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Abstract

The Search and Rescue Problem (SARP) can be formulated in an envi-
ronment subject to both objective uncertainty (randomness inherent to na-
ture) and subjective uncertainty (lack of knowledge about the state of the
world). In this paper, we present an interval arithmetic interpretation of the
uncertainty problem. A crisis scenario is modeled as an assignment and op-
timization problem with interval-valued parameters and constraints. These
intervals capture uncertainty over the problem data. A branch and bound
algorithm is used to explore the solution space. Interval arithmetic is em-
ployed to compute bounds and obtain feasible assignments. From the result-
ing assignments, residual injury intervals are derived to assess the impact of
uncertainty on each wounded person. Parallel computing techniques are also
investigated to reduce execution times in the solution process.

Keywords: intervals, Search And Rescue, WTA, uncertainty

1 Introduction

In crisis-response and humanitarian assistance scenarios, efficiently allocating lim-
ited medical resources is critical. Coordinating caregivers with diverse skills to meet
heterogeneous needs under urgent conditions requires structured decision-making
models. We are interested in this type of problem because it appears in various
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applications such as allocating technicians to jobs, vehicles to deliveries, servers to
requests, weapons to targets, etc.

1.1 Assignment under uncertainties

In this paper, we consider the Search and Rescue Problem (SARP), which
includes several subjects of study such as information perception and fusion, path
planning, and more particularly, what interests us here, the assignment of caregivers
to wounded individuals.

The problem of assigning resources to tasks has been widely studied in the
literature and concerns many domains where resources must be optimized, such as
industry, logistics, computing, military domain, etc. However, in all these domains,
resources are assigned to tasks under various constraints (e.g., a resource cannot
be assigned to two tasks simultaneously).

Under these constraints, it is necessary to calculate ideally the optimal assign-
ments according to several parameters. However, in emergency situations, some
parameters are not precisely known and are therefore uncertain. To model this un-
certainty, we propose an interval-based approach [22], rather than a probabilistic
approach. The goal is then to solve this problem of assigning caregivers to wounded
individuals using a constraint optimization algorithm with interval parameters.

In Section 1.2, we formally specify the problem. We show in Section 2 why it
remains an open problem in the existing literature. To address it, we have designed
a Branch and Bound type algorithm that directly manipulates intervals, which we
explain in Section 3. Then, we apply and analyze it in Section 4. The conclusion
of this paper is given in Section 5.

1.2 A caregivers-to-wounded assignment problem with in-
terval parameters

We consider a crisis scenario involving m caregivers, organized into ¢ teams,
whose objective is to minimize the injuries of n wounded individuals. An ex-
ample is given in Figure 1. Each wounded person has a specific injury level, which
influences the likelihood that a caregiver will engage with them. Caregivers possess
different skills, while the wounded present diverse needs. The degree of ade-
quacy between a caregiver’s skills/equipment and a wounded person’s injury type
also affects the likelihood of engagement, and an assignment is only possible if at
least one caregiver has characteristics that match those types. The crisis scenario
can be modeled as an assignment problem which has specific characteristics. First,
each caregiver can be assigned to at most one wounded person. In other words,
the assignment function is injective from the wounded to the caregivers. Second,
each wounded person can receive assistance from zero, one, or multiple caregivers
— the assignment is thus many-to-one. It is relevant for combining the effects
of the caregivers. Third, the numbers of caregivers and wounded individuals are
arbitrary, making the problem unbalanced. Moreover, caregivers are required to
remain within predefined teams in order to stay organized in this critical context.
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Figure 1: A crisis scenario

Each assignment — or non-assignment — is represented by a binary decision
variable z;; € {0,1}. Caregiver ¢ is assigned to wounded person j if z;; = 1;
otherwise, x;; = 0. The solution space is therefore the Cartesian product of m x n
binary sets {0,1}.
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Figure 2: Illustration of the Assignment Problem

For illustration, Figure 2 shows an example with three assignments correspond-
ing to w11 = 1, we2 = 1, and w32 = 1. The non-assignments correspond to z;; = 0.

Two parameters model the problem, as input data, depending on the circum-
stances, derived from professional knowledge and habits, provided by experts or
within the command and control (C2) framework. On the one hand, for a wounded
person j, v; denotes their initial injury level, i.e. the severity level of their health
condition (e.g., severity of a snake bite, severity of bleeding). This value, intrinsic
to the wounded person, is what we aim to minimize. On the other hand, for each
caregiver-wounded pair (i, j), p;; represents the probability of successful treatment,
i.e. the adequacy between the skills and equipment of caregiver i and the type
of injury of wounded person j (e.g., snake bite, bleeding wound), independently
of their severity level. It indicates the reduction ratio of v; if caregiver i treats
wounded person j. Consequently, 1 —p;; is the probability of failed treatment,
which we aim to minimize.
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These variables are considered uncertain, then we represent them using intervals
[22]. The initial injury level is modeled as an interval [v,] = [v;,7;] € IR, and the
probability of failed treatment is also represented as an interval 1—[p;;] € IR, which
we seek to keep as low as possible, by minimizing its upper bound.

We observe that if z;; = 0, then (1 —p;;) - @;; = 0, so the injury is not reduced.
But if z;; = 1, then (1 — p;;) - ;5 = 1 — p;;, and the injury is reduced by (1 — p;;)
ratio. In the entire scenario, if these ratios are assumed to be independent, then
they are cumulative. The product over the m caregivers assigned to wounded
person j gives the uncertain cumulative probability interval that all caregivers fail
to treat wounded j, which we aim to minimize. The product of this cumulative
probability of failed treatment with the initial injury v; yields the residual injury
of wounded j. More precisely, the cumulative probability of failed treatment for
wounded j is given by

m

H(l — [pi;])¥¥ € IR : cumulative probability of failed treatment (1)
i=1

and, consequently, the residual injury of wounded j is expressed as

[v5] H(l — [pi;])*¥ € IR : residual injury of wounded j. (2)

=1

The objective is to minimize the overall injuries of the wounded, represented as an
interval quantity equal to the sum of their residual injuries. SARP is modeled as
the minimization of the total injury interval [F] = [F, F] € IR. The optimization
problem seeks the binary assignment matrix (CE;‘J) minimizing:
n m
(27;)1<i<m, 1<j<n € arg  min o] - [T (1 = [pis)™ (3)
mije{o,l}jzl pale}

This nonlinear multiplicative formulation captures the accumulation of treat-
ment probabilities and is equivalent to the classical Weapon Target Assignment
Problem (WTAP [21]) which is found in military applications. Indeed, the two
approaches share analogies as resource allocation problems to tasks [23]. Thus,
the caregiver is considered as a weapon, a wounded person as a target, the initial
injury level of a wounded person v; corresponds to the initial threat level of a tar-
get, the probability of successful treatment of a wounded person corresponds to
the probability of neutralizing a target, and finally, minimizing the total injury of
all wounded individuals corresponds to minimizing the total threat of the targets.
For this reason, SARP is viewed as an instance of WTAP in the remainder of the
paper.

In the WTA problem, the two parameters v; and p;; are independent since the
former is intrinsic to j, while the latter represents the adequacy between i and j.
Indeed, in an assignment phase, even if several caregivers are assigned to the same
wounded person, the effects of these assignments are modeled as simultaneous (we
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do not consider the movements). However, it can be noted that the problem is
iterative, each iteration being independent of the preceding one. But, for each new
assignment phase, the parameters v; and p;; are updated according to the effects
of the previous iteration.

Intervals are used to encode input uncertainties, with v; and p;;. Interval arith-
metic enables consistent propagation of these uncertainties to the output objective
[F]. Interval arithmetic is also employed to check constraints. To complete our
optimization problem, we need to consider five constraints.

First, the binary constraint (C.1), which reflects the domain of the decision
variables. Second, the at-most-one-wounded-per-caregiver constraint (C.2),
which follows from the definition of the assignment problem (this constraint is en-
forced by design in the algorithm). For example, in Figure 2, caregiver 1 cannot
engage with another wounded at the same time as wounded 1. Third, the mini-
mum care constraint (C.3): if caregiver ¢ is assigned to wounded person j, then
the expected care [v;] - p;; must be greater than or equal to a minimum threshold
of minimum care w;nin (gathered in the vector W™in). This is an active filtering
constraint to avoid negligible treatment. For example, if v3 = 10.0, pa3 = 0.4,
and wi™ = 5, then caregiver 2 will not engage with wounded 3. Fourth, the team
exclusivity constraint (C.4): if caregivers from team k are assigned, then no care-
giver from any other team ¢ # k may be assigned (this is also an active filtering
constraint). The caregivers’ teams (of equal size) are stored in the vector T, where
T[i] = tx means that caregiver ¢ belongs to team t;. Thus, three teams are shown in
Figure 1. For example, if wounded person 09 is treated by team 1 (e.g., caregivers
01 and 02), it can’t be treated by any other team (this example corresponds to the
results of Section 4). Fifth, the maximum residual injury constraint (C.5):
the total sum must be less than or equal to the maximum threshold of residual
injuries w}"** (gathered in the vector W™mx).

Y(i,5) € {L,....m} x {1,....n}, @y €{0,1} (C.1)
Vie{l,...,m}, ixijgl (C.2)

o
V(i 5),  xij =1= [v]-[pyy] C (W™, +oo] (C.3)
V3, vk, (Z xi]) : (Z x]> =0 (C.4)
i el [0~ bl € 000 (©5)

Since, as described above, the objective of this minimization problem is interval-
valued, we choose to follow the Hurwicz optimism—pessimism criterion [19] to scalar-
ize it using the upper and lower bounds of each interval, denoted respectively by
ub(-) and Ib(-), as follows. The function F,(X) is defined by:
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where the parameter o € [0, 1] expresses the relative weight given to the op-
timistic (lower bound) versus pessimistic (upper bound) evaluation of the interval
objective of the minimization problem. When a = 1, the decision is fully robust
and based only on the worst case; when o = 0, it is fully optimistic and relies
only on the best case; intermediate values yield a compromise between these two
extremes. In this work, we adopt the robust case a = 1 (pessimistic approach), so
that:
n m
FX) = ub{ Y foi] - [T~ i)™ (5)
j=1 i=1
This implies that, as illustrated in Figure 3, our approach selects the green intervals,
which are considered greater than the red ones in all three configurations, regardless
of their widths.

ub(Fo(X2)) > ub(Fa(X1))

ub(Fo(X2)) > ub(Fa(X1))
T ] "

| o=

Figure 3: Interval comparisons for red F,(X;) and green Fi,(X32)

Instead of minimizing the worst-case, it is possible to minimize the best-case
(i.e., selecting the red intervals). This is the choice of optimism, which can be seen
as taking a risk. If this optimism is indeed aligned with reality, it would allow us
to use fewer caregivers for the same set of assignments, with these resources being
redeployed elsewhere.

2 Survey and contribution

The context of epistemic uncertainty makes classical optimization methods on real
numbers inoperative and requires approaches adapted to the manipulation of inter-
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vals, their propagation, and their consideration in the evaluation of solution quality.
In this section, we present several approaches identified in the literature that could
fit our problem.

2.1 Prior publications

Our problem is a generalization of an unbalanced assignment problem, with several
caregivers assignable to one wounded (many-to-one), structured in teams, with a
nonlinear objective function and parameter coefficients represented by intervals.

We designate our problem as Interval Parameters Unbalanced Many-to-one by
Teams NonLinear Assignment Problem or Interval Weapon Target Assign-
ment Problem (IWTAP) because of its proximity with WTA problem designa-
tion.

No publication considering intervals in the WTA problem has been identified.
The state of the art is therefore oriented on the most closely related problems in
terms of characteristics, such as the Assignment Problem (AP), which is one-to-one
and balanced.

It is then a matter of characterizing and analyzing existing contributions ac-
cording to several axes: the structure of the objective function, the nature of the
decision variables, the nature of the parameters, the resolution methods, and above
all the way intervals are manipulated in the resolution. We examine below the ap-
proaches that, on the one hand, use interval parameters, and on the other hand have
points in common with IWTAP according to the definition. Thus, we first present
continuous or binary-continuous problems. Then, we discuss discrete problems re-
duced to continuous ones. Next, we focus on discrete problems where intervals
are not directly considered but via representative real numbers. Then we discuss
some links with fuzzy logic and with probabilities. Finally, we present application
contexts with the same structure.

2.2 Continuous problem with interval parameters

Our problem is discrete. In this section we detail several types of problems involving
continuous decision variables and interval parameters, to identify approaches from
continuous settings that can be reused or adapted.

2.2.1 Expression of a single-objective interval problem as a bi-objective
problem on a bound and the center

As initiated and formalized in [15], a continuous linear single-objective problem with
interval parameters can be transformed into a bi-objective problem on a bound and
the center of the intervals. This is quite far from our problem, which is nonlinear and
discrete. However, the idea is reused for linear and discrete problems as discussed
in Sections 2.4.2 and 2.4.3.

In this framework, order relations are defined in [15] that allow comparing ob-
jectives. This is applied in [16] for a center-radius order relation, with a weighting



274 Joél Bougron et al.

factor between the center and the radius. But the solving method (genetic algo-
rithm) cannot provide an optimal solution.

2.2.2 Interval analysis to solve continuous optimization problems

In general, interval analysis makes it possible to generate lower and upper bounds
for a function. Thus, for the continuous domain, in [13] are described algorithms
that use interval analysis to solve nonlinear optimization problems. In particular,
interval analysis allows reducing the search space while keeping the box wide enough
to contain the solution. For example, the study in [6] finds value intervals of
photovoltaic cell models (continuous decision variables) in an optimization problem,
solved using a Depth-First Search with Backtracking and an interval library (here,
Ibex [14]).

Such solving methods require continuous decision variables and cannot handle
discrete ones, as in our case.

2.2.3 Interval analysis to solve binary-continuous optimization prob-
lems

Other sources such as [1] and [29] which address cost minimization for solvent
mixing, consider binary decision variables y; (whether the solvent is selected or
not) and continuous decision variables x; (the solvent rate in the composition
as real decision variables z;). In this case, interval analysis is used to reduce the
search space of the continuous variables x;, the interval extension function taking
as input the z; and not the y;.

So, such solving methods still require continuous decision variables and cannot
handle discrete ones.

2.3 Assignment problems with interval parameters reduced
to continuous problems

In this section, we describe problems with interval parameters reformulated as
continuous optimization problems in order to identify approaches suitable for our
discrete one.

2.3.1 Binary variables considered as continuous variables

Assignment problems with interval parameters can sometimes be reformulated as
continuous optimization problems. For example, [12] addresses a problem of maxi-
mizing a linear multi-objective function with interval parameters, transformed into
a single-objective one by moving the other objectives into constraints. The decision
variables are binary for an unbalanced many-to-one location assignment problem.
Interval parameters are reconsidered as exact via a penalty function. An equiva-
lent probability matrix allows, instead of binary decision variables, to consider
the probability in [0, 1] that the binary decision variable equals 1. Decision variables
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thus become continuous (the rest being solved by a particle swarm optimization
metaheuristic).

But these approaches are not adapted to the binary nature of the decision, nor
to the nonlinear form of the Equation (3).

2.3.2 Substitution of binary variables into continuous parameter vari-
ables

In our problem, interval parameters make the resolution more complex because
of their presence in the body of the objective function. One can be led to make a
substitution of variables by moving the binary variables of the objective function
to the constraints. At the same time, the problem is reformulated so that the new
decision variable is the upper bound of the interval parameter (and not the lower
bound which is in the constraints) and therefore is real. [28] presents such an
approach for a linear, balanced, one-to-one multi-objective problem (reformulated
and solved as a min-max problem).

However, this approach requires the objective function to be linear, unlike in
our case.

2.4 Assignment problems with interval parameters reduced
to assignment problems with real parameters

Problems with interval parameters are often simplified by replacing intervals with
real values. In this section, we present some examples. No known solvers directly
handle assignment problems combining binary variables and interval uncertainty.
That is why interval uncertainty is often treated indirectly: the problem is solved by
considering real parameters. In a first very direct approach, only the centers of the
intervals can be considered. In a second, less direct approach, the single-objective
problem is transformed into a multi-objective one: a disjunction can then be made
on bounds and/or centers (which can also be combined with several objectives if
the function is already multi-objective).

2.4.1 Assignment problem with Hungarian method on interval centers

The simplest of these approaches consists in replacing interval parameters with real
values to obtain an equivalent problem.

Thus, a balanced, single-objective, linear assignment problem with interval pa-
rameters is treated in [20] via midpoints by applying the Hungarian algorithm on
the matrix of interval centers. A numerical application is provided in [26]. This
approach is extended to unbalanced cases in [27] via dummy rows/columns. This
method, for other order relations, is also reused in [7].

However, these approaches are not compatible with the multiplicative form of
the objective function in Equation (3).
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2.4.2 Case disjunction methods with a bound and the center

As seen in [15], approaches disjoin the cases according to several interval charac-
teristics (lower bound, upper bound, or center), and according to the components
of the objective function. Thus, in [18], for a minimization problem of a linear
bi-objective function (unbalanced one-to-one assignment), one ends up with four
single-objective problems by disjunction of cases, according to the two objectives,
and according to the upper bound and the center. Similarly, these approaches are
not compatible with Equation (3).

2.4.3 Case disjunction methods on the bounds

In [2, 3], the same principle is applied, but with disjunction according to each of
the lower and upper bounds, then solved by genetic algorithms or solvers.

In [24], under the close name Grey Assignment Problem (parameters being
intervals), with Grey Arithmetic operations, operations on parameter matrices lead
on the same principle to two problems (one on lower bounds, the other on upper
bounds), each being solved by the Hungarian algorithm.

Similarly, these approaches are not compatible with the form of the objective
function.

2.5 Links with fuzzy logic and probabilities

We chose to represent uncertainty with intervals, but other forms of uncertainty
modeling also exist. For instance, a Fuzzy Assignment Problem can be turned into
an interval one using the oo — cut method [7].

More generally, the notion of probability bounds analysis (PBA) is introduced in
[9], combining probability theory and interval arithmetic. A formalism is proposed
in [17] where some parameters are described by intervals, while others are described
by probability laws.

2.6 Application Contexts with Similar Structure

Minimizing a cost with such a multiplicative form is not specific to our crisis sce-
nario. Several problem domains exhibit similar structural features, where entities
are assigned to minimize uncertain risk or loss, or to maximize a benefit: assigning
stimuli to brain regions to maximize human satisfaction [25], allocating budgets to
maximize advertising reach [5], assigning treatments to minimize the probability
of cancer damage [4], dispatching ambulances to emergency locations [11], and, as
discussed, assigning weapons to targets to minimize residual threat.

2.7 Contribution

In this survey, we have shown that existing works focus on continuous problems or
on simplified assignment problems, using indirect methods to compute the intervals.
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Our conclusion is that Unbalanced Many-to-one by Teams NonLinear Assignment
problem assimilable to WTA problem has not been solved using interval parameters.

As defined, WTA is a problem of constrained optimization. For discrete-continu-
ous domains with interval parameters, interval-based Constraint Solving Problems
(CSP) are generally solved using Constraint Programming (CP) techniques. For
large and complex constraint instances, there are now effective techniques, such
as SAT modulo theory (SMT) [10]. This would be relevant for problems with
more complex constraints and could be useful for the search for counterexamples.
For optimization problems, STM-Opt prototypes are known and are competitive,
especially for combinatorial optimization problems. However, these prototypes do
not seem to be publicly available yet. Moreover, note that the problem is potentially
symmetric because parameters related to caregivers and wounded can coincide,
thus defining equivalence classes. Symmetry could then reduce the search space,
for example by integrating symmetry-breaking constraints [8]. This could be an
interesting and original option for our problem (not developed here).

We therefore contribute with Algorithm 1, which directly computes the intervals
(through the products of p;;, the products of v; by p;;, the sums of s;, and the
comparison of upper bounds) for unbalanced and many-to-one assignments, with a
multiplicative form of the objective function (a feature of WTA problem).

We have then implemented this algorithm in C++ with the Ibex library [14]. In
the next section, we analyse our approach, and study the variations of parameters
(residual injuries and the upper bound of a wounded’s initial injury level).

3 A Branch and Bound algorithm for Assignment
problem with intervals parameters

To detail this contribution, this section presents the exact optimization Algo-
rithm 1 used to explore all feasible caregiver-to-wounded assignments. The recur-
sive OPTIMIZE function performs a depth-first Branch and Bound search. Equiva-
lent to the assignment matrix introduced in Section 1, each component A[i] is the
wounded assigned to the caregiver i.

3.1 Branch and Bound Optimization function

The main SOLVE function takes as input the parameters of our problem: the number
of caregivers m and wounded n, the intervals of the initial injury levels [v;] € IR
gathered in the vector V, the intervals of the treatment success probabilities [p;;] €
IR gathered in the matrix P, the parameters (W™ T, W™aX) associated with the
constraints (C.3)—(C.4)-(C.5), a greedy heuristic first solution A, and its interval
objective [Fy,].

It calls once the recursive OPTIMIZE function with the current partial assignment
A initialized as A = [-1,—1,...,—1] (meaning that no caregiver is yet assigned).
At each recursion, if caregiver ¢ has no valid wounded candidate, A[i] = —2. The
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objective is to minimize the total residual injury interval, as defined in Equation (3)
in Section 1.

Before calling main SOLVE function, a greedy heuristic is first used to build an
initial solution Ag,. Caregiversi € {1,...,m} are sorted according to the maximum
amount of care they can potentially give S; = > ;. [v;] [pi;] among the admissible
wounded C; = {j | z;; valid according to (C.3) and (C.4) }. Those with lower S,
(i.e. limited overall care potential) are considered first. For each wounded, the
candidate j* € C; is then selected as the one minimizing

Jj* =argmin F(A s.t. Afi] = j) (6)
J€C;

and the resulting solution is considered only if it satisfies constraint (C.5). The
initial greedy solution will serve as a first best assignment as a minimum comparison
baseline (line 4) during the first call to the OPTIMIZE function.

At each recursion, the OPTIMIZE function takes as input the parameters of
our problem, the current partial assignment A describing which caregivers have
already been assigned, the best solution found so far and its interval objective
[F*] = [F*, 7).

When an assignment is complete, the maximum residual injury constraint (C.5)
is satisfied, and the upper bound F of the new solution is smaller than that of the
current best solution (line 4), and then the best solution is updated (lines 2-3). The
function then returns A* and [F™*], which ends the current branch of the search tree
(line 28).

Otherwise, the evaluation function f computes interval bounds of the total
residual injury that can still be reached from a partial assignment A. For each
wounded j, the evaluation first gathers the contribution of the caregivers already
assigned to j by multiplying their failed-treatment probabilities. It then extends
this partial product by including the possible influence of all unassigned caregivers,
which gives

[2] = [P, PP < I (= Tpg))- (7)
i=—1
This interval represents all failed-treatment probabilities still compatible with the
current partial assignment. This provides the residual injury intervals [v;] x [P;].
If the test [f(A)] < [F*] succeeds, the partial assignment A can yet improve the
best solution found so far. Then, the current branch is explored (lines 5-26). If it
fails, the function then returns A* and [F*], which ends the current branch of the
search tree (line 28).
During this search (lines 5-26), at each recursion, the OPTIMIZE function selects
the next caregiver following this heuristic (line 5). The caregiver, ¢*, having the
lowest total potential treatment,

i* = arg min Z [vs], [Pis], (8)

is selected first, and it ensures that caregivers with lower overall effectiveness are
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Algorithm 1 An interval B&B algorithm for IWTAP.
Input: ¥ = (m,n,V, P, W™ T Wmax) A [F,]
Output: best assignment A* and best objective value [F*]

Function SOLVE(Y, A, [Fer])
L if Ay # L then

2:  return OPTIMIZE(X, [-1,..., —1], Ag, [Far])

3: else

4:  return OPTIMIZE(Y, [-1,...,—1],[-1,..., —1], [4+o0, +0o0])
5. end if

Function OPTIMIZE(X, A, A*, [F*])
1. if (A is complete and (C.5) satisfied and [F(A)] < [F*] then
2: A+ A

3 [F*] « [F(A)]

4: else if [f(A)] < [F*] then

5. Choose a caregiver following Heuristic (8)
6:  if no such caregiver exists then

7: return (A* [F*])

8 end if

9:  Wounded-Candidates <+ ()

10:  for all wounded j do

11: if (C.3) and (C.4) are satisfied then
12: Wounded-Candidates < Wounded-CandidatesU {j}
13: end if

14: end for
15:  if Wounded-Candidates = () then

16: Ali*] = —2 {caregiver non-assignment}

17 (A*,[F*]) « OPTIMIZE(S, A, A*, [F*])

18: Ali*] = —1 {backtracking: caregiver cancel}
19:  end if

20:  Sort Wounded-Candidates according to Heuristic (6)
21:  for all j € Wounded-Candidates do

22: A[i*] = j {caregiver assignment}

23: Update team assigned to wounded j

20:  (A*,[F*]) « OPTIMIZE(S, A, A*, [F*])

25: A[i*] = —1 {backtracking: caregiver cancel}
26: end for

27: end if

28: return (A*, [F™])
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processed before the most capable ones (this selection order was empirically found
to give the best performance).

Candidate wounded are then generated for that caregiver (lines 9-14), restricted
to admissible pairs and sorted according to the Heuristic (6) and its same order
(line 20).

Each candidate is then tried recursively (lines 21-26). The algorithm assigns
wounded j to caregiver ¢, explores the resulting subproblem through a recursive
call (line 24), and then backtracks by cancelling this caregiver assignment (line 25).
If a caregiver has no valid wounded candidate (i.e. C' = ), it is explicitly marked
as A[i] = —2 (line 16) and, similarly, the recursion continues (line 17).

Overall, this exhaustive function evaluates all feasible solutions, and keeps
the one with the best objective value.

3.2 Order relation and pruning strategy

In our Branch and Bound algorithm, all operations and comparisons are performed
with interval arithmetic. Each assignment therefore generates an objective interval.
Complete solutions are compared to each other using their upper bounds (or, as a
secondary criterion, their interval widths), as explained in 3.1. In particular, when
a = 1, optimization is driven by the worst-case scenario.

However, the evaluation of a partial branch cannot be treated in the same way.
A branch represents a set of possible solutions, not a single computed solution. To
ensure that no potentially better solution is lost, the pruning test must guarantee
that a branch is never discarded if it could contain an improvement. For this
reason, we compare the upper bound of the best solution already found with the
lower bound attainable by the new branch (corresponding to the best case still
possible within that branch), as performed in line 4.

Bounding and pruning are intended to accelerate the search. Yet, in this imple-
mentation, exactness is deliberately prioritized over execution speed. This pruning
strategy is therefore less aggressive, but it guarantees correctness.

4 Application and impact of uncertainty

4.1 Use case with m =36 and n = 18

We consider a use case with m = 36 caregivers and n = 18 wounded individuals.
Both the initial injury levels [v;] = [v;,7;] € IR and the treatment success proba-
bilities [p;;] = [pij, Pi;] € IR are uncertain and therefore modeled as intervals. The

underlying estimated initial injury levels v; are:
[7,6,9,6,9,7,6,9,7,9,7,6,6,9,7,6,6,7,9,7,6,6,9, 7.

Each v; is considered as an interval with an asymmetric uncertainty margin around
its value: [v;] = [v; — 0.10, v; + 0.25].
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Similarly, each p;; is represented as an interval of fixed width 0.1: [p;;] =
[pij — 0.05, p;; + 0.05]. The set of all p;; values is represented in Table 1, where
we report the midpoints of the intervals for p;;. For example, [p11] = [0.75,0.85] is
represented by its midpoint, 0.8.

Table 1: Estimated treatment success probabilities p;; for i =1,...,36

Jj=1 2 3 4 5 6 7 8 9 0 11 12 13 14 15 16 17 18
0.8 03 0.2 08 01 02 02 05 08 08 03 05 01 04 05 04 08 0.5
0.2 02 0.1 04 0.1 08 01 04 08 05 04 01 04 04 01 03 05 0.1
03 04 04 03 02 08 03 03 01 05 03 01 01 0.1 05 02 01 0.5
0.2 08 03 03 02 08 01 04 03 01 01 04 01 04 08 0.1 03 0.1
0.1 04 08 08 05 01 08 02 04 03 08 05 02 03 0.8
03 04 08 05 01 04 08 01 08 08 01 02 05 04 08 05 05 0.2
05 03 02 08 08 08 04 05 08 02 01 01 05 0.2 02 05 04 0.2
04 04 08 05 01 08 03 01 01 03 01 08 05 0.1 04 08 04 04
=9 | 0.1 08 08 01 05 0.1 08 03 01 04 08 01 04 01 0.1 02 04 02
+=10| 0.2 04 0.1 02 04 01 05 04 02 03 08 08 03 05 08 03 0.1 0.1
=11 03 0.1 08 04 05 01 05 04 04 05 04 04 01 04 08 02 02 0.1
+=12| 0.5 04 05 05 01 03 04 01 03 08 02 04 04 04 03 08 03 0.3
=13 | 0.2 04 04 08 05 02 0.1 08 05 04 01 04 08 03 03 0.1 0.5 0.2
=14 | 08 04 08 0.1 02 01 05 01 08 03 0.1 01 0.2 0.2 0.1 08 03 0.2
=15 0.4 03 0.1 04 05 03 02 03 02 03 03 02 08 05 04 03 04 0.2
+=16| 0.1 03 08 03 03 05 02 08 04 03 01 05 02 08 04 02 04 0.2
=17 | 0.1 02 02 04 03 05 03 02 05 01 01 04 05 08 0.1 0.1 0.5 0.8
=18 | 0.5 03 03 04 04 02 02 03 01 04 08 01 03 0.1 02 08 04 0.3
=19 | 08 05 0.1 0.1 03 08 05 05 04 02 08 08 08 04 0.2 05 0.2 0.5
+=20| 0.1 04 05 03 05 08 02 04 08 01 01 03 08 05 0.1 01 04 0.8
=21| 04 04 04 04 03 04 08 05 04 01 01 08 08 05 03 0.1 0.1 0.3
=22 | 08 03 02 08 03 01 02 03 03 05 05 04 08 05 04 02 08 0.8
=23 | 0.1 05 02 05 01 04 02 08 05 08 04 08 05 04 0.5 08 0.8 0.2
=24 | 02 02 05 03 04 02 01 05 02 04 03 05 02 02 01 02 02 0.2
+=25| 08 02 02 08 04 05 01 05 05 03 03 04 01 02 0.2 0.1 08 0.2
=26 | 0.1 04 05 04 04 08 04 0.1 04 02 05 02 08 01 08 0.1 03 0.5
=27 | 03 08 04 01 03 02 05 01 08 03 08 01 08 0.5 0.1 02 08 0.4
=28 | 0.5 08 08 0.2 02 01 03 08 04 03 08 08 05 03 01 0.1 02 0.1
=29 | 0.2 02 04 01 03 08 01 02 05 04 03 01 05 03 05 05 04 04
=30 | 0.5 08 08 05 0.1 02 05 0.1 03 01 01 04 05 01 01 03 0.1 0.5
+=31| 04 03 01 08 03 04 02 05 05 02 03 04 01 03 0.1 02 02 0.5
=32 | 0.2 02 05 03 03 02 01 05 01 08 03 0.1 04 05 08 02 08 0.5
=33 | 0.2 0.1 01 08 01 01 08 08 04 05 08 03 04 05 08 0.1 02 04
=34 | 0.1 0.1 03 05 01 08 02 08 02 05 01 02 05 05 02 05 08 0.8
+=35| 04 02 03 03 02 08 04 02 05 02 05 05 03 01 08 04 02 0.5
=36 | 04 05 08 02 01 02 08 01 04 02 03 04 02 0.1 04 02 08 0.3
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The objective of our optimization problem is to minimize the overall residual
injury of the wounded,

18 36

arg min o] - TT (1 = [pis)™ (9)

m,v,je{o,1}j:1 pale}

subject to constraints (C.1)—(C.5), with w?‘i“ = 4.0 and w"™ = 5.0.

Our problem was implemented in C++, using the Ibex library to handle interval
arithmetic, compute rigorous bounds on the objective function, and return the
solutions as interval-valued residual injuries.
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4.2 Output Representations

The implementation produces four equivalent forms of output, each offering a dif-
ferent perspective on the same solution: a human-readable textual representation
of the best assignment by team in Table 2, a matrix representation of the decision
variables z;; in Table 3, an m-tuple where the i-th entry indicates the index of
the wounded person assigned to caregiver ¢ or —1 if caregiver ¢ is unassigned in
Table 4, and possibly an assignment graph (a bipartite graph with caregivers on
one side and the wounded on the other). For example, caregiver 03 is assigned to
wounded 08: there is a 1 in the corresponding entry of Table 3, and for ¢ = 4 there
is an 8 in Table 4.

Table 2: Best assignment by team

Caregiver | Wounded Caregiver | Wounded Caregiver | Wounded
00 13 04 (] 08 I}
01 09 05 %] 09 01
02 09 06 12 10 1%}

03 08 07 12 11 01
Team t. Team to. Team tg3.
Caregiver | Wounded Caregiver | Wounded Caregiver | Wounded
12 11 16 05 20 o}

13 14 17 16 21 1%}

14 11 18 05 22 15
15 11 19 17 23 06
Team 4. Team ts5. Team tg.
Caregiver | Wounded Caregiver | Wounded Caregiver | Wounded
24 03 28 (%] 32 1%}

25 03 29 07 33 04
26 10 30 07 34 04
27 10 31 00 35 1%}
Team t7. Team tg. Team tg.

4.3 Residual Injury Intervals

An example output of the algorithm is illustrated in Figure 4. The uncertainties
in resulting injuries (interval widths) are computed using interval arithmetic based
on input uncertainties. The initial injury intervals are shown as green segments.

As expected, the residual injury intervals (blue segments in the figure) are all
upper-bounded by the maximum injury constraint (C.5) (red dots), meaning that
the wounded are sufficiently treated. The overall residual injury defined in Equa-
tion (9) has been globally minimized.
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Table 3: Assignment matrix (first 10 caregivers x first 10 wounded). CXX =
caregiver, WYY = wounded.

z
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Table 4: Assignment as an m-tuple.

[13,9,9,.8,9, 9,12, 12, 2, 1, @, 1, 11, 14, 11, 11, 5, 16, 5, 17, .... |
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Figure 4: Initial injury intervals (green segments), residual injury intervals (blue
segments), maximum injury constraints (red dots).
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4.4 Impact of uncertainty about one wounded

We further examined how the pessimistic estimate of an initial injury level (rep-
resented by the worst-case bound T;) could influence caregiver assignments. To
explore this, for m = 12 and n = 12, and with an initial value v; = 0, we focused
on wounded person 2 and progressively increased its pessimistic bound v; by a
given step 0. In Figure 5, we show the variations of T; (left), 7; + ¢ with ¢ ranging
from 0 to 58, as well as the resulting assignments (right).

As expected, wounded 2 was selected more frequently (in green) as the
uncertainty increased: once from the extra margin § = 2, twice from 10, three times
from 34, and four times from 57. The thresholds where an additional assignment
occurred are highlighted in orange.

Interestingly, at some uncertainty values (e.g., in blue: 34, 35, 55, and 56), the
total number of assignments (here 3) remained unchanged, although the specific
caregivers involved differed. This suggests that the resolution can switch between
alternative solutions without increasing the overall caregiver effort.

To illustrate this effect, Figure 6 shows the worst-case residual injury (y-axis,
in green) and the best-case residual injury (y-axis, in purple) as a function of the
worst-case initial injury for wounded 2 (x-axis).

As anticipated, the addition of a caregiver reduces the worst-case injury (i.e.,
the thresholds discussed earlier).

However, between such transitions, increasing uncertainty does not trigger new
assignments, which leads to a gradual rise in the worst-case residual injury. Even-
tually, a saturation effect occurs: although the worst-case injury keeps worsening,
the number of caregivers allocated to wounded 2 begins to decline, reflecting the
limitation of caregiver resources.

The lower bound of the injuries (in purple), on the other hand, decreases after
each assignment and does not increase between assignments. This behavior is
expected, since the lower bound is never increased, while each assignment directly
contributes to reducing its value.

4.5 Execution times and parallelism

We present the execution times as a function of the variables m (caregivers) and
n (wounded), examine the algorithmic complexity, and study the efficiency of the
parallelization.

4.5.1 Execution times

In the 3D plot of Figure 7, execution times of our algorithm are shown as a function
of m (right-hand axis) and n (left-hand axis). We observe that execution times
increase significantly with both parameters, as expected due to the combinatorial
nature of our assignment problem. However, the growth rate is greater with respect
to m, indicating that the algorithm becomes harder to solve when the number of
caregivers increases.
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Assignments as 12-tuple

(0,5,9,8,7,9, 5,11,3,1,10,4)
(0,5,9,8,7,9, 5,11,3,1,10,4)
(2,5,9,8,7,9, 5,11,3,1,10,4)
(259879 5,11,3,1,10,4)

W N = Of e,

(2 5,9,8,7,9, 5,11,3,1,10,4)
9 | (2,5,9,8,7,9, 5,11,3,1,10,4)
10 | (4,5,9,8,7,9,10,11,3,1, 2,2)
11 (4 5,9,8,7,9,10,11,3,1, 2,2)

23 (4 5,9,8,7,9,10,11,3,1, 2,2)
24 | (4,5,9,8,7,9,10,11,3,1, 2,2)
25 | (2,5,9,2,7,9, 5,11,3,1,10,4)
26 (2 5,9,2,7,9, 5,11,3,1,10,4)

33 (2 5,9,2,7,9, 5,11,3,1,10,4)
34 | (2,5,9,2,7,2, 5,11,3,1,10,4)
35 | (2,5,2,2,7,9, 5,11,3,1,10,4)

(2,5,2,2,7,9, 5,11,3,1,10,4)
(2,5,9,2,7,2, 5,11,3,1,10,4)
57 | (2,2,2,2,7,9, 5,11,3,1,10,4)
(2,2,2,2,7,9, 5,11,3,1,10,4)

Figure 5: Evolution of assignments A as a function of §

To further illustrate this trend, Figure 8 shows 2D execution curves for several
fixed values of m, as a function of n. We observe that execution times grow faster
with n when m is large. Again, this is consistent with the exponential increase in
the size of the search space when both dimensions grow.

Figure 9 shows two theoretical curves plotted to frame the measurements: a
lower bound proportional to mn, and an upper bound proportional to (n + 1)™
These curves provide an empirical enclosure of the complexity, since all measured
points lie between them. This indicates that the computation becomes significantly
harder as m increases, with a growth lying between linear and exponential.

4.5.2 Reduced by parallelism

To leverage multicore embedded architectures for real-time decision-making, we
parallelized the exploration by distributing the first-level assignment of the initial
caregiver across multiple threads. Each thread independently explores a different
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Figure 6: Worst-case residual injury vs uncertainty on wounded person 2
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initial choice, while the remaining recursive search proceeds sequentially within the
thread. This preserves the structure of the algorithm while enabling substantial
speedups under strict timing constraints. Figure 10 illustrates the performance
gains from this parallelization on an instance with m=36 caregivers and n=18
wounded. On the Figure 10, execution time is shown as a function of the number
of cores. It decreases significantly up to 8 cores, then more gradually up to 16
cores. While the execution times decreases with the number of cores, it eventu-
ally saturates. This is expected, as the deeper levels of the recursive search rely
on sequential backtracking, bounding, and constraint checks that are harder to
parallelize efficiently.

Execution Time (s)

6 8 10 12 14 16
Number of cores

Figure 10: Execution time vs number of cores

5 Conclusion and future works

In this paper, we address a humanitarian scenario in which caregivers are assigned
to the wounded, and we show how it corresponds to an instance of the IWTAP.
Our problem is characterized by being unbalanced, many-to-one, with a multi-
plicative objective function defined under interval uncertainty. The state of the
art showed that this type of problem had not yet been solved. We solved it using
a parallelized Branch and Bound algorithm that directly manipulates the inter-
vals. In an example of resolving this problem, we showed that we ensure a rigorous
propagation of uncertainty over the parameters in residual injury intervals. The
analysis also highlighted the impact of increasing pessimism on a single wounded
individual’s injury level, and how uncertainty may trigger changes in assignments.
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As future work, we aim to investigate the interdependence between planning and
assignment. For example, caregiver movements may be linked to assignments, as
illustrated in Figure 11. The process depends on an initial state, which itself results
from a planning phase, while planning is in turn influenced by assignment outcomes.
This creates a loop of mutual dependence, further complicated by uncertainty. This
interplay will be explored in the context of planning under uncertainty, integrating
Hierarchical Task Network planning, assignment, and uncertainty into a coherent
decision-making framework.
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Figure 11: Planning and assignments
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