, 67])]
o { f([a,07]) = f~([a,b"])
fHab7]) < fF([a,b7])

which means that f~ is decreasing with respect to the upper bound b of its interval
argument and fT is increasing with respect to this bound. Equivalently, we get
that fT is increasing with respect to the lower bound a of its interval argument
and f7T is decreasing with respect to a. If we apply this reasoning to [f;] which is
inclusion monotonic we get (12) and (13). Property 5 comes from the fact that the
inclusion function is thin. U

3.4 Example: the pendulum

An enclosing IDS for the pendulum

x; ; —sinay imz‘*‘u )
i = [f(z[u]) (42)

z = v(x
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where
f(x,u) = ( —sin xlxi T2 +u )
zZ3
1) = | i ginfer, ) — 25 + - (43)
ub(—sin([z1, 22])) — 24 +u"
£+ (2.l .
[X} — [zh Z2] X [Zg, 2’4]-

We simulate our IDS for ¢ € [0, 6], a sampling time dt = 0.001 and an initial state
box [x](0) = [1—¢, 1+¢], X[0.2—¢,0.24¢] where £ = 0.01 is a small positive number
representing some uncertainties. For the input box, we have taken [u] = [—&%,£?].
The simulation yields Figures 5 and 6. Even if the pendulum is a stable system,

we observe an instability of the IDS, where the all bounds z7 , 7, x5, 3 diverge.

1.00

L2
0.75

0.50
0.25
0.00
-0.25

—0.50
-0.75

“10% 4 o2 0.0 0.2 0.4 0.6 0.8 1.0

Figure 5: Boxes [x](¢) generated by the Muller IDS

4 Conditioner

In this section, we propose a method to get an accurate IDS, that we call asymp-
totically minimal (see [13] for more details concerning the asymptotic minimality).
More precisely, if the width w([x](0)) of the initial box [x](0) is in O(g) (where ¢ is
a tiny positive number), if the width of the input box is small compared to ¢, i.e.,
w([u]) = o(e), then we will have an overestimation introduced by the IDS which is
small compared to €, i.e., in o(¢).

A conditioner can be seen as a change of coordinates moving along a reference
trajectory. The principle is classical when we want to use linear enclosure
methods to reduce the conservatism [14, 16, §].



416 Luc Jaulin

1.0
0.8
0.6
0.4
0.2
0.0
-0.2
-0.4

-0.6

Figure 6: Tubes [z1](t) and [z2](t) generated by the Muller IDS

4.1 Principle

Consider again the dynamical system

x = f(x,u)
x(0) € [x](0) (44)
u(t) € [ul(?)

for which we want to compute get an IDS.

We propose to add a conditioner as illustrated by Figure 7. Here, conditioner
has to be understood in its generic form, i.e., something that improves the enclosure,
making it more accurate.

Y

ﬂ]z—TEF x]

conditioner

Figure 7: The conditioner improves the accuracy of the interval integration

As a results, we get
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Z = fz (Z’ q, [u])
4 = f,(q,center([u])) (45)
x] = h(z,q)
.€., Z _ fz (Z’ [u]’ t)
x] = h(z1) 1)

where f,(z, [u],t) and h(z,t) correspond to f.(z,q(t), [u]) and h(z,q(t)), respec-
tively. This is clearly an IDS which can be integrated as an ODE, as it will be
shown now.

4.2 IDS with the conditioner

To find the right conditioner, we compute one trajectory a(t) which corresponds
to an approximation of the feasible trajectories. For instance, we can chose a(t)
such that
a=f(a,u)
a(0) = center([x](0)) (47)
a(t) = center([u](t)).

Then we will make a change of coordinates at the neighborhood of the trajectory

a(t).

The following theorem corresponds to the main contribution of the paper. It
shows that for a large class of differential inclusion x = f(x,u),u € [u], we can
generate an enclosing IDS with some nice asymptotic properties. The main idea of
this theorem is to define an error e between x and a in the new local frame. Then
we build an IDS for the evolution of the error e introducing the epistemic state
vector z associated with the box [e]. This will allow us to build a parallelepiped
(x)(t) which encloses the trajectory x(t).

Theorem 4.1. An enclosing IDS for the system X = f(x,u) is (see Figure 8)

N
Il
-
o
ol

o
|

2

—
ok

(48)

Il
£
—~

N
£,
~

=
|

~

)

where

= F([fe])
fe(é) + Je : ([e] —e

(
o) = 371 (-de+f(Je+a,u]) - a) (49)
(

[ I+ (£(T - le] +a,[u])- T
e = center([e]).

=
I

—
4]
0o,
S~—
|
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For the initialization, we take J(0) = I, a(0) = center([x](0)) and [e](0) = [x](0) —
a(0).

Moreover if w([x](0)) = O(e) and w([u](t)) = o(e), where € is infinitesimal,
then, for a given t,

(i) The parallelepiped (x)(t) = {x|Je € [e](t),x =T (t) - e+ a(t)} is such that
the Hausdorff distance H([x](t)],X(t)) between the box [x](t)] and the reach set

= {a 3x(0) € [x](0), Fu(") € [u], a = @ru()(x(0)) } (50)

at time t is o(e).

(it) The box [x](t) generated by the conditioned IDS (48) is such that the Haus—
dorff distance H([x](t)],[X(t)]) between [x](t)] and the hull box [X(t)] of X(t) a
time t is o(e).

ol e

\/

center

=

conditioner

Figure 8: The conditioner increases the accuracy of the interval integrator

Remark 4.1. The two first equations of (48) are named the variational equations
[2]. The pair (a,J) follows the flow, i.e., the function®;(x() which returns the state
vector x(t) reached at time ¢ assuming that x(0) has been initialized at xg. The
matrix J satisfies J(¢) = '%575("0). The principle of the conditioner is to store all
uncertainties in the error e and propagate them through a single box [e] which will

be shown to be almost static. More precisely, the inflation is in o(e).

Proof. Consider a trajectory of the system % = f(x,u). Since f is C; in x, the
Jacobian matrix J(¢) is invertible for all ¢ [3]. This is a consequence of Liouville’s
formula for linear systems:

%detJ( £) = tr (gi( )) -det J(t). (51)

This scalar differential equation yields

det J(£) = exp ( /0 b (gi(a, a)) ds) . (52)
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which never vanishes. Define the vector (seen as an error)

e=J"(t) (x —a(t)) (53)
as illustrated by Figure 9. The first step of the proof is to show that e satisfies
é = f,(e) where f, is given in (49), and to show that & = o(e).

By differentiating the relation Je = x — a with respect to t, we get:

Je + Je

= X —a
= f(x,u) —a (54)
= f(Je+a,u)—a.
Thus,
¢ = J ' (-Je+f(Je+a,u)—a).
( ( ) - a) -
f.(e)
Note that
_ -1, _ _ =
f.(e) = J J e+ f(Je+a,u) f(a,u)
=(5@w)JI  =f(a,u)+ 2 (a,m)-(Je)+o(llel])

= 3 (faw ~ faw) + () - S ) () + ofel)

= o(e).

A direct consequence of the fact that f.(e) = o(e) is that T'([f.]) = o(e), since we
used the centered form. We would have I'([f.]) = O(e) if we had used the natural
interval extension [19]. Thus z = o(e), whereas z(0) = O(g).

Define the error set E(t) = {e|3x € X(¢),e = J~1(¢)(x — a(t)). Due to the fact
that z = o(e), we have H(E(t),[e](t)) = o(e) and therefore, H(X(¢), (x)(t)) = o(¢)
which corresponds to (ii). We immediately get that H([X(¢)], [x](t)) = o(e) which
corresponds to (i). O

4.3 Pendulum

Consider again the system given in Subsection 3.4, with t,,x = 20 instead of
tmaz = 6. Our conditioned IDS yields Figure 10. The trajectories painted yellow
have been generated with v = 0 and starting with each corner of the initial box
[x](0]. With two different level of zooms (red and magenta), we illustrate the
asymptotic minimality of the enclosure. For large t, we also observe a stability at
the neighborhood of 0. More precisely, we can show that the state will enter inside
small zone at the neighborhood of the origin and will stay in this zone forever.



420 Luc Jaulin

ole)
J (x —a) >Jc+a

t
b))
§
0.2{ 22 5 =
[x](0)
0.1{ ... i 8
B [
00| ~ | i
-01 h \ '!SSEIS o =
-0.2 ' ===
A
-0.3 . 7
) . _
-0.4 s
N =
-0.5 e z
-0.2 0.0 0.2 0.4 0.6 0.8 1.0

Figure 10: Boxes [x](t) and parallelepipeds (x)(t) generated by our asymptotically
minimal IDS



A Muller Approach for Reachability 421

5 Application

5.1 Dead reckoning

Consider a dynamical system (for instance a vehicle such as a car or a boat) de-
scribed by the state equations

X, = f, (Xva uv)

Yo = 8v (Xv) + ey, (56)

where x,, is the state vector of the vehicle, u is the input vector, y is the measured
output and e is the measured noise. Assume that we have a controller of the form

).(c - fc (Xw You )

u, = gc(xc)+eu- (57)

We have the extended system
%o \ [ £ (%0,80(%xc) +€4)
( . ) - ( F (ke 80(0x0) + @) (58)

———

x f(x,u)

where x = (x,,X,) is the extended state vector, u = (e,, e,) is the extended state
input and f = (f,, f.) is the extended evolution function.

We want to show that the vehicle with its controller will enter a given zone A
while avoiding a zone B. This corresponds to a reachability problem for which we
can use the preconditioned IDS.

5.2 Dubins car

The vehicle we consider is a Dubins car described by the state equations

Tyl = X4 COSTy3
(Z) q::v2 = T4 SINTy3
3':113 = Uyl + €41 (59)
Typa =  Up2 + €42
(”) { Yv1 = Tou3t €y
Yv2 = Tpsa+ €y2

where (i) is the evolution equation and (ii) is the output equation. The position
is (@y1,Vy2), the heading is x,3 and the speed is x,4. The vehicle only measures
its heading and its speed. At time ¢t = 0, the state x, is known to be inside a
box [x,](0). The noise of the actuators ey, e, are unknown and are assumed to
be inside known intervals. The noise of the sensors ey, e,2 are also unknown and
assumed to be inside known intervals.
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5.3 Controller

We want to find a controller such that at time ¢; the position is inside the set
A C R? and such that for all ¢, the position is never inside the set B ¢ R2. To find
such a controller, we use a feedback linearization method. For this purpose, we ask
the robot to follow a target point c¢(¢) chosen such that (see Figure 11):

e ¢(0) is approximately the position of the car at t = 0,
e at time 1 the point c is deep inside A,

e c(t) clearly avoids B.

Zy2

Figure 11: The Dubins car, has to reach A at time ¢; and to avoid B

We get the following state feedback controller

u, = ( ) S T () ) S ) . (60)
(c1(t) — 1) COSTyg + (Co(t) — Tp2) SIN XYz — 24y

Now, this controller cannot be implemented in this form since the position @1, T2
are not measured. We need to use a predictor. It can be taken as (see the first two
equation of 59)

j:cl Yv2 COS Yu1 (61)
jjc? = Y2 sin Yul-

This prediction only uses a measure ¥, of the heading and a measure y,2 of the
speed. This poor estimation can now be used by the controller (11), as illustrated
by Figure 12.
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vehicle

Ty4
Uyl o Yvl
T2 y \\x1,'3 Yo
A
Uy2
—>
Lyl
controller
T2 Y e
| Lcl

Figure 12: The Dubins car, has two outputs (heading and speed) used by the
controller

The state equations of the controller are now

(Z’LZ) j:cl = Yv2COSYy1
Teg = _yUZ sin Yu1
(iv) { w = = (ea(t) = wer) TR A (ea(t) — wep) T
Uz = (c1(t) — ze1) cosypr + (c2(t) — xe2) sinypr — 2Ywe.

5.4 Closed loop system

If we take the notation x = (x,,%.) and u = (e,,e,), the state equations of the
closed loop system, including both the vehicle and the controller, are

T, = T4 COS I3

To = T4 Sinxg

iy = = (ea(t) = s5) T + (ea(t) — ) T 4

24 = (c1(t) — x5)cos(xs + uz) + (ca(t) — xg) sin(xs + uz) — 2(z4 + uq) + ug
i5 = (24 + ug) cos(zg + us)

Tg = (x4 + uq) sin(zs + ug).

5.5 Reachability using the conditioned IDS

Assume that the initial state and the input u satisfy;

fay
=2
m
0
f"”
RRIR
X

—&,&] x [-2,2] x [1 —&,1+¢] x [0,0] x [0,0]

=[x](0)
x [—&2,82] x [-&2, &%), vt

u(t) € [—&2,8%] x [-&2%,&%]

=[y]
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where £ = 1073, For the target point, take:
1.8409-t
cilt) = ( 0.4+02-t ) ' (62)
The Muller integration of the IDS presented in Section 3 generates Figure 13.
The blue set encloses all feasible positions for ¢ € [0,4]. The red zones contain the
position of the car for ¢ € {1,2,3}. The black curves represents a feasible trajectory.
We were able to prove that the position of the car has reached the set A =

[2,3] x [0.2,0.8] at time ¢ = 3. Moreover, for all ¢ € [0,4] we proved that the car
has never entered inside the forbidden zone B = [1,2] x [0.8, 1].

1.0
Ty2 B

0.8

0.6
0.4
02 =3 1A

0.0 =2

-0.2 1 Tyl
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

Figure 13: At time t = 3, the car reaches A and always avoid B

With the same accuracy and using a conditioner, as presented in Section 4, the
predictor yields Figure 3.

1.0
Ty2 B

0.8

0.6
0.4
0.2 A

0.0

—02 =1 Tyl
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

Figure 14: At time t = 3, the car has reached A always avoiding B

For both, the results have been obtained by bisecting the initial box into 40
small boxes. For both, the resulting computing time was less than 500 sec.
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Figure 15 shows the superposition of many feasible trajectories obtained by sam-
pling. The pessimism (distance between the yellow and the blue approximations)
can be considered as low.

1.0

Ty2
0.8

0.6

0.4

0.2

0.0

-0.2 Tyl
0.0 0.5 1.0 1.5 2.0 25 3.0 35 4.0

Figure 15: Many trajectories generated to get an inner approximation of the set of
reachable positions

6 Conclusion

This paper has proposed a method to reformulate a reachability problem into an
ordinary differential equation (ODE) using the Muller theorem. Solving numeri-
cally this ODE yields a interval tube which contains all feasible trajectories. One
important intuition of using the Muller transform is to take into account the bijec-
tive property of the flow function. Indeed, if we know that a function f : R® — R"™
is a bijection, computing the range of f([x]), for a box [x], amounts to compute the
range of f(9[x]), where 9[x] is the boundary of [x].

Although our approach suffers from a wrapping effect, due to the interval ap-
proximation, we have shown that the approximation is asymptotically minimal if
the right conditioner is chosen. This means that when the uncertainties are in-
finitesimal (O(e) for the initial state and O(g?) for the state noise) then almost no
overestimation is introduced (in O(g?)).

The implementation is done using the Codac library [24] and the source codes
are available at https://webperso.ensta.fr/jaulin/muller.html.
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